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Our aim in to present two—weight criteria for the following potential
operators with product kernels
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(0 < aj,as < 1) on cones of functlons f which are non—negative and de-
creasing in each variable. In our case the right-hand side weight is of product
type. The appropriate problem for the one-dimensional potential operator

t
/Mf(ﬂ)l_adt, O<a<l, z>0,
0

on the cone of decreasing functions is also discussed.
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For the following weighted multiple Riemann—Liouville transform

(Ral ..... oznf)(xlv"'vxn):
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we derive one—weight criteria.

We say that a function f : R} — R, is decreasing if f is decreasing in
each variable separately. Further, a set D C R”} is decreasing if the function
X p is decreasing.

Let D be the class of functions f : R — R, which are decreasing in each
variable separately and let u be measurable a.e. positive function (weight)
on R. We denote by LP(u,R’), 0 < p < oo, the class of all non—negative
functions on R”} for which

1/p
I lLe (urry) o= (/f”(wl,-“ T )u(ay, - ,mn)dﬂcl--dﬂcn) < 00.

R7
Under the symbol L%, (u,R’) we mean the class L?(u, R") N D.
A full characterization of the class of weights u for which the boundedness

of the one-dimensional Hardy transform
1 T
(Hf))= /f(t)dt
0

from LY, (u,R;) to LP(u,R;) holds, was given in [2]. Two-weight Hardy
inequalities on cones of monotonic functions were established in the paper
[14]. The multidimensional analogs of these results were studied in [3], [1],
[4].
For the weight theory for Hardy—type operators and one-sided potentials
we refer e.g., to the monographs [13], [12], [7], [6], [5] and references cited
therein. The monograph [11] is dedicated to two—weight criteria for multiple
integral operators (see also the papers [8], [9], [10] for criteria guaranteeing
trace inequalities for potential operators with multiple kernels).

Together with multiple potential operators we are interested in the one—
sided strong fractional maximal operator:

X )
(M;hazf)(xhxg): sup h{ TRyt / /f(tl,t2>dt1dt27

0<hi<z1
0<hz<x2 x1—hi x2—ha
where z1,20 € Ry, f >0and 0 < oy < 1,2=1,2.

Let

Dyyooozy = DN ([0,21] X -+ x [0,2,]), D C R

n
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The next statement gives one-weight criteria for the operator R, .

Theorem 1. Let 0 < p < oo and let 0 < a; < 1,4 =1,...,n. Then
,,,,, an is bounded from LY, (u,R%) to LP(u,R%) if and only if there is a
positive constant ¢ such that for all decreasing sets D, D C R"},

D p
/Mu(xl,...7:cn)dm1..-dﬂcn§

Let

Wj(a:j)::/wj(t)dt, W(tl,..., ) —Hn 1W( )
0

Our results regarding the two-weight problem are given by the following
statements.

Theorem 2. Let 1l <p<qg<ooandlet0 < a; <1,i=1,2. Assume that
v and w are weights on R2 . Suppose also that w(x1,x2) = w1 (z1)wa(z2) for
some one—dimensional weights wy and wy, and that W;(c0) = oo, i = 1,2.
Then the following conditions are equivalent:

(a) Ray,ap is bounded from LY, (w,R%) to L9(v,R%);
(b) M, o, is bounded from LY, (w,R%) to L9(v,R%);
(¢) the following four conditions hold simultaneously:

ayl az

—1/p
sup (//w(tl,tg)dtldt2> X
ai,a2>0
0 0
@ a2 1/q
X ( t?lt (tl, tg)dtldtz) <0oQ; (1)
ay a2 1/p/
sup < /tltg pW p tl,tg) (tl,tg)dtl,dtg) X
a1,a2>0
0
(// g2 1 (tl,tg)dtldt2> < 00; (2)
a] az

@ -1/p s ? , 1/’
sup (/wl(tl)dh) (/tg WQ_p (tg)wg(tg)dtg) X
a,az>0
0

0
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a; oo

q
<//tq°‘1tQ(a2 b tl,tg)dtldt2> < o0; (3)

a

/9 s 7 -1/p
sup (/tp Wl (tl)’w1(t1)dt1> (/wg(ﬁg)dh) X
ay,a2>0
0

oo asg

1/q
<//tq<al bz tl,tg)dtldt2> < o0. (4)

Analogous result for the double Hardy operator Hy was derived in [3] in
the case when both v and w are product weights.

Corollary 1. Let 1 <p<g<oo andlet0 < a; <1,i=1,2. Then the
following conditions are equivalent:
(a) the boundedness of Ray.a, from LY, (w,R%) to LY(v,R2) holds for

w=1;
(b) the operator M,
w=1;

)

is bounded from L%, (w,R%) to Li(v,R%) for

1,02

o

sup (ajag)t/? (//x‘ll(all)mg(azl)v(ml,xg)d:cldxg) < o0.

ay,az>0
ay az

Theorem 3. Letl < g<p<ooandlet0 < a; <1,i=1,2. Assume that
v and w are weights on Ri. Suppose also that w(xy,x2) = wy(x1)wse(x2)
and that W;(00) = 00, i = 1,2. Then the following conditions are equivalent:

(a) Ray,a, ts bounded fmm LA, . (w,R2) to L(v,R%);
(b) My, o, is bounded from L%, (w,R3) to LI(v,R%);
(c) the following four conditions hold:

itz q r/q
{/ (//v(xl,ajg)(x‘f‘lmgz) dxldx2> X
RZ 0 0

1/r
XWr/q(tl,tg)w(tl,tg)dtldt2:| < 00;

r/q
[/(// v(zy, x0) (2™ 1:v(2’2 1) dxld:c2> X

Ri t1 t2
ty to T'/q'
X (//(xlxg)p,W_p/(:I}l,l‘g)w(xh.%'g)d.’l?ld.’l?g) X

0
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1/r
X(tltg)p WP (tl,tg)’w(tl,tg)dtldtz] < 00,

tl o0
r/q
[/ (//v(xl,xg ey 1) da:ld:r2> Wl_T/q(tl)x
Ri 0 t2

to
’ ’ 7/q ’ 1/7.
X (/.’L‘p WQ_p (l‘g)’ll)g(&)‘g)dl‘g) tg Wg(tg)wg(tg)dtldtg] < 00;

[/ (/ / oon, ) (o515 dwldwz)T/qWﬂq(tQ)x

t1

2! 1/r

’ ’ r/q /
X (/1’11) Wfp (xl)wl(xl)dx1> t:ll) Wl(tl)wl(tl)dtldtg] < 00,

where 1/r =1/q— 1/p.

Theorem 4. Let1l <p <qg < oo andlet0 < ay,as < 1. Suppose that the
weight function w on Ri is of product type, i.e. w(xy,x3) = wi(x1)we(ze).
Suppose also that W1(o00) = Wa(00) = oo.

(i) The operator (RW)a, a, is bounded from LY, (w,R%) to L9(v,RY) if
and only if

a

b
1/q
xluxQ da+d
sup —one dridas X
a,b>0
0
a b

X (//wl(xl)wg(xg)dxldx2> o < o0 (5)

0 0

a

b

1/q

sup (//x v(x1, T2 dxldx2> X
a,b>0 5

F -1/p , 7 ) 1/p’
x(/wl(:cl dml) (/W2 p (x2)wa(x2) (e —b)*?P dx2> < oo; (6)
0 b

oo b
1/q
:61, scz)
sup s dridxs X
a,b>0 x v — Xg) 24
0

a

a

WP () w (21 )dz w wa i o 00;
><<0/301W1 (21) 1(1)d1> (0/ 2(2)d2) <oo;  (7)
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(w,R%) to L(v,R%)

(ii) The operator (WR)a,,a, s bounded from LY
if and only if

dec

a b m - 1/q
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0
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0

a

b b —-1/p
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Definition 1. We say that a locally integrable a.e. positive function p
on R? satisfies the doubling condition with respect to the second variable

( p € DC(y) ) if there is a positive constant ¢ such that for all ¢ > 0 and
almost every x > 0 the following inequality holds:

(12)

2t

/p(x,y)dy < cmin{/tp(x,y)dyjtp(x,y)dy}-
0 0 t



150

Analogously is defined the class of weights DC(x).

Theorem 5. Let1l <p <q < oo andlet0 < ai,as < 1. Suppose that the
weight function w on R2 is of product type, i.e. w(zx1,x2) = wy(z1)wa(x2).
Suppose also that Wi(oo) = Wa(oo) = oc.

(i) If v € DC(y), then Wa, a, is bounded from LY, (w,R%) to L(v,R%)
if and only if

a b

1/q
sup <//v Z1,T2) a—xl)alquldm) X
a,b>0
0
-1/p , § 1/p’
</w1 z1 das1> </W2 v (wo)wo(z2)ws pd$2> <oo; (13)
0

b

a

b 1/q
sup (//v T1,To dxldx2> X
a,b>0
0
oo o0

, 1/p
X (//W‘p (1, x2)w(z1, 22) (21 — @)**P 252 dxldx2> < oo; (14)

a b

(ii) Ifv € DC(x), then Wa, ., is bounded from L%, .(w,R%) to L(v,R%)
if and only if

a b 1/q
sup (//v(ml,xg)(b—xg)azquldm) X
a,b>0
00
7 ’ ’ / ; 71/}7
><</W1p (z1)wi (z1)2]™? dl’1> </w2 To d$2> <oo;  (15)
a 0
a b 1/q
sup (//v(whxg)dmldmg) X
a,b>0 o b

oo o0 ) 1/p/
X (//W‘p (@1, x2)w (21, 22) (22 — b)*?P 2] dxldx2> < oo. (16)
a b

Theorem 6. Let1l <p <q < oo andlet0 < ay,as < 1. Suppose that the
weight v belongs to the class DC(y). Let w(xy, x2) = wi(x1)ws(x2) for some
one-dimensional weight functions wy and we and Wi(co) = Wa(oo) = co.
Then the operator Iy, o, is bounded from LY, (w,R%) to L9(v,R%) if and
only if conditions (1) — (14) are satisfied.

dec
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Theorem 7. Let1 <p <q < oo andlet0 < ai,as < 1. Suppose that the
weight v belongs to the class DC(z). Let w(xy, z2) = wy(x1)we(x2) for some
one-dimensional weight functions wy and we and Wi(co) = Wa(oo) = co.
Then the operator Iy, o, is bounded from L%, (w,R%) to L9(v,R%) if and

dec

only if conditions (1) — (12), (15) and (16) are satisfied.

Finally we discuss the two—weight problem for one-dimensional potential:

b t
Taf(x):/wf(tﬁadt’ O<a<l, x>0,

on the cone of one-dimensional decreasing functions.
We denote W (z) := [ w(t)dt.

Theorem 8. Let1 <p<g< oo andlet0 < a <1. Then T, is bounded
from LY (w,R) to Li(v,Ry) if and only if

dec
. ~1/p ;¢ 1/q
sup </w(t)dt) (/taqv(t)dt> < 00;
a>0 5 5
a ) ) l/p/ oo 1/q
sup (/tp WP (t)w(t)dt) (/t(o‘_l)qv(t)dt> < 00;
a>0

a

0
sup <7Wﬂ’ (2)w(z)(z — a)* da:) W ( / v(x)dx) v < 00;
a 0

ap ([oar) ™ ( fotore—arnar) <

0 0

Theorem 9. Let 1l <g<p< oo andlet0 < a < 1. Then T, is bounded
from LY (w,R) to Li(v,Ry) if and only if

dec

t

1/p o rv 1/r -
LR/ K / a:%(x)dz) % /(t)] (t)dt] < 00;

+ 0
1] ) ([55) "]

1/r
xt?P WP (t)w(t)dt] < 00;
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{/ K W)l/p/(jv(x)dx>1/p]rv(t)dt] v < o0;

R, t

[/ <7W_1/p(t)(j(tz)(;))mzdw)l/q]rW‘p'(t)w(t)dt}W < o0,
t 0

Ry
where 1/r =1/q — 1/p.
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