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R. DubucHAvVA

CONTINUING FUNCTIONS FROM A HYPERSURFACE
WITH THE BOUNDARY

We extend m-tuples of functions from the Besov spaces in both faces of
a smooth hypersurface S with a smooth boundary I' = 88§ # ) in R™ into
the ambient domain slit by the hypersurface R% := R™ \' S. These tuples
satisfy the compatibility conditions on the boundary I'. The traces are
defined by arbitrary Dirichlet system of boundary operators and extension
is performed by two different methods, one implicit and the other explicit.
Explicit extension is based on the solution to the Dirichlet BVP for the
poly-harmonic equation and permits the extension of distributions from the
Besov space B, (S) with a negative s < 0.

Coretractions have essential applications in boundary value problems for
partial differential equations when, for example, it is necessary to reduce
a BVP with non-homogeneous boundary conditions to a BVP with the
homogeneous boundary conditions.

The extended version of the present paper will appear in [2].

PRELIMINARIES

We distinguish two faces S~ and ST of the hypersurface and the normal
vector field v is directed, as usual, from the face ST to S~. Let R} := R"\C
be the space, “cut” by a hypersurface S. Let S be a subsurface of an equally
smooth surface C without boundary dC = (), whose borders is a compact
inner domain Q. Let Q= = R3\ QF be the complemented domain and
v-the outer unit normal vector field, which extends the existing field from
the subsurface S. _

For the definition of the Bessel potential HY(C), Hg (S) and the Besov

0 0
B, ,(C), B, ,(S) spaces used below, we refer, e.g., to [5].

2
For a pair of Besov spaces we introduce the following shortcut B;, ,(S) :=
B ,S) @ B (S). The notation [s]~ € Z is used for the largest positive or
negative integers, less than s, i.e., s — 1 < [s]” < s.
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A partial differential operator with matrix coeflicients A(z, D) is called
normal on § if its homogeneous principal symbol is non-degenerated on
the normal vector field inf |det A, (x,v(x))| # 0 for all x € S. Obviously,
the class of elliptic operators inf |detAp, (x,£))| # 0 for all x € S, and all
|¢] = 1, is a subclass of the class of normal operators. For operators with
constant symbols these classes coincide.

It is well known (see [5]) that the trace operators 'ySiB(:v, D) map the
following spaces continuously

-r

_ s—1
’}/‘?B(LI},D) : ;,loc(Rg) — BP,PP (8)7 1< p <00,

provided s > r + 1/p and the “jump” function meets the compatibility
condition:

s B(xz, D)®] :=7¢ B(x, D)®—y5 B(z, D) EB, ;" (S), VOEHS . (RE).
The trace operator can be viewed as a continuous mapping by the operator
pairs

~s_1_,

Rs(B) : H,.(RE) — By, "(S) @By, " (S). (2)

S
p,loc
1. AN IMPLICIT EXTENSION FROM A HYPERSURFACE

2

For a pair of spaces we introduce the following shortcut: By (S) :=
B, ,S) ® ﬁ%fmp(s)' The notation [s]” € Z is used for the largest positive or
negative integers less than s, i.e., s — 1 < [s]” < s.

Theorem 1.1. Let A(x, D) be a PDO of order k € Ny and of normal type,
l<p<oo, k€eENy, s>0, k<s+1 and denote ps :=p if s #0,%1,...,
ps <pifs=0,%1,....

Further, let B®)(x, D) := {Bo(z,D),...,Bs_1(x, D)} be a Dirichlet

system of boundary operators and {gojt}f;; be vector functions such that

2
<I>j::(<p;r+g0;,<pj—cp;)€]]3§;y(8)7 forall j=0,1,....,k—1. (3)

Then there exists a continuous linear operator

1 2 . X
Pa: ‘B BII(S) > BT (RE) (4)

ps,loc

7=0
such that vs:B;Pa® = <pj-[ for 5 = 0,1,...)k — 1 and APpod €
HE~FE/Pe (R, where ® = {®, };:;

Ps,loc
Proof. First we extend the pairs (cpj + cpj_,go;" — ;) to the closed hyper-
surface C, which contains §. The second components are extended by 0.
The obtained system is then extended into QT and Q= by coretraction for
closed surfaces (see [5]) and, due to the conditions cpj —¢; = 0 on the
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complement surface S¢ := C \ S, we prove that this particular extension is
“continuous” across the complement surface S°. (]

2. PERTURBED POLY-HARMONIC EQUATIONS
The perturbed poly-harmonic (poly-Laplacian) operator
Ao = A"+ (—wh)Mp=(divV)" o+ (—w?) e, m=1,2,..., k>0, (5)

is elliptic, self-adjoint (A")* = A’ and is sign-definite in the following
sense:

(D)™ AT, @) =[V"p|La (R + w?™ [0 L2(R™)||* >
> cflo|H™ (R (6)

for some ¢ > 0. Then A : H™(R™) — H~™(R") has the trivial kernel
Ker A" = {0} and cokernel Coker A7} = {0}.

If IC A () denotes the fundamental solution of A', it decays at infinity
fast :

PO K pm (2)=0 (|x||°“+‘5‘e_“|x‘):(9(1) as |r|—o0, Va,BeN" (7)
Let
g, €B77P(C), j=0,...om—1, fEH>(Q), 1<p<oo, sER (8)

and look for a solution ¢ € H(€2) of the boundary value problem

(Al ) (x) = f(z), r e, )
(veDj(z,D)p)(x) =g;(x), xeC, j=0,....,m—1,
where
—ATif j=2r
D D):=1D.(xz,D):= 1
o(@.D) =1, Dy(x.D) {MT I

j=1,....2m -1
are the natural boundary operators from the Green formula below (11)
and (12).
The proof of the next Lemma 2.1 is standard, based on the Gauss formula.

Lemma 2.1. For the operator A’ in the domain Q C R™ with the
smooth boundary C := 02 the following I and II Green formulae are valid:
2m—1
(A, P)g = Y ((Dj(x, D))", (Ci(x, D)) ) + Alp, ), (11)
j=[m/2]
2m—1

(A, 1)g — (0, ATY), = > ((Dj(x, D))", (Cj(x, D)) ") (12)
§=0
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for arbitrary ¢, € X2™(Q), where A(yp, 1) is the bilinear form:
A( ¢) . (Az(pv Azw)ﬂ + W2m ((p, w)Qa m = 257
T (VA VAN WP (o). m=20+ 1.

For a solution ¢ € X'(Q) of the equation Al = f with f € X;m(Q)
the traces e Ao and 4c0, A p, j=0,1,...,[(m+1)/2] exist and

(13)

A m—2j—% A m—2j—1—%—1
YcAlp € By €)y YO AMp By, ©). (14)

Corollary 2.2. A solution ¢ € H}'(S2) to the boundary value problem
(8)-(9) is represented as follows:

@) = Nof)w) + 3 V(D D)p) (@), wen,  (15)
3=0
where
(Now)(z) = [ Kan(e = ely)dy, (16)
Q
(Vii)(w) i= $(C5(x. DI Ap)(x — 2)il) do (a7
C

are, respectively, the volume (Newton) potential and the layer potentials
(cf [1])-

Theorem 2.3. If a solution ¢ € H™(Q) to BVP (9)-(8) for p =2 and
s = m exists, it s unique.

The Dirichlet problem (9)-(8) for p =2 and s =m has a unique solution
¢ € H™(2) for an arbitrary right-hand side g; € H™ =3, j=0,...,m—1
and for f € ET]I’m(Q).

Lemma 2.4. Nq is a YDO of order —2m with a proper symbol, while
V; is the potential operator of order —j — 1/p and maps the spaces

No @ HI(Q) — HI-2™(Q),
0 0+i+5 .
VvV, ]E%p)p(C)—>Hp QNOSEQ) j=0,1,....2m—1

continuously for arbitrary 1 < p < co and 6 € R.
The following Plemelj formulae are valid:

(D V) (%) = & 6(2) + (Vi) (2).
(D Vi)™ () = (Vi) () = (D Vi) (). (19)

xelC, j,k=01,....2m—-1, j#k, veC(C),

where Vji(x, D) is the direct value of the potential operator D;(t,0)Vi on
the boundary C. It represents a WDO of order ord Vi (x,D) = —2m + 1 +
j4om—1—k=j—k jk=01,...,2m—1.

(18)
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Proof. For the standard proofs we refer to [1, 3]. O

Theorem 2.5. BVP (9) has a solution for an arbitrary right-hand side
f and data gg, - . ., g,,_1 which satisfy the conditions (8), represented by the
formula

o(r) = Naf)@) + S (V)@ + 3 (V@) s (20)
=0 j=m

where the vector-function W := (Yg,. .., Ym_1)' € %501 Bz;m_j_l/p((f) 18
j=

a unique solution to the following boundary pseudodifferential system:

W (x,D)¥(x) = %G(X) — D" (2, D)Ng f(x) — WG(x), xeC, (21)

m—1 s—i—
G = (90, Gm-)" € "B B (),
D) (2, D) := (Do(x,D),...,Dp_1(z,D))T

and W, Wy are the matriz operators

(22)

Vom Wozm—1)
W o— Vim Vieam—1)
Vim-1m - Vm-1)(2m-1)
Voo Vo(m—-1)
W = Vio e Vitm—-1)
Vim-1o - Vim-1)(m-1)

If s = m, any solution ¢ to BVP (9) is represented by formula (20) and
the solution is unique.

Proof. With the help of the Green formulae (11) and (12), invoking Lax-
Milgram lemma, the result is proved first for p = 2 (see similar proofs in
3, 4)).

Then, using the representation formulae (18), Plemelj formulae (19), we
derive equivalent boundary WDOs and prove their solvability for general p
and s. ]

3. EXTENSION WITH POTENTIALS FROM A HYPERSURFACE

Based on Theorem 2.5, we can prove similar result for the BVP with
general boundary conditions

{ (Alp)(2) = f(x), T €1,

(1B (2, D)g)(x) = Glx).  xeC. (#)

m—1 S—j—
G:= (g0, 1 gm-1) € 8, B:_i/7(C),
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where B(™) (By(z, D), ..., Bm_1(x,D))" is a Dirichlet system of order m,
ordB; =34, j=0,1,...,m —1, and conditions (8) hold. Let

B™) (2, D) = Mgfgm>(x, D)D" (z, D), (24)

where ﬁ(’”)(a:, D) is defined in (21) and M%’gm) (x,D) is a lower triangular
invertible matrix operator (called admissible).

Let us explain what is meant under the generalized traces 'yciw =t c
1

By, (C) for distributions ¢ € HY(QF) when —o0 < 6 < L. Towards this
end, in a vicinity Qg C QF of the surface C we consider a local coordinate
system = = (x,t) € Qé:, where x € C and 0 < £t < ¢ is the transverse
variable, equal to the signed distance from the reference point z to the
surface C. Then we define

. . 60—+
v i=ssy i dim flu( ) = 0T ()[Bpe” (O] (25)
Lemma 3.1. The Plemelj formulae (19) are valid for ¢ € Bgvp(C) when
1<p<ooandf eR are arbitrary.

Theorem 3.2. BVP (23) has a solution for arbitrary f and data G,
represented by the formula

o) = (Nof)(@) + S (Vi) + 3 (Viyw)(@), zeQ.  (26)
7=0 j=m

Here the vector ¥ := (1g,...,Vm_1) € 7;6:501 BZ;m_j_l/p(C) s a unique
solution to the following boundary pseudodifferential system.:

W (x, D)U(x) — %é(x) _ DU (2, D)Nof(x) — WoG(x), x€C, (27)
with the WDO W (x, D) from (21)

~ -1 m—1

G = (Jo,---,gm-1)" = |[MBH(x,D)| Ge k2 B:7-P(C). (28)

If s = m, any solution ¢ to BVP (23) is represented by formula (26) and
the solution is unique.

As we see, the space setting for the BVP (23) is also general and arbitrary
s € R can be taken, involving the Bessel potential spaces of distributions
for s < 0.

Applying this result, we can prove the following result on the (explicit)
continuation of the set of functions from a hypersurface.

Theorem 3.3. Let m € Ny, {cp;t}?zol be two m-tuples of functions
(distributions, if s < 0)

2 .
D= (] +@;, 0 —;) €BI(S), i=0,1,...,m—1, (29
l<p<oo, seR
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and denote ps :=p if s £0,+1,..., ps <pifs=0,£1,....
For a given Dirichlet system of boundary operators
B (z,D) := {By(z,D),...,Bm_1(z,D)} " (30)

and the preassigned boundary data (29) there exists an operator

m=1 25—' s n n
P8 BL(S) — H3 /P (R2) N S(RE) (31)
which is a co-retraction ys= B;P® = gojt, j=0,1,....,m —1 to the trace

operator 7¢(B™) := {y¢Bo(z, D), ..., v¢Bm-1(z, D)} .
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