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Semigroups BX(D) Defined by Finite X-Chains

Let X be an arbitrary nonempty set. Recall that a nonempty set D of subsets from
X is called an X-chain if D is a chain with respect to set-theoretic inclusion. In what
follows we will consider those complete semigroups of binary relations BX(D) which are
defined by finite X-chains (see [1]). Further, for ∅ ∈ D we denote by C0(s;D) the set
of all s-element (1 6 s 6 |D|) subchains D′ of the chain D which satisfy the condition
∅ ∈ D′, whereas for ∅ 6∈ D′ we denote by C0(s; D) the set of all s-element subchains
of the chain D. In addition to this, we denote by C1(s;D) the set of all those s-element

subchains D′′ of the chain D for which the condition D̆ ∈ D′′ (D̆ = ∪D) is fulfilled.
Let now D = {T0, T1, . . . , Tm} (m > 1) be a finite X-chain having a representation

of the form T0 ⊂ T1 ⊂ · · · ⊂ Tm, and let the chains D′ = {Ti1 , Ti2 , . . . , Tis} ∈ C0(s; D)
and D′′ = {Tj1 , Tj2 , . . . , Tjs} ∈ C1(s; D) satisfy the conditions

Ti1 ⊂ Ti2 ⊂ · · · ⊂ Tis and Tj1 ⊂ Tj2 ⊂ · · · ⊂ Tjs .

For each k (k = 2, 3, . . . , s) we define the mappings fjkjk−1
of the set Tjk

\ Tjk−1
in the

k-element set D′
k

= {Ti1 , Ti2 , . . . , Tik
} as follows:

a) fjkjk−1
(tk) = Tik

for some element tk of the set T jk−1
\ Tjk−1

, where T jk−1

is the element of the chain D which covers the element Tjk−1
in the chain D,

i. e., T jk−1
= Tjk−1+1;

b) for any t from the set Tjk
\ Tjk−1

which is different from tk , the element

fjkjk−1
(t) is defined arbitrarily.

The set of all such mappings fjkjk−1
of the set Tjk

\ Tjk−1
in the set D′

k
is denoted

by Mjkjk−1
. Next, in each set Mjkjk−1

(k = 2, 3, . . . , s) we choose a representative and
denote the set of all chosen representatives of the set Mjkjk−1

by M .

Using the equality

D̆ = Tjs = Tj1

⋃

s
⋃

k=2

(

Tjk
\ Tjk−1

)

,

we can define, for s > 2, the mapping f
MTj1

of the set D̆ = Tjs as follows:

f
MTj1

(t) =

{

fjkjk−1
if t ∈ Tjk

\ Tjk−1
,

Ti1 if Tj1 6= ∅, t ∈ Tj1 ,

for any t ∈ D̆ = Tjs . Moreover, for s = 1, i. e., when D′ = {Ti1} and D′′ = {D̆}, the
chains D of the mapping which correspond to these subchains are denoted by f

TI1
D̆

.

For all t ∈ D̆ they satisfy the condition f
TI1

D̆
(t) = Ti1 . In what follows such mappings

f
MTJ1

and f
TI1

D̆
are called step mappings corresponding to the chains D′′ and D′.

The set of all such step mappings corresponding to the chains D′′ and D′ is denoted by
FD′′D′ .
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Theorem 1. Let D be a finite X-chain. Then for any regular binary relation α of

the semigroup BX (D) there exist uniquely defined subchains D′ and D′′ of the chain D

such that D′ ∈ C0(s;D), D′′ ∈ C1(s;D), a step mapping f corresponding to the chains

D′′ and D′, and a mapping f1 of the set X \ D̆ in D′ which satisfies the condition

α = α(f ; f1).
On the other hand, if D′

1 and D′′
1 are such subchains of the chain D that D′

1 ∈
C0(n; D), D′′

1 ∈ C1(n; D) and f ′ and f ′
1 are respectively an arbitrary step mapping

corresponding to the chains D′′
1 and D′

1 and an arbitrary mapping of the set X \ D̆ in

D′
1, then the binary relation α′ = α′(f ′; f ′

1) is always a regular element of the semigroup

BX(D).

Theorem 2. Let D = {T0, T1, . . . , Tm} (m > 1) be an X-chain of the finite set

X having a representation of the form T0 ⊂ T1 ⊂ · · · ⊂ Tm, where k
iJ

= |Ti \ TJ |
(0 6 j 6 i 6 m). Then the following statements are true:

If the element D′′ = {TJ1
, TJ2

, . . . , TJs
} of the set C1(s;D) is represented as TJ1

⊂
TJ2

⊂ · · · ⊂ TJs
and D′ ∈ C0(s; D), then the number r(D′′; s) of all regular elements of

the semigroup BX(D), which corresponds to pairs of mappings (f ; f ′), where f ∈ FD′′D′

and f ′ is an arbitrary mapping of the set X \D̆ in the s-element set D′, can be calculated

by the formula

r(D′′; s) =

=
(

2
k

J1+1 J1 − 1
)

·
(

3
k

J2+1 J2 − 2
k

J2+1 J2

)

· · ·
(

s
k

Js−1+1 Js−1 − (s − 1)
k

Js−1+1 Js−1
)

×

×2kj2j1+1 · 3kj3j2+1 · · · s
kjsjs−1+1 · s|X\D̆|.

If the set of all regular elements of the semigroup BX(D) is denoted by RD, then

|RD| =























|D| +
m

∑

s=2

(

Cs
m ·

∑

D′′∈C1(s;D)

r(D′′; s)
)

if ∅ 6∈ D,

1 +
m

∑

s=2

(

Cs−1
m−1 ·

∑

D′′∈C1(s;D)

r(D′′; s)
)

if ∅ ∈ D,

where Cn
m = m!

n!(m−n)!
.
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