
Proc. A. Razmadze Math. Inst. 155(2011), 110–112

O. Dzagnidze

INTEGRATION OF DOUBLE FOURIER TRIGONOMETRIC
SERIES

There is the well-known Lebesgue theorem stating that for a Fourier

series f ∼ a0
2 +

∞∑
n=1

(an cosnx + bn sin nx), even if the later is everywhere

divergent, the following equalities are fulfilled for all x:

x∫

0

f(t) dt =
a0

2
+

∞∑
n=1

x∫

0

(an cos nt + bn sin nt) dt,

∞∑
n=1

bn

n
=

1
π

2π∫

0

f(x)
1
2

(π − x) dx.

The main result is formulated as follows:

Theorem. Let a function f be summable on the square [0, 2π]2, be 2π-
periodic with respect to each independent variable and

f ∼ 1
4

a00 +
1
2

∞∑
m=1

(am0 cosmx + dm0 sin mx)+

+
1
2

∞∑
n=1

(a0n cosny + c0n sinny)+

+
∞∑

m,n=1

(
amn cosmx cos ny + bmn sin mx sin ny+

+ cmn cos mx sin ny + dmn sin mx cosny
)
.
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Then the following equalities are valid:

1)

x∫

0

y∫

0

f(t, τ) dt dτ =
1
4

a00xy+
1
2

y

∞∑
m=1

x∫

0

(am0 cosmt+dm0 sin mt) dt+

+
1
2

x

∞∑
n=1

y∫

0

(a0n cosnτ + c0n sin nτ) dτ+

+
∞∑

m,n=1

x∫

0

y∫

0

[
amn cosmt cos nτ + bmn sin mt sin nτ+

+ cmn cos mt sin nτ + dmn sin mt cos nτ
]
dt dτ ;

2)
∞∑

m,n=1

1
mn

bmn = −1
4

A00 − 1
2

∞∑
m=1

1
m

βm +
π

2

∞∑
m=1

1
m

dm0−

− 1
2

∞∑
n=1

1
n

δn +
π

2

∞∑
n=1

1
n

c0n,

where

A00 =
1
π2

2π∫

0

2π∫

0

F (x, y) dx dy,

F (x, y) =

x∫

0

y∫

0

f(t, τ) dt dτ − y
1
2π

x∫

0

dt

2π∫

0

f(t, τ) dτ−

− x
1
2π

y∫

0

dτ

2π∫

0

f(t, τ) dt,

βm =
1
π2

2π∫

0

2π∫

0

yf(x, y) sin mxdx dy,

δn =
1
π2

2π∫

0

2π∫

0

xf(x, y) sin ny dx dy.
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