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IL. DIASAMIDZE
Semigroups Bx (D) Defined by Finite X-Chains

Let X be an arbitrary nonempty set. Recall that a nonempty set D of subsets from X
is called an X-chain if D is a chain with respect to a set-theoretic inclusion. In the sequel
we consider those complete semigroups of binary relations Bx (D) which are defined by
finite X-chains (see [2]). Furthermore, by 3(D) we denote the set of all subsemilattices
of the complete join X-semilattice D, any of whose elements D’ satisfies the following
three conditions:

a) @€ D' if @€ D;
b) A(D’;D}) € D’ for all t € D' = UD’ (by A(D’; D};) we denote the set-theoretic
union of all lower boundaries of the set Dy = {Z € D’| t € Z} in the semilattice
D);
c) Z'= U (A(D';D})) for any nonempty Z’ from D’.
tez’
The set (D) is called the defining set for regular elements of the semigroup Bx (D).
Theorem 1. Let D = {Ty,T1,...,Tm} (m > 1) and D' = {T;,,Ts,,...,Ti,} (1 <

s < m) be respectively a finite X-chain and a subchain of the chain D which can be
respectively represented in the form

ToCcTh C-++CTm and Ty CTyy C--- CT;

st

If
s
o= U (Yka X Tzk)
k=1

is a normal representation of a binary relation o of the semigroup Bx (D), then « is a
regqular element of this semigroup if and only if

n
Ve Ty, #2 and |J Y 2Ty,
p=1
where k =1,2,...,s forT; # < and k =2,3,...,s forT;, =J andn =1,2,...,s for
some s-element subchain D" = {T5,,Tsy,.--,Ts,} of the chain D which is represented
in the form T; C Ty, C--- CTy,.
Corollary 1. Let D = {To,T1,...,Tm} (m > 1) and D' = {T3,,T3,,..., T3, }
(1 < s < m) be respectively a finite X-chain and a subchain of the chain D, which
satisfy the conditions

ToCTh C--CTm and T;; CTyy C--- CT;

s

If a binary relation o represented in the normal form

S
o= U (Y2 xTy,)
k=1
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is a regular element of the semigroup Bx (D), then for any s-element subchain D] =
{Tq,, T4y Tq,} of the chain D having a representation of the form Ty, C Tq, C --- C
Tys, the binary relation

S
B= U (V' x Tqy,)
k=1
s also a regular element of the semigroup Bx (D).

Theorem 2. Let D = {To,T1,...,Tm} (m > 1) be an X-chain of the finite set
X such that To C T1 C -+ C Tm; X(D) is a defining set for regular elements of
the semigroup Bx (D) (see [2]) and k,; = |T; \ Ty| (0 < J < i < m). If the chain
D' ={T;,,Ti,,..., Ti,} from ¥'(D), where ¥'(D) = {D’ € £(D)| |D'| > 2}, satisfies
the condition T;; C Ty, C --- C Ty, then for the number s(D') of all right units of
the semigroup Bx (D') and the set of all idempotents Ip of the semigroup Bx (D) the
following statements are valid:

a) s(D') = (2ki2i1 -1)- (3’“7131'2 72ki3712) (skisis—l —(s— 1)’“7151'371) gl X\Tig |
DI+ > s(D) i 2¢D,

b) |Ip| = D’ex’ (D)
1+ >  s(D) if@ED
D’ex’(D)
(see [2]).

Corollary 2. Let D = {Tp,T1,...,Tm} (m > 1) be a finite X-chain having a
representation of the form To C T1 C -+ C Tm; D' = {T3,,Tiy,..., T3, } and D" =
{T5,,Tyy,.-,T5,} (1 < s < m) be the subchains of the chain D which satisfy the
conditions

D' € Cy(s;D), D" €Ci(s;D), ToCTL C - CTm and T;;, CTy, C -+ C Ty,

(see [1]). Then a regular binary relation o of the semigroup Bx (D) which has a normal

representation of the form
S

a=J e xT)
k=1
and satisfies the conditions

n
Ve Ty, #2 and | Y 2Ty,
p=1
where k =1,2,...,s for Ty, # S and k =2,3,...,s forTj;, = Fandn=1,2,...,s, is
an idempotent element of this semigroup if and only if T;; C Ty, and Ty, _, C Ty, C Ty,
for any k, where k =2,3,...,s.
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