
Proc. A. Razmadze Math. Inst. 131 (2003), 145–147

Sh. Makharadze

Regular Elements of the Semigroups BX(D) determined by the Generalized
Elementary X-Semilattices

In this paper, all regular elements of the semigroups BX(D) (see [1-2]) are described in
the case when these semigroups are determined by generalized elementary X-semilattices.

Below are considered complete semigroups of binary relations BX(D) determined by

complete semilattices D = D′ ∪ {Z0, D̆} which satisfy the following conditions:

a) |D′| > 2, D̆ =
⋃

D′ and Z0 and D̆ are respectively the smallest and the largest
elements of the set D;

b) the set D′, consisting of nonempty subsets of the set X, is an antichain;

c) union of any two distinct elements of the set D′ equals D̆.

It is easy to see that each complete join X-semilattice of the above class, has the fixed
diagram depicted in Fig. 1.
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Fig. 1

Such semilattices will be in the sequel called generalized elementary semilattices.

Theorem 1. Let D be a generalized elementary X-semilattice and let α ∈ BX (D).
The binary relation α is a regular element of the semigroup BX (D) if and only if it
satisfies at least one of the following conditions:

a) α = X × Z for some Z ∈ D;
b) α = (Y ×Z)∪ ((X \ Y ) × Z′) for some subset Y of X satisfying the conditions

Y ⊇ Z0 and D̆ \ Y 6= ∅;

c) α = (Y0 × Z0) ∪ (Y × Z) ∪
(

(X \ (Y0 ∪ Y )) × D̆

)

, for some decomposition

Y0, Y, Y3 (Y3 = X \ (Y0 ∪ Y )) of the set X satisfying the following conditions:

Y0 ⊇ Z0, Y0 ∪ Y ⊇ T ′′, T ′′ \ Y0 6= ∅, D̆ \ (Y0 ∪ Y ) 6= ∅

for some T ′′ from D′.
d) α = (Y0×Z0)∪(Y ×Z)∪((X \ (Y0 ∪ Y )) × Z′) for some decomposition Y0, Y, Y ′

(Y ′ = X \ (Y0 ∪ Y )) of the set X satisfying the following conditions:

Y0 ⊇ T1 ∩ T2, T1 \ Y0 6= ∅, T2 \ Y0 6= ∅, Y0 ∪ Y ⊇ T1,

Y0 ∪ Y ′ ⊇ T2, D̆ \ (Y0 ∪ Y ) 6= ∅, Y0 ∪ Y ′ ⊇ D̆

for some distinct T1, T2 ∈ D′.
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e) α = (Y0 × Z0) ∪ (Y × Z) ∪ (Y ′ × Z′) ∪
(

(X \ (Y0 ∪ Y ∪ Y ′)) × D̆
)

, for some
decomposition Y0, Y , Y ′, Y ′′ (Y ′′ = X \ (Y0 ∪ Y ∪ Y ′)) of the set X satisfying
the following conditions:

Y0 ⊇ T1 ∩ T2, T1 \ Y0 6= ∅, T2 \ Y0 6= ∅, Y0 ∪ Y ⊇ T1, Y0 ∪ Y ′ ⊇ T2,

D̆ \ (Y0 ∪ Y ) 6= ∅, Y0 ∪ Y ′ ⊇ D̆, Y0 ∪ Y ∪ Y ′ 6= X

for some distinct T1, T2 ∈ D′.

Our further aim is to find formulæ for calculation of the number of regular elements
of the semigroup BX(D),

Let X be a finite set, D′ ⊆ D and D′ = {Z1, Z2, . . . , Zn}.
A regular element of the semigroup BX(D) satisfying the condition t) (t ∈ {a,b,c,d,e})

of theorem 1 will be called in the sequel an element of type t. The set of all regular

elements of the semigroup BX(D) of type t will be denoted by Rt. Then the cardinality
of the set R of all regular elements of the semigroup BX(D) can be calculated by the
formula

|R| = |Ra| + |Rb| + |Rc| + |Rd| + |Re|.

Theorem 2. For the finite set X, the number of all regular elements of type b) can
be calculated by the formula

|Rb| =

{

(2n + 1) · (2|X\Z0| − 2|X\D̆|), if Z0 6= ∅,

(2n + 1) · (2|X\Z0| − 2|X\D̆| − 1), if Z0 = ∅.

Theorem 3. For the finite set X, the number of all regular elements of type c) can
be calculated by the formula

|Rc| =























n3|X\D̆|
n

∑

k=1

(2|Zk\Z0| − 1)(3|D̆\Zk| − 2|D̆\Zk|) if Z0 6= ∅,

n3|X\D̆|[
n

∑

k=1

(2|Zk| − 1)(3|D̆\Zk| − 2|D̆\Zk|) − 2|X\Zk|] + n22|X\D̆| if Z0 = ∅.

Theorem 4. For the finite set X, the number of all regular elements of type d) can
be calculated by the formula

|Rd| =
n(n − 1)

2
3|X\D̆|

n
∑

m,p=1

(2|Zm\Zp| − 1)(2|Zp\Zm| − 1).

Theorem 5. For the finite set X, the number of all regular elements of type e) can
be calculated by the formula

|Re| =
n(n − 1)

2
(4|X\D̆| − 3|X\D̆|)

n
∑

m,p=1

(2|Zm\Zp| − 1)(2|Zp\Zm| − 1).

Theorem 6. For the finite set X, the number |R| of all regular elements of the
semigroup BX(D) can be calculated by the following formulæ:

a) if Z0 6= ∅, then

|R| = n + 2 + (2n + 1)(2|X\Z0| − 2|X\D̆|) +

+ n3|X\D̆|
n

∑

k=1

(2|Zk\Z0| − 1)(3|D̆\Zk| − 2|D̆\Zk|) +

+
n(n − 1)

2
4|X\D̆|

n
∑

m,p=1

(2|Zm\Zp| − 1)(2|Zp\Zm| − 1);
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b) if Z0 = ∅, then

|R| = 1 − n + (2n + 1)(2|X| − 2|X\D̆|) +

+ n3|X\D̆|
n

∑

k=1

(

(2|Zk| − 1)(3|D̆\Zk| − 2|D̆\Zk|) − 2|X\Zk|
)

+ n22|X\D̆| +
n(n − 1)

2
4|X\D̆|

n
∑

m,p=1

(2|Zm\Zp| − 1)(2|Zp\Zm| − 1).

Example. Let X = {1, 2, 3} and D = {∅; {2, 3}; {1, 3}; {1, 2}; {1, 2, 3}}. Then

|R| = 1 − 3 + 7(23 − 20) + 3 · 30 · 3
(

(22 − 1)(31 − 21) − 21
)

+

+ 9 · 20 + 3 · 40 · 3(21 − 1)(21 − 1) = −2 + 49 + 9 + 9 + 9 = 74.
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