Proc. A. Razmadze Math. Inst. 148(2008), 141-145

SH. TETUNASHVILI

ON THE SUMMABILITY METHODS DEFINED BY
MATRIX OF FUNCTIONS

(Reported on 24.09.2008)

Let for every nonegative integer numbers n and k a measurable function
an,k(t) is defined on E = [a, b].
We consider a matrix constructed by ay, x(t) functions, i. e.

M(t) = ||an,kx(t)|| where t € E.
Let these functions satisfy the Toeplitz conditions in any point ¢t € F,

i. e.
i) lim a,x(t)=0, teE, k>0;
n—oo
ii) Let
Ni(t) = lano(B)] + |an ()] + -+ - + lann (@) + -
Then there exists a function R(t), such that:
N,(t) < R(t), R(t)<oo, t€E, n>0.
iii) Let
An(t) = ano(t) + an1(t) + - 4 ann(t) +---
Then
lim A,(t) =1, t€ E.
n—oo

Summability method defined by matrix M (¢) we will call by M (t) method.
It is clear that M (¢) method will be regular method of summability i. e. if
for a sequence of numbers Sy

lim S =S5,
k—o0
then, for the means

Tn(t) = Z an,k(t) - Sk
k=0
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of M (t) method, we have

lim 7,(t) =S, foreach te€E.

n—oo

For summability methods A and B, relation A C B denots that if the
sequence Sy is summable by method A to a number S, then this sequence
is summable to the number S by method B.

Let {S, (x)}32, be sequence of functions defined on the set E. By 7,(t, x)
we denote the means of M (¢t) method for {Si(z)} i. e.

Tn(t,x) = Zamk(t) - Sp(z), (t,z) e E*=ExE.
k=0

Let

o0
%JrZakcosszrbksinkx (1)
k=1
be the Fourier series of an integrable function f.
By Sn(x; f) we denote partial sums of the series (1), i. e.

a " .
Sn(z; f) = 70 + Zak cos kx + by sin k.
k=1
Let
At) = A k(@)
be a triangular matrix, constructed by measurable functions A, ;(¢) defined
on E = [0,2n]. Let for each ¢ € [0, 27] these functions satisfy the following
conditions:
1) Ao(t)=1 and A, k(t)
2) 0< Appt1(t) < Aie(t) <
3) lim Ai(t) =1, k> 0.
We consider the means of A(t) method for the series (1):

=0, n>0, k>n;
1, n>0, 0<k<n;

n(t,x, f) = % Ak (t) (ag cos kx + by sin kz) =
k=1

=D Qaklt) = s () Su(a; f) (2)
k=0

We denote an k() = Ak (t) — A g1 (t)-

It is clear that, a, x(t) satisfy the Toeplitz conditions i)-iii). So A(t)
method is a regular summability method for each t € [0, 27].

Let {ay(t)} be a sequence of measurable functions, such that:

0<ap(t) <1 foreach te[0,2n] and n > 0.
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Let for each k, o < k < n and t € [0, 27], the functions A, ,(¢) be defined
by the equality
Ao (@+1)(a+2)-(a+n)

Ank(t) = , wh Ay = . 3
k(1) A0 (® where AY o (3)

For the case (3) we denote by o) (z; f) and (C,{ay(t)}) means (2)
and A(t) method respectively.

If an(t) = o = const for each n > 0 and ¢ € [0, 27] and the relation (3) is
fulfilled, then A(t) summability is, in fact, the Cesaro summability (C, «).
If a,,(t) = 0, then we have the convergence.

We will consider the case when

lim a,(t) =0 for each t € [0,27].
n—oo

In this case, for any a > 0, the following relations hold
(C,0) € (C{an(t)}) C (C, ).

In [1] and [2] we formulated some theorems for the A(¢) summability in
case oy, (t) = a, for each t € [0,27] and a,, — 0 as n — oo.

In particular, it was established in [1] a theorem (see [1], Theorem 4, a),
from which follows:

Theorem A. For any sequence of numbers a,, — 0+ as n — oo, there ex-
ists the continuous function f(x), such that the sequence of means o&m (x; f)
diverges at some poinzt xg.

In [2] we have the following theorem which gives the positive answer to
the problem posed by V. Temlyakov. Namely

Theorem B. For any continuous function f(x) there exists a sequence
of numbers a, | 0, such that the equality

lim o7 (z; f) = f(x)
n—oo
holds at every point x.

In [1] we have a theorem (see [1], Theorem 4, b) one of corollaries of
which is the following theorem about summability by norm Lq:

Theorem C. For any sequence of numbers a,, — 0+ as n — oo there
exists a function f € L[0,2x], such that

T o @) = F@)l, >0

In the present talk we formulate analogous theorems for integrable func-
tions. Namely there are established theorems for pointwise and L; norm
summability for methods (C,{a,}) and (C,{a,(t)}). The following theo-
rems are valid
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Theorem 1. For any function f € L1]0,2x] there exists a sequence of
numbers au, | 0, such that

Jim o (25 ) = f(2)][2, =0

Theorem 2. For any function f € L1]0,2x] and any number € > 0, there
exist the sequence of numbers a,, | 0 and a set F' C [0, 27] with uF > 2r—¢,
such that the equality

lim o7 (z; f) = f(x)

n—oo
holds at every point x € F'.
The following theorem is on the summability of the series (1) by method
(C,{an(t)}). In particular for means o) (z; f), when t = x, we have

Theorem 3. For any function f € L1[0,27] there exists a sequence of
measurable functions {a,(t)}, such that

lim a,(t) =0, te]0,2n],
n—oo
and at each Lebesgue point x of function f (i. e. a. e. on [0,27]) we have
lim o2 @ (@3 f) = f(a).

Various corollaries follow from above mentioned results. We shall present
some of them.
The following proposition is corollary of Theorem 1.

Corollary 1. For any function f € L1[0,27]|, there exist a sequence of
numbers oy | 0 and subsequence of natural numbers ni T co, such that the
equality

lim o (z; f) = f(x)

k—o0
holds almost everywhere on [0, 27].

Definition 1. We say that a continuous function g(z) is more bad in
the C-sense than a continuous function f(z) if there exists a sequence of
numbers «,, | 0, such that:

lim oy~ (z; f) = f(x) for any z

n—oo

and at the same time the sequence of means of the function g(z)

{on"(@:9)} 02,
diverges at same point xg.

Definition 2. We say that an integrable function g(x) is more bad in
the L-sense than a integrable function f(z), if there exists a sequence of
numbers a,, | 0, such that

Jim (o (2; f) = f(@)][L =0
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and at the same time

lim [|oy (z;9) — g(x)||z, > 0.

n—oo
Corollary 2. For any continuous function f(x) there exists a continuous
function g(x) which is more bad in the C-sense than f(x).

Corollary 3. For any continuous function fi(x), there exists a sequence
of continuous functions

fl(m)a fQ(x)v cee 7fn71(x)7 fn(x)a s
such that each fn(x) is more bad in the C-sense then fn_1(x).
Corollary 2 and Corollary 3 follow from Theorem A and Theorem B.

The following propositions are consequences of Theorem C and Theo-
rem 1.

Corollary 4. For any integrable function f(x) there exists integrable
function g(x) which is more bad in the L-sense than f(x).

Corollary 5. For any integrable function fi(x), there exists a sequence
of integrable functions

fl(m)a fQ(x)v s 7fn71(x)7 fn(x)a s
such that each fn(x) is more bad in the L-sense then fn,_1(x).
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