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I. Kiguradze

SOME NONLOCAL PROBLEMS FOR HIGHER ORDER
SINGULAR ORDINARY DIFFERENTIAL EQUATIONS

On the finite interval [a, b], the nonlinear differential equation

u(n) = f(t, u, . . . , u(n−1)) (1)

with nonlocal conditions
b∫

a

u(k−1)(t)dϕk(t) = 0 (k = 1, . . . , n) (2)

is considered. Here f : [a, b]×Rn
0 → R is a continuous function,

Rn
0 =

{
(x1, . . . , xn) : x1 6= 0, . . . , xn 6= 0,

}
,

and ϕi : [a, b] → R (i = 1, . . . , n) are functions with bounded variations
such that

ϕk(0) = 0, ϕk(1) = 1, σkϕk(t) >
1 + σk

2
for a < t < b (k = 1, . . . , n),

where σk ∈ {−1, 1} (k = 1, . . . , n).
We are mainly interested in the case where Eq. (1) is singular, precisely,

the cases when there does not exist the finite limit

lim
n∑

k=1
|xk|→0

f(t, x1, . . . , xn)

for some t ∈ (a, b).
Suppose R+ = [0,+∞[,

Rn
0+ =

{
(x1, . . . , xn) : x1 > 0, . . . , xn > 0

}
, σ0k =

n∏

i=k

σi (k = 1, . . . , n),

`k =
n−1∏

i=k

b∫

a

∣∣∣ϕi(t)− 1− σi

2

∣∣∣dt (k = 1, . . . , n− 1), `n = 1.

The following theorem is valid.
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Theorem. Let the inequality

q0(t, |x1|, . . . , |xn|) ≤ f(t, x1, . . . , xn) ≤
n∑

k=1

pk(t)|xk|+ q(t, |x1|, . . . , |xn|)

be fulfilled on the set [a, b] × Rn
0 , where pk : [a, b] → R+ (k = 1, . . . , n),

q0 and q : [a, b] × Rn
0+ → R+ are continuous functions, at that q0 and q

are, respectively, non-decreasing and non-increasing in the last n arguments.
Let, moreover,

lim
x>0,x→0

b∫

a

q0(t, x, . . . , x)
x

dt = +∞

and
n∑

k=1

`k

b∫

a

∣∣∣ϕn(t)− 1− σn

2

∣∣∣hk(t)dt ≤ 1.

Then problem (1), (2) has at least one solution, satisfying the inequalities

σ0ku(k−1)(t) > 0 for a ≤ t ≤ b (k = 1, . . . , n). (3)

For the differential equation

u(n) =
n∑

k=1

(
f1k(t)|u(k−1)|λk + f2k(t)|u(k−1)|−µk

)
, (4)

from the above-formulated theorem it follows

Corollary. Let

0 < λk < 1, µk > 0 (k = 1, . . . , n),

functions fik : [a, b] → R+ (i = 1, 2; k = 1, . . . , n) be continuous and
n∑

k=1

f1k(t) 6≡ 0.

Then problem (4), (2) has at least one solution, satisfying inequalities (3).
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