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YA. DIASAMIDZE AND IL. DIASAMIDZE
Semigroups Bx (D) Defined by Finite X-Chains

Let X be an arbitrary nonempty set. Recall that a nonempty set D of subsets from
X is called an X-chain if D is a chain with respect to set-theoretic inclusion. In what
follows we will consider those complete semigroups of binary relations Bx (D) which are
defined by finite X-chains (see [1]). Further, for @ € D we denote by Cy(s; D) the set
of all s-element (1 < s < |D|) subchains D’ of the chain D which satisfy the condition
@ € D', whereas for @ ¢ D’ we denote by Co(s; D) the set of all s-element subchains
of the chain D. In addition to this, we denote by C1(s; D) the set of all those s-element
subchains D’ of the chain D for which the condition D € D" (D = UD) is fulfilled.

Let now D = {Ty,T1,...,Tm} (m > 1) be a finite X-chain having a representation
of the form Ty C T1 C -+ C Trm, and let the chains D' = {T};,,Ts,, ..., T;,} € Co(s; D)
and D" = {Ty,,T},,...,Tj,} € Ci(s; D) satisfy the conditions

Til CTZ'2 C---CT;, and le Csz C---CTy,.

For each k (k = 2,3,...,s) we define the mappings f;, j,_, of the set Tj, \ Ty, _, in the
k-element set D} = {T;,,Ti,, ..., Tj, } as follows:
a) fi.in_1(tk) = Ty, for some element tj of the set T, | \ T}, ,, where T, |

is the element of the chain D which covers the element T}, |

in the chain D,
e, Thy_y =Tj_ 413
b) for any t from the set T}, \ T}, , which is different from t;, the element
finin_1 (t) is defined arbitrarily.

The set of all such mappings fj, j, _, of the set T, \ T}
by Mj, j, .. Next, in each set Mj, 5, | (
denote the set of all chosen representatives of the set M;

Using the equality

w_1 in the set Dj is denoted
k=2,3,...,s) we choose a representative and

win—1 Py M.

S
D=T; =T} U U (Tjk \Tjk—1)7
k=2
we can define, for s > 2, the mapping fMTj of the set D = T}, as follows:
1

f (t) = Fingn—y €T\ Ty,
MTiy T; if Tj, #@,t€ Ty,
for any t € D = Tj,. Moreover, for s = 1, i. e., when D' = {T},} and D" = {D}, the
chains D of the mapping which correspond to these subchains are denoted by fT B
Iy

For all t € D they satisfy the condition fTI » (t) = T;,. In what follows such mappings
1
farr, and f . are called step mappings corresponding to the chains D" and D’.
J1 T, D

The set of all such step mappings corresponding to the chains D’ and D’ is denoted by
FD//D/ .
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Theorem 1. Let D be a finite X-chain. Then for any regular binary relation o of
the semigroup Bx (D) there exist uniquely defined subchains D’ and D" of the chain D
such that D' € Cy(s; D), D" € C1(s; D), a step mapping f corresponding to the chains
D" and D', and a mapping fi1 of the set X \ D in D' which satisfies the condition
a=af; f1)

On the other hand, if D] and DY are such subchains of the chain D that D €
Co(n; D), DY € Ci(n;D) and f' and f] are respectively an arbitrary step mapping
corresponding to the chains DY and D and an arbitrary mapping of the set X \ D in

Di, then the binary relation o = o/ (f’; f1) is always a regular element of the semigroup
Bx(D).

Theorem 2. Let D = {To,T1,...,Tm} (m > 1) be an X-chain of the finite set
X having a representation of the form To C Ty C -+ C Tm, where k,; = |T; \ Ty|
(0 <j <i<<m). Then the following statements are true:

If the element D" = {T5,,Ty,,...,Ts,} of the set C1(s; D) is represented as T, C
Ty, C---CTy, and D' € Co(s; D), then the number r(D";s) of all reqular elements of
the semigroup Bx (D), which corresponds to pairs of mappings (f; f'), where f € Fpups
and f' is an arbitrary mapping of the set X\D in the s-element set D', can be calculated
by the formula

r(D";s) =

= (@ nein ). (3Pt —ofniiny (SkJsfﬁl o1 _ (s —1)"

s—1FT1Js—1 ) x
«2Kini1+1 . gKigia+1 ... gFisia_1+1 | gIX\DI
If the set of all regular elements of the semigroup Bx (D) is denoted by Rp, then

DI+Y (6 Y r(D%s) if @¢D,
s=2

D"eCq(s;D)

|Rp| = m
1+ (Cfnill _ T(D“;s)) if @€D,
s=2 D""eCy(s;D)
where CJ}, = 771!(7;”1”)! .
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