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V. S. GULIYEV

BOUNDEDNESS OF GENERALIZED MULTILINEAR FRACTIONAL
INTEGRALS

Classical Riesz potential is an important technical tool in harmonic analysis, theory
of functions and partial differential equations. Multilinear maximal operator and multi-
linear fractional integral operator and related topics have been areas of research of many
mathematicians such as R. Coifman and L. Grafakos [2], L. Grafakos [3]-[4], L. Grafakos
and N. Kalton [5], C. E. Kenig and E. M. Stein [7], Y. Ding and S. Lu [6] and others.

The purpose of this note is to describe several results about multilinear operators of
fractional integral type. We study Ly, X Ly, X ... x Ly, boundedness of the generalized
multilinear fractional integrals. O’Neil type inequality for multilinear fractional integral
is proved. We give a new proof of the Hardy-Littlevood-Sobolev multilinear fractional
integration theorem, based on a pointwise estimate of the rearrangement multilinear
fractional integral.

Let R™ is the n-dimensional Euclidean space of points * = (z1,...,Zn) with norms
2] = (X7, 22) % let S71 = {w € R™ : |2 = 1}.

For 1 < p < oo let Lp(R™) be the space of measurable functions g on R™ with finite

norm
1/p
lolz, o = ( [ latapas)

R'IL
We shall denote by Lo(R"™) the class of Lebesgue measurable functions that are finite
a.e. and g*(t) = inf {s: Ag(s) < t} is the decreasing rearrangement of g, where \g(s) =
[{x € R™ : |g(x)| > s}| is the distribution function of g with respect to the Lebesgue
measure (we refer the reader to [1] for further information about distribution functions

t
/g* (s)ds.
0
For every t > 0 we have (see [1], p. 53)

* 3k 1
g () = sup / l9()\dy
|Bl=ttJ

and decreasing rearrangements).
Set

g(t) =

| =

Besides, by the Hardy-Littlewood theorem (see [1], p. 44), for every fi, f2 € Lo(R™),
oo
[ @@t < [ 08 @
R 0

It is well known that if p > 1, then (f5° (g**(£))? dt)l/p is comparable with the

L,(R™) norm of f and g**(t) = sup \E\’l fE lg(y)|dy.
|E|=t
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For 1 < p < oo the weak Ly, spaces W L,(R"™) is the sets of locally integrable functions
g(z), x € R™ with finite norms

gl L, @@ny = sup t (g ()7
t>0

Let k& > 2 will denote an integer, 6; (j = 1,2,---,k) will be fixed, distinct, and
nonzero real numbers. It is said that p is the harmonic mean of pi,p2,--- ,pr > 1 if
Lo Ll b Wedenote f = (f1,fa, o fi): If f5 € Ly, (R"), j = 1,2, .k,
then we say that f € Ly, X Lp, X --- X Ly, (R™). Also for f = (f1, f2, -+, fr) we define

£55(t) = (1/) [3 f1(s) ... f7 (s)ds, t > 0.
In the following we define the k-linear fractional integral operator by

Lo o(F)(z) = ‘jfﬂ

Rn

fi(z—01y) ... fr (z — Ory) dy

and k-linear fractional type integral operator by

Kal®)(@) = [ Kal)fs (&= 010) . fc(x — 0x0)
R’IL

where Ko € WLn/(n_a)(Rn)

Note that, if Ka(z) = ‘xﬁffja, 0<a<n Q€ Lyma ™), then Ki(t) =
(n—a)/n _
(%) , KZ*(t) = 2KA(1), where A = ||Q||zi(/’z:i) (g1, and therefore Ko €

WLn/(n—oz)(Rn)-
Lemma 1. Let fi1, fo,..., fx € Lo(R™). Then

[In@n@ - i@l < [ FO50- 5o (1)
R™ 0
Lemma 2. Let fi1, fa,..., fx € Lo(R™). Then

[ 1160 = 012l = 020) -+ el = )y < Co [ S OF5 0 Fi 0, )
0

R‘n
where Cg =161 ...0,|7".
The analogy of O’Neil inequality (see, [8]) for k-linear integral operator by
(.9 @) = [ 9Wfi @~ 010) -+ f(a ~ O10)
R"

is correct

Lemma 3. Let fi1,f2,...,fx € Lo(R™). Then for all 0 < t < oo, the following
inequality is valid

(F,9) (1) < Cy (t £ (£)g™ (t) +

FT@fz @) frt)g” (t)dt> : ®3)

Lemma 4. Let fi1, fo,..., fx € Lo(R™). Then for any t >0

oo

(.9 () < Co [ £ (0™ 0t @
t

For generalized multilinear fractional integrals (Kq,f) the following theorem is valid:
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Theorem 1. Let K, € WL n (R") 0<a<mn. Then

(Kar £)° () < (Kay )™ () <
<o (et /f 115 (5) - fk<sds+/ FOG ) i),

where C1 = (3)2 Co |Kallwr_n_

Corollary 1. Suppose that 0 < a < n, Q € Ln/(n_a)(S"_l). Then the following
inequality

(Ig,of)" () < (In,of)™™ () <

<Cz<t” 1]f ($)F3(5) -+ () ds+/sn L) () S (S) ds),
0

holds, where G2 = () Co (%)(nﬂ)/n’ A=A o

Analogously we have

Theorem 2. Let K, € WL n (R”) 0<a<mn. Then

(Ko £ (0 < (Ko, ) () < 1 [ 557147°(5) s, (©)
t

Corollary 2. Suppose that 0 < a < n, Q € Ln/(n_a)(Snfl). Then the following
inequality

(In,of)" (1) < (Inaf)™ () < Co / w T () ds,
t

holds.

Theorem 3. Suppose that 0 < o« < n,Kq € WL n (R”) Let p be the harmonic

o

mean of p1,p2,--- ,pr > 1 and q satisfy . 7= % - = Then Kaq *f is bounded operator
from Lp, X Lp, X -+ X Lp, (R™) to Lq(R™) for n/(n + o) < p < n/a (equivalently
1< ¢g< o0) and
k
e Dl ey < € T 16illey, -
j=1
where C > 0 independent of f.

Corollary 3. Let 0 < o < n, Q € Ln/(n,a)(S"_l), p be the harmonic mean of
p1,p2, ", Pk > 1 and q satisfy % =1_ % Then Iq o f is bounded operator from
Lpy X Lpy X -+ X Ly, (R™) to Lqg(R™) for n/(n+a) < p < n/a (equivalently 1 < g < co)
and

k

oo fllz,®n) <C H ||fj||ij (R
j=1
where C' > 0 independent of f.

Remark 1. Note that, in the case Q =1 Corollary 3 was proved in [3] and in the case
Q€ Ls(S"1), s > n/(n — a) Corollary 3 was proved in [6].
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