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O. JOKHADZE

THE CAUCHY PROBLEM FOR ONE-DIMENSIONAL WAVE
EQUATIONS WITH NONLINEAR DISSIPATIVE AND
DAMPING TERMS

1. THE STATEMENT OF THE PROBLEMS

For one-dimensional wave equations with nonlinear dissipative term [1],
[2, p. 57],

Lu := ugt — Ugy + g(x, t,u)up = f(x,t), (1.1)

in the half-plane Q := {(z,t) : + € R, t > 0} let us consider the Cauchy
problem with the following initial conditions:

u(z,0) = p(x), w(z,0)=v(x), xR, (1.2)

where f, g, @, are given, and u are unknown real functions.

Let Py := Py(zo,t0) be an arbitrary point of the domain © and Dp, :=
{(z,t) s t+x0—ty <z < —t+x9+tg, t > 0} be a triangular domain
bounded by characteristic segments vi p, : € =t 4+ zo — t9, 0 <t <ty and
Yo,py 1 T = —t+ g + 1o, 0 <t <ty of the equation (1.1), and the segment
VP, Zt:O7 370—t0§$§$0+t0.

First, we consider the Cauchy problem for equation (1.1) in the finite
domain Dp;: find a solution u = u(z,t), (z,t) € Dp,, of the equation (1.1)
by the initial conditions

’U,(l‘,O) = 90(1")7 ut(x,O) = ¢($)a T € VP, (13)

where @, 1 are the given real functions on vp,.

Definition 1.1. Let f € C(Dp,), g € C(Dp, x R), ¢ € C'(yp,) and
¥ € C(yp,). We say that the function u is a strong generalized solution of
the problem (1.1), (1.3) of the class C! in the domain Dp,, if u € C*(Dp,)
and there exists a sequence of the functions u,, € C%(Dp,), such that u,, —
u, Lu, — f, un(-,0) — ¢ and u,(-,0) — ¢ for n — oo in the spaces
CY(Dp,), C(Dp,), C(vp,) and C(yp,), respectively.
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Remark 1.1. Tt is obvious that a classical solution of the problem (1.1),
(1.3) of the class C2(Dp,) is a strong generalized solution of this problem of
the class C'! in the domain Dp,. Conversely, if a strong generalized solution
of the problem (1.1), (1.3) of the class C! in the domain Dp, belongs to the
space C%(Dp,), then it will be also a classical solution of this problem.

Definition 1.2. Let f € C(Q), g € C(Q x R), p € CY(R), ¥ € C(R).
We say that the problem (1.1), (1.3) is globally solvable in the class C*, if
for any point Py € ) the problem has a strong generalized solution of the
class C' in the domain Dp, in the sense of Definition 1.1.

Definition 1.3. Let f € C(Q), g € C(Q x R), p € C}(R), ¥ € C(R).
We say that the function u € C*(Q) is a global strong generalized solution
of the problem (1.1), (1.2) of the class C, if for any point Py € Q it is a
strong generalized solution of the problem (1.1), (1.3) of the class C'*! in the
domain Dp, in the sense of Definition 1.1.

Remark 1.2. Note that in the case when the theorem of the existence and
uniqueness of a strong generalized solution of the problem (1.1), (1.3) of the
class C! in the domain Dp, is valid for any Py € €2, then there follows the
existence of the unique global strong generalized solution of the problem
(1.1), (1.2) of the class C! in the sense of Definition 1.3.

2. A PRIORI ESTIMATES FOR THE STRONG GENERJEIZED SOLUTIQ\I OF
THE PROBLEM (1.1), (1.3) N THE CLASSES C(Dp,) AND C!(Dp,)

Consider the conditions
g(z,t,8) > —M, (z,t,5) € Q x R, M := const >0 (2.1)
and - -
fec@), geC@QxR), pecC'R), ecC(R). (2.2)

Lemma 2.1. Let the conditions (2.1), (2.2) be fulfilled and Py be an
arbitrary point of the domain Q. Then if u is a strong generalized solution
of the problem (1.1), (1.3) of the class C' in the domain Dp,, then the
following a priori estimate is valid:

HUHC(BPO) < CO(HfHC(EPO) + H‘PHCl(vpo) + ||¢||C(wp0))7
with positive constant ¢y = co(to, M) not depending on u and f, @, 1, where
||¢||cl(wp0) = maX{HSDHc(va)» ||<P'Ho(»yp0)}'

Lemma 2.2. In the conditions of Lemma 2.1, for a strong generalized
solution of the problem (1.1), (1.3) of the class C' in the domain Dp, the
following estimate is valid:

||u||c1(ﬁpo) < C1,
with a positive constant ¢y = c1(Po, co, |fllc @, 1eller () 1¥lcmy))s

where Hu||01(5po) = max{HuHc(ﬁPo), HuggHC(ﬁpo), Hut”C@PO)}.
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3. THE SOLVABILITY OF THE PROBLEM (1.1), (1.3)
Let together with (2.2) be fulfilled the following conditions:

Poo :=max { sup |p(z)| < +oo, sup|¢'(z)] < +oo},
z€R zeR

3.1
oo 1= SUD [9(2)] < +00, (31
zeR
foo:= sup |f(z,t)| < +oo (3.2)
(z,t)EQ
and
|g(w,t,s)| < m(r), ‘g(xﬂf,Sg) - g(x,t,81)| < C(T)|82 - Sll (33)

for all (x,t) € Q, |s, |s1], |s2| < 7, where m(r) and c¢(r) are some nonnegative
continuous functions of argument r > 0.

Theorem 3.1. Let the functions f, g, and ¢ satisfy the conditions
(2.2), (3.1)~(3.3). Then there exists a positive number t, = t.(f,g,¢,v),
such that for to < t. the problem (1.1), (1.3) will have at least one strong
generalized solution u of the class C' in the domain Dp,.

Remark 3.1. In the role of the value ¢, we can take, for example,

1 1 1
ty := min , = )
{r*m(r*) + 7+ foo 2 2(1"*0(1"*) + m(r*)) }
e =14+ Yoo + Voo-

Theorem 3.2. If the conditions (2.1), (2.2), (3.1)~(3.3) are fulfilled,
then the problem (1.1), (1.3) is globally solvable in the class C' in the sense
of Definition 1.2, i.e. for any Py € Q) this problem has a strong generalized
solution of the class C* in the domain Dp,.

Remark 3.2. One may present the examples of functions g = g(z,t, s),
satisfyigg the conditions of Theorem 3.2, or, the same, the conditions (2.1),
g € C(Q x R) and (3.3). Such function is

n
g(x,t, 5) = Zak(x’t)|s|ﬂk’
k=1

where o, € C(Q), k = 1,...,n; ai(z,t) > const > 0, |a;(x,t)] < const
for (z,t) € Q and B, > B > 1, i = 2,...,n; and also the function
g(z,t,5) = a(z,t)go(s), where a € C(Q), |a(z,t)| < const for (x,t) €
Q, go € Lipioe(R) and lim inf|5|— 400 go(s) > —00, satisfy the conditions of
Theorem 3.2.

4. THE UNIQUENESS AND THE EXISTENCE THEOREMS

Theorem 4.1. Let the conditions (2.2) and (3.3) be fulfilled. Then for
any fixed point Py € Q the problem (1.1), (1.3) cannot have more than one
strong generalized solution of the class C* in the domain Dp,.
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Theorem 4.2. If the conditions (2.1), (2.2), (3.1)~(3.3) are fulfilled,
then the problem (1.1), (1.2) has a unique global strong generalized solution
of the class C in the sense of Definition 1.3.

Remark 4.1. For the conditions of Theorem 4.1 there exists the positive
number Ty := Ty (f,g,¢,%) > 0, such that the problem (1.1), (1.2) in the
strip 7 := Rx (0, T}) has a unique strong generalized solution u of the class
C' in the domain €, in the sense that for any point P € €; the function

u|DP represents a strong generalized solution of the problem (1.1), (1.3) of
0

the class C' in the domain Dp, in the sense of Definition 1.1.

Remark 4.2. Theorems 3.1, 3.2 and 4.2 remain valid without requirements
of the conditions (3.1), (3.2), having only the condition of smoothness ¢ €
C'(R), ¢ € C(R), feC(Q).

5. THE CASE OF ABSENCE OF A GLOBAL SOLUTION OF THE PROBLEM
(1.1), (1.3)

Remark 5.1. Violation of the condition (2.1) may, generally speaking,
cause an absence of the global solvability of the problem (1.1), (1.3) in the
sense of Definition 1.2. Indeed, let g(z,t,s) = —|s|%s, (z,t) € Q, s € R and
the exponent of nonlinearity o > —1. It is shown that for certain conditions
on the functions f € C(Q), ¢ € C1(R), ¥ € C(R) for any fixed x9 € R
there exists the number t* := t*(xo; f, p, %) > 0, such that for ¢q € (0,t*)
the problem (1.1), (1.3) has a strong generalized solution of the class C*
in the domain Dp,, while for ¢y > t* it does not have such solution in this
domain.

Consider the function x° := x°(x,t), such that (see, e.g., [3], pp. 10-12,

4], [5])

0 2 0 0 0 0 — P —
X" €C* (Do) X" +x/<0, X°[p, >0, X", =0, i=1,2, (5.1)
OX°” ,_a+?2
e dadt = . 5.2
/ O TRt < +oo, Pl = (5:2)

Do,1)

It is easy to verify that for the function x°, satisfying the conditions (5.1)
and (5.2), one may consider the function

X' =", t) = [(1=1)° = 2", (2,t) € Doy, (5-3)

for a sufficiently large natural number n.
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Now, putting xp,(z,t) = XO(“"*‘”" i). For fixed functions f,y,1 and

to 7 to
number zg € R, consider the function

zo+to
0 z,0
C(to) == / fxp,dxdt + / {w(x)XPo(%O) —@(m)% do—
Dpqy zo—to
zo+to
_ a+2
a12 lo(@)|* " xp, (2,0)dz.
xo—to
Theorem 5.1. Let g(z,t,s) = —|s|%s, (z,t) € O, s € R, a > —1,

f e Cl), ¢ € CHR), v € C(R), and the function u € C(Dp,) be a
strong generalized solution of the problem (1.1), (1.3) of the class C! in the
domain Dp,. If
lim inf {(t9) > 0, (5.4)
to——+o0
then there exists the positive number t° := t%(xo; f, p,1) > 0, such that for
to >tV the problem (1.1), (1.3) cannot have a strong generalized solution of
the class C' in the domain Dp,.

Remark 5.2. According to Remark 5.1, let us denote by t* := t*(xo; f, ¢, ¥)
the upper edge of those ty > 0, for which the problem (1.1), (1.3) is solvable
in the domain Dp,. From Theorems 3.1 and 5.1 it follows that 0 < ¢* < t0,
and the problem (1.1), (1.3) is solvable in the domain Dp, for ¢ty < t* and
does not have solution for ty > t*.

Remark 5.3. Tt is easy to verify that if f > 0, ¢ =0, ¥ > 0 and one of
the following conditions

1) f(xvt) > ¢ (Qi,t) EQ; 2) '(/}(x) >c v eR,

is fulfilled, where ¢ := const > 0, and for function xp, we take xp,(z,t) =
x* (’”;—0”“0, %), where x* is defined by the equality (5.3), then the condition
(5.4) will be fulfilled, and therefore in this case the problem (1.1), (1.3) for
sufficiently large ty will not have a strong generalized solution w of the class

C" in the domain Dp,.
6. THE CAUCHY PROBLEM FOR ONE-DIMENSIONAL WAVE EQUATION
WITH NONLINEAR DAMPING TERM

In this section we use the obtained in the previous sections results for
proving the existence of a unique global classical solution of the Cauchy
problem for wave equations with nonlinear damping term of the type

Upt — Uz + h(ug) = f(z,t). (6.1)
Theorem 6.1. Let the conditions
heC¥R), feC'(@), ¢peC*R), ¢eC'(R)
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be fulfilled and
B'(s)>—-M, seR, M :=const>D0. (6.2)

Then there exists a unique global classical solution u € C?(2) of the problem
(6.1), (1.2).

Note that the condition (6.2) is fulfilled for functions with exponential

growth, e.g. h(s) = es%H, seR, k=0,1,....
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