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Nikoloz Muskhelishvili — Scientist and Public Figure
Jondo Sharikadze

“Tbilisi University?! This is just a mirage! It is virtually impossible to express even the
simplest terminology of sciences like mathematics, chemistry and biology in Georgian that has
no appropriate tradition!” — argued numerous opponents of the foundation of the University in
Thilisi.

Ivane Javakhishvili and his associates refuted this skepticism, and as early as November
1918 Professor Andrea Razmadze delivered his first lecture in Mathematical Analysis in per-
fect Georgian. Later, a young graduate of Moscow University Archil Kharadze communicated
mathematics in Georgian in the same elegant way. General Andrea Benashvili, still wearing his
uniform, did likewise in Astronomy. Soon they were joined by Giorgi Nickoladze and Nikoloz
Muskhelishvili.

Shalva Nutsubidze recalls: “Andrea Razmadze, then the Dean of the Physics and Mathe-
matics Faculty, entered my room followed by an energetic-looking young man. — He has just
come from Petrograd where he had been engaged in scientific work. I need your consent to of-
fer him a position. He seems talented and energetic. Andrea Razmadze’s request was of course
granted. The young scientist fully justified Andrea Razmadze’s faith in him. That man was
Nickoloz Muskhelishvili whom we all know now.”

& sk ok

Andrea Razmadze, Giorgi Nikoladze, Nikoloz Muskhelishvli and Achil Kharadze — “the
Great Four” — were the founders of the Georgian Mathematics School. It is difficult to imagine
the amount of work done by “the four” in a decade. On top of the intensive pedagogical work,
they had to establish and refine scientific mathematical terminology in Georgian, to write and
publish the first original textbooks in their native language and to form foundations of scientific
research in various branches of mathematics.

sk ook

In 1929, Andrea Razmadze passed away unexpectedly. Giorgi Nikoladze passed away in
1931. The whole burden fell upon Nikoloz Muskhelishvili, Archil Kharadze and upon some
young mathematicians who had graduated from Tbilisi University. The latter were shown great
examples of devotion and service to their country by their senior colleagues who never stopped
their research and pedagogical work at Tbilisi State University and Georgian Polytechnic Insti-
tute.



12 September, 9—14, Tbilisi, Georgia

& sk ok

During his career, Niko Muskhelishvili has worked as the Dean of the University Polytech-
nic Faculty, the Dean of the Physics and Mathematics Faculty, as the Pro-Rector of the Georgian
Polytechnic Institute, the Chair in Theoretical Mechanics, as well as the Head of the Physics,
Mathematics and Mechanics Institute, which had been founded at the University by his ini-
tiative. With his usual energy and enthusiasm, he also continued his pedagogical work. The
older generation still remember his lectures in analytic geometry, theoretical mechanics, and
the theory of differential equations

Niko Muskhelishvili wrote an original textbook in analytic geometry which was published
several times and was widely regarded as one of the main University textbooks. Originality
is also a distinctive feature of his “Course in Theoretical Mechanics” which was published in
two parts “Statics” and “Kinematics” in 1926 and 1928 respectively and which later appeared
in a second edition. Niko Muskhelishvili started to work on mathematical terminology soon
after returning to his country. In the preface of “Mathematical Terminology” (1944, Russian-
Georgian part), its editor professor Vukol Beridze wrote: “A particularly great contribution to
the terminology is due to Academician N. Muskhelishvili who checked each word and tried to
achieve the maximum accuracy and conformity between a mathematical notion and the term
that describes it.”

It should be noted here, that the universally used term “toloba” (equality) and the naturally
derived from it “utoloba” (inequality) and ‘“gantoleba” (equation) were introduced by Niko
Muskhelishvili in the early twenties.

& sk ok

In 1922, Niko Muskhelishvili’s book “Applications des intégrates analogues a celles de
Cauchy a quelques problémes de la physique mathématique” was published in French in Tbilisi.
This was in a sense a predecessor of his fundamental monograph “Some Basic Problems of the
Mathematical Theory of Elasticity” (1933) which was based on the lectures delivered by the
author in 1931-32 for the staff of the Leningrad Seismologic Institute and for PhD students of
the Physics and Mathematics Institute as well as the Mathematics and Mechanics Institute of
the Leningrad University.

The monograph soon gained popularity and its author became recognised as a prominent
expert in elasticity theory. The same year,1933, Muskhelishvili was elected a Corresponding
Member of the Academy of Sciences of the USSR, and in 1939 he became a Full Member of the
Academy. At the same time, he served as the Chairman of the Georgian Branch of the Academy
of Sciences of the USSR.

When the Academy of Sciences was established in Georgia in 1941, Muskhelishvili was
unanimously elected its President. At the very first meeting of the Academy on 27 Febru-
ary 1941, Muskhelishvili ended his speech as follows: “Unfortunately today’s festive mood is
spoiled by the feeling that the scientist who had been looking forward to this great day with an



September, 9—14, Tbilisi, Georgia 13

utmost admiration is no longer among us. There is no doubt that had Ivane Javakhishvili been
alive, he would have taken the high position that I am honoured to take now.”

An extended second edition of “Some Basic Problems of the Mathematical Theory of Elas-
ticity” was published in 1935, and its author was awarded a Stalin Prize in 1941. Muskhelishvili
received the same Prize in 1946 for his other well known monograph “Singular Integral Equa-
tions”. Before that, in 1945 Academician Nikoloz Muskhelishvili was awarded the title of a
“Hero of Socialist Labour”.

& sk ok

Both monographs have been translated and published abroad in many languages. Many
complimentary reviews have been written about them.

& ook ok

Muskhelishvili’s scientific work was recognized by dozens of prizes and awards. In particu-
lar, the Turin Academy of Sciences awarded him in 1969 its international prize and gold medal
“Modesto Paneti”. Our fellow countryman was the first Soviet and the sixth world scientist
whose scientific achievements were marked with this high award. “This prize was absolutely
unexpected — said the scientist to the correspondent of the newspaper “Komunisti”,— I am de-
lighted to receive this high recognition. The Turin Academy is one of the oldest Academies in
Italy. Many of my works are connected with the works of Italian mathematicians. Italy was
the first foreign country where my work was published upon presentation by the great Italian
mathematician Vito Voltera”.

& ook ok

Muskhelishvili was buried on Mount Mtatsminda - the burial place of Georgia’s most revered
sons and daughters. A prize bearing Muskhelishvili’s name was created in his memoriam, the
Institute of Computational Mathematics was named after him, and his monument was erected
on Chavchavadze Avenue near the house where Muskhelishvili lived from 1941 to 1976 till the
last day of his life. A memorial plaque with a bas-relief image of the First President of the
Georgian Academy of Sciences marks the house.

Nikoloz Muskhelishvili’s son, Doctor of Technical Sciences, Professor Guram Muskhel-
ishvili never neglected the room where his father used to work. This room is also like a memo-
rial with photographs on the walls, with medals and awards on special stands and books on the
shelves... Guram Muskhelishvili and his daughters Olga and Marina are looking with great care
after their father’s and grandfather’s things and after the books he used...
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& sk ok

Here is how Guram Muskhelishvili recalls his renowned father: “I’ll start from a distant.
While living in St Petersburg, my father used to spell his name as Muskhelov, and the books
bought there and his published articles were signed as Muskhelov. Many Georgian scien-
tists and public figures wrote their names in a Russian way in those days. Soon after coming
back to Georgia, father asked Ivane Javakhishvili about changing his name back to Georgian.
Javakhishvili replied in his usual polite way: “choosing your name is entirely up to you, but I
have to say that Muskhelishvili is better, this is a Georgian name and it is second to none”. By
the way, our ancestors were called Muskheli, but under the influence of Ivane Javakhishvili’s
authority my father chose the name Muskhelishvili.

My father liked working at night. I remember, once he sat at his desk in the evening, before
going to school in the morning 1 saw him still sitting at the table and working, and when I
returned home from school I saw the same scene...

Still being a student, my father developed a habit of making not only a list of the scientific
works that were of interest to him, but also of writing their short summaries in a special note-
book. He never changed this habit. The purpose of his first work trip abroad was to acquaint
himself with and to acquire scientific literature. He brought a lot of books from Germany and
France. Back then, I mean in the twenties, we were very poorly supplied with specialised
literature.

I am often asked why I did not follow in my father’s footsteps, why I chose to become a
physicist. I had a great desire to become a radio engineer, but it was wartime and I could not
go to Leningrad, so I enrolled in the Physics and Mathematics Faculty of Tbilisi University.
Initially, I liked mathematics and was going to carry on studies in this field, but my father
told me “you’ve got good hands and it would be better to become a physicist”. I followed his
advice. By the way, he loved physics himself and he enjoyed reading classical works. Here
are Einstein’s “Relativitétstheorie” in German and Newton’s “Philosophia Naturalis Principia
Mathematica” also in German. The latter was bought in 1921 by Niko Ketskhoveli who later
presented it to my father. Look how laconically it is signed: “to Niko from Niko. 1946.”

I graduated from the University in the field of Physics. Don’t assume that being Niko’s son
meant any preferential treatment To tell the truth, my teachers never spared me and always had
high expectations for me. I remember how strict my father’s student and his good friend Ilia
Vekua was at the examination; he often visited us and naturally he knew me quite well. Others
behaved in much the same way and sometimes tested me for hours. Later I learned that my
father asked them to test me as strictly as possible.

My father himself taught me two subjects, analytic geometry and differential equations. In
the first one I got the top mark. I derived one of the formulae in an original way and he liked
that. As for the other subject A friend of mine and I were taking the exam together in this very
room. My friend passed it in five minutes and got the top mark, while I got a “fail” also in five
minutes and in a very peculiar way too: when my father heard my answer, he stood up and left
the room, which meant that the exam was over.
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My father treated books with great care, and he taught me and my children to behave in the
same way. You have probably noticed that he got many of his books rebound. Quite a few of
these books are here too.

My father loved poetry immensely and it is natural that he often read verses and poems. He
loved Rustaveli, Barathashvili, Pushkin, but I think his favourite poet was Barathashvili. Father
read Dostoevsky and Leskov with great enthusiasm, and he enjoyed reading Pushkin and Gogol
to his grandchildren.

I would like to add that my father read a lot in French, especially Anatole France, Alphonse
Daudet and French translations of Conan Doyle. He loved other writers too, and it is difficult
to single out someone, but I remember he particularly enjoyed reading Charles Dickens, and he
liked “Napoleon” by Tarle.

My father was not indifferent to Georgian folklore, especially to proverbs and shairi (a short
form of a witty verse like a pun). He often made a pun with his friends Niko Keckhoveli
and Mikheil Chiaureli, and I was asked to leave the room of course. As for the proverbs, he
knew quite a few, but his favourite one was: “If an aubergine had wings it would have been a
swallow”.

My father loved hunting, especially on quails around Manglisi and around his native Mat-
sevani. His other passion or as they say today, hobby was carpentry. We used to have lots of
things made by him, we still have some of them...”

& ok ok

Here is a prediction of a great Russian applied mathematician, Academician Aleksey Krylov
for the Georgian mathematical school in 1939:

“My dear friends! Kupradze, Mikeladze, Gorgidze, Nodia!

In Moscow, I met N. Muskhelishvili who had been unanimously elected a Full Member
of the Academy of Sciences of the USSR. Nikolai Ivanovich is the founder of the brilliant
Georgian mathematical school, and you are his first and closest colleagues - the pioneers in this
field.

I had a pleasure of rising a glass with Nikolai Ivanovich to your health and the prosperity
of the Georgian mathematical society, and of expressing my deep belief that like the life-giving
elixir of the vines of the Tsinandali and Mukuzani vineyards surpasses in its natural qualities
the produce of the vines of Bordeaux and Sauternes, so the output of the Georgian mathemati-
cal school established by the genius N. Muskhelishvili and his colleagues — Kupradze, Vekua,
Mikeladze, Rukhadze, Gorgidze, Nodia — will develop rapidly and its scientific merits will be-
come comparable to those of the schools of Lagrange and Cauchy.”

Academician A. Ishlinski wrote in 1997: “The Georgian people should rightly be proud of
the world-wide recognition of the achievements of the Georgian school of Mathematics and
Mechanics established in this century, the founder of which is N. Muskhelishvili. There are
many celebrated names among the representatives of this school: I. Vekua, V. Kupradze, K.
Marjanishvili, A. Gorgidze, and others.



16 September, 9—14, Tbilisi, Georgia

A brief chronology of Nikoloz Muskhelishvili’s life and work

Nikoloz (Niko) Muskhelishvili was born on 16 February 1891 in Tbilisi in the family of
a military engineer General Ivane Muskhelishvili and Daria Saginashvili. He spent most of
his childhood in the village Matsevani of Tetrickharo region where his maternal grandfather
Alexander Saginashvili lived.

In 1909, Muskhelishvili finished the Second Classical Gymnasium in Tbilisi. The same
year, he enrolled in the Physics and Mathematics Faculty of St Petersburg University.

In 1914, he graduated with Distinction from the Physics and Mathematics Faculty of St Pe-
tersburg University specializing in Mathematics, and he was invited to continue his postgraduate
studies in Theoretical Mechanics at the same University.

In 1915, Muskhelishvili, jointly with his scientific supervisor professor Guri Kolosov, pub-
lished his first scientific work in the proceedings of the Imperial Electrotechnical Institute: “On
the equilibrium of elastic circular disks under the influence of stresses applied at the points of
their encirclement and acting in their domains” (Russian), Izv. Electrotekhnich. Inst., Petro-
grad, 12 (1915), 39-55 (jointly with G.V. Kolosov). The work was about a particular problem
in elasticity theory. Then and later, Muskhelishvili’s research interests were mostly in the field
of elasticity theory and, more generally, in the field of mechanics and mathematical physics.

In 1916-1919, Muskhelishvili published three works. From 2 March to 2 June 1919, he
passed with Distinction all his Magister exams, while being heavily involved in teaching at the
same time.

In 1920, Muskhelishvili returned to Tbilisi and started working at Tbilisi State University.

On 1 September 1920, the Scientific Board of the Faculty of Mathematical and Natural
Sciences elected Muskhelishvili as the Chair in Mechanics, while on 29 October, the Board of
Professors elected him as a Professor.

In 1926-1928, Muskhelishvili was the Dean of the Polytechnic Faculty of Thbilisi University.
In 1928, the Georgian Polytechnic Institute was established on the basis of the Faculty, where
Muskhelishvili was the Pro-Rector in Education in 1928-1930, and the Chair in Theoretical
Mechanics in 1928-38.

In 1933, Muskhelishvili was elected a Corresponding Member of the Academy of Sciences
of the USSR. The same year a research Institute of Mathematics and Physics was established
under his leadership at Tbilisi University. In 1935, a separate Institute of Mathematics was
created, and in 1937 it first passed into the system of the Georgian Branch of the Academy
of Sciences of the USSR and then in 1941 — into the system of the Academy of Sciences of
Georgia.

In 1939, Muskhelishvili was elected a Full Member of the Academy of Sciences of the
USSR, and in 1942-53 and in 1957-72 he was a member of the Presidium of the Academy of
Sciences of the USSR.

In 1920-1962, Muskhelishvili was the Chair in Theoretical Mechanic, and in 1962-1971
the Chair in Continuum Mechanics at Tbilisi University.

In 1941, the Academy of Sciences of Georgia was established, and Nikoloz Muskhelishvili
was its President until 1972 and the Honorary President from 1972 to 1976. From 1945 to the



September, 9—14, Tbilisi, Georgia 17

end of his life he was the Director of A. Razmadze Institute of Mathematics of the Academy of
Sciences of Georgia.

In 1941, a Stalin Prize of the First Degree was awarded to Muskhelishvili’s monograph
“Some Basic Problems of the Mathematical Theory of Elasticity” (Russian, 1939), an earlier
edition of which was published by the Academy of Sciences of the USSR in 1933. The mono-
graph has been published five times and translated into many languages.

In 1945, Muskhelishvili was awarded the title of a “Hero of Socialist Labour”.

In 1946, Muskhelishvili’s second monograph “Singular Integral Equations” (Russian) was
published and he was awarded a Stalin Prize for it.

In 1957-1976, he was the Chairman of the USSR National Committee for Theoretical and
Applied Mechanics.

In 1952, Muskhelishvili was elected a Member of the Bulgarian Academy of Sciences, in
1960 — a Member of the Academy of Sciences of Poland, in 1967 — a Foreign Member of
the Academy of Sciences of German Democratic Republic (Berlin), in 1961 — a Member of
the Academy of Sciences of Armenia, in 1972 — a Member of the Academy of Science of
Azerbaijan.

In 1969, Turin Academy of Sciences awarded Muskhelishvili its international prize “Mo-
desto Paneti”; in 1970 he was awarded a Gold Medal of the Slovak Academy of Sciences, and
in 1972 — the highest award of the Academy of Sciences of the USSR, the M. Lomonosov Gold
Medal.

Nikoloz Muskhelishvili passed away on 15 July 1976. He is buried at the Pantheon of
Georgian writers and public figures at Mama David church on Mount Mtatsminda.

e The Institute of Computational Mathematics of the Academy of Sciences of Georgia, the
Kutaisi Polytechnic Institute, Thbilisi state school No. 55 and Manglisi state school have
been named after Muskhelishvili.

e The Academy of Sciences of Georgia introduced the Muskhelishvili Prize for research in
Mathematics, Mechanics and Physics in 1977.

e Muskhelishvili Scholarships were established for undergraduate and postgraduate stu-
dents.

e Muskhelishvili’s bust was put up in Tbilisi University.
e His museum was opened in his flat.

e His monument was erected on Chavchavadze Avenue.

Muskhelishvili’s works were devoted to the following four basic problems of mechanics and
mathematics:

1. The plane problems of elasticity theory.
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2. Torsion and bending of homogeneous and composite beams.
3. Boundary value problems for the harmonic and biharmonic equations.

4. Singular integral equations and boundary value problems of the theory of analytic func-
tions.

The study of these problems has had a major influence on the further development of several
branches of mathematics and mechanics.

Muskhelishvil’s methods in plane elasticity theory were applied and further developed in the
works of S. Mikhlin, D. Sherman, and others. With the help of these methods, many problems
that arise in industry were solved in the works G. Savin, D. Vainberg, and others. Muskhel-
ishvili’s results were applied and further developed in the theory of contact problems by L.Galin,
A. Kalandia, I. Karcivadze, 1. Shtaerman, and others. Applications to problems of torsion and
bending of beams developed in various directions in the works of A. Gorgadze, A. Rukhadze,
and others. Muskhelishvili’s ideas have had a major impact on the work on boundary value
problems of the theory of analytic functions and singular integral equations carried out in the
Soviet Union (by T. Gakhov, I. Vekua, N. Vekua, A. Bitsadze, D. Kveselava, B. Khvedelidze,
L. Magnaradze, G. Manjavidze, and others).

The same ideas have firmly established themselves in the general theory of elliptic partial
differential equations (works of I. Vekua, B. Khalilov, and others). In particular, they have found
important applications in shell theory.

Muskhelishvili’s works enjoy wide popularity among a large number of foreign experts.
Large parts of monographs by A. Green and W. Zerna (England), I. Sokolnikoff (USA), I.
Babushka, K. Rektoris (Czech Republic, Slovakia) and others are devoted to a detailed exposi-
tion of Muskhelishvili’s methods and results.

Translation from Georgian by G. Lezhava

English translation edited by E. Shargorodsky
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International Symposia dedicated to the scientific activities of
N. Muskhelishvili

1.

Problems of Continuum Mechanics.(Russian) Izdat. AN SSSR, Moskva, 1961. (edited
also in the USA: Problems of Continuum Mechanics. SIAM, Philadelphia, Pennsylvania,
1961).

Applications of the theory of functions to continuum mechanics. (Russian). Proc. Intern.
Symp. in Tbilisi, September 17-23, 1963, Nauka, Moscow, 1965, t.1; t.2;

. Continuum Mechanics and Related Problems of Analysis. (Russian). Nauka, Moscow,

1972.

Proc. of Symposium in Continuum Mechanics and Related Problems of Analysis. (Rus-
sian). (Thilisi, September, 23-29, 1971), Metsniereba, Thilisi, 1973, t.1; 1974,t.2.

. Continuum Mechanics and Related Problems of Analysis. Proc. the Intern. Symp. Ded-

icated to the Centenary of Academician N. Muskhelishvili. Tbilisi, Republic of Georgia,
6-11 June, 1991.

Basic Publications

(i) Monographs

1.

Applications des integrales analogues a celles de Cauchy quelques probleémes de la physi-
que mathématique. Tiflis, Edition de I’Université de Tiflis, Imprimerie de I’Etat, 1922.

Some basic problems of the mathematical theory of elasticity. Basic equations, a plane
problem, torsion and bending (Foreword by Acad. A.N. Krilov). (Russian) Acad. Sci.
USSR, Leningrad, 1933.

. Some basic problems of the mathematical theory of elasticity. Basic equations, the plane

problem, torsion and bending. (Russian) 2nd ed., revised and enlarged. Acad. Sci. USSR
Publ. House, Moscow—Leningrad, 1935.

Singular integral equations, boundary value problems of the function theory and some of
their applications to mathematical physics. (Russian), Moscow—Leningrad, 1946.

. Some basic problems of the mathematical theory of elasticity. Basic equations, the

plane theory of elasticity, torsion and bending. 3rd ed., revised and enlarged, Moscow—
Leningrad, 1949.

Some basic problems of the mathematical theory of elasticity. Groningen, P. Noordhoff,
1953, XXXI. (English translation of the 3rd Russian edition of 1949).

. Singular integral equations. Groningen, P. Noordhoft, 1953.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

Some basic problems of the mathematical theory of elasticity. Basic equations, the plane
theory of elasticity, torsion and bending. 4th ed., revised and enlarged. (Russian) Acad.
Sci. USSR Publ. House, 1954.

Citeva probleme fundamentale ale teorei matematice & elasticotatii, v. 1-3. Bucharest.
Inst. Studii Rom.-Sov., 1956. (Translates into Romanian from the 3rd Russian edition of
1949).

Some basic problems of the mathematical theory of elasticity. Peking, 1958, X VII (Trans-
lated into Chinese from the 4rd Russian ed. of 1954).

Singular integral equations. Boundary value problems of the theory of functions and some
of their applications to mathematical physics. (Russian) 2nd ed., revised. Fizmatgiz,
Moscow, 1962.

Some basic problems of the mathematical theory of elasticity. Groningen, P. Noordhoff,
1963, XXXI.

Singulare Integralgleichungen. Randwertprobleme der Funktionentheorie und Anwen-
dungen auf die mathematische Physik. Berlin, Akademie-Verlag, 1965, XIV. (German
translation of the 2nd Russian edition of 1962).

Some basic problems of the mathematical theory of elasticity. Basic equations, the plane
theory of elasticity, torsion and bending. (Russian) 5th ed., revised and enlarged. Nauka,
Moscow, 1966.

Singular integral equations. Boundary value problems of the theory of functions and some
of their applications to mathematical physics. (Russian) 3rd ed., revised and enlarged.
Nauka, Moscow, 1968.

Einige Grundanfgaben zur mathematischen Elastizitdtstheorie. Leipzig, 1971. (Transla-
tion into German from the 5th Russian ed. of 1966).

Singular integral equations. Boundary value problems of the theory of functions and some
of their applications to mathematical physics. (Georgian) Metsniereba, Tbilisi, 1982.

Application of Cauchy type integrals for some problems of mathematical physics. (Geor-
gian) Metsniereba, Thbilisi, 1992.

(ii) Articles

1.

2.

3.

On the equilibrium of elastic circular disks under the influence of stresses applied at
the points of their encirclement and acting in their domains. (Russian), Izv. Electro-
technique. Inst., Petrograd, 12(1915), 39-55 (jointly with G.V. Kolosov).

On thermal stresses in the plane problem of the theory of elasticity. (Russian), Izv.
Electro-technique. Inst., Petrograd, 13(1916),23-37.

On defining a harmonic function by conditions given on the contour. (Russian) Zh. Fiz.-
Mat ob-va, Perm Univ., 1918, (1919), Issue I, 89-93.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Sur I'intégtation de 1I’équation biharmonique. Izv. Ross. Akad. Nauk, 13(1919), No.
12-15, 663-686.

. Sulla deformazione piana di un cilindro elastico isotropo. Atti Accad. Lincei, 31(1922),

5 ser. No. 12, 548-551.

Sur I’equilibre des corps élastiques soumis a I’action de la chaleur. Bull. Univ. Tiflis,
1923, No. 3, 17-26.

. Solution of an integral equation occurring in the theory of black radiation. (Russian) Zh.

Russk. Fiz.-Khim. Ob-va, Part Phys., 56(1924), issue I, 30-39.

. Sur la solution du probleme biharmonique pour I’aire extérieure a une ellipse. Math.

Zeitschr. Bd. 26,1927 No.5, 700-705.

. Sur I'intégration approchee de I’équation biharmonique. C. R. Acad. Sci., 185(1927),

No. 22, 1184-1186.

Sur les orbites périodiques et les lignes géodésiques fermees. Atti Accad. Lincei, 5(1927),
ser. 6, No. 10, 769-773.

On periodic orbits in closed geodesic lines (abstract). (Russian) Trans. All-Russian Math.
Congr. Moscow, April 27 — May 4, 1927, Moscow-Leningrad, 1928, 189.

On some contour problems of plane hydrodynamics. (Russian) Proc.of All-Russian Math.
Congr. Moscow—Leningrad, 1928, 262.

Sur le probléme fondamental d’hydrodynamique a deux dimensions. Atti Accad. Lincei,
7(1928), ser. 6, No. 12, 995-1002.

Zum problem der Torsion der homogenen isotropen Prismen. Izv. Tiflis. polit. in-ta,
1(1929), part 1, 1-20.

Sur le probleme de torsion des cylindres élastiques isotropes. Atti Accad. Lincei, 9(1929),
ser. 6, No. 4, 295-300.

Nouvelle méthode de reduction du probleme biharmonique fondamental a une equation
de Fredholm. C. R. Acad. Sci., 192(1931), No. 2, 77-79.

Théoreémes d’existence relatifs au probleme biharmonique et aux problemes d’élasticité a
deux dimensions. C. R. Acad. Sci., 192(1931), No. 4, 221-223.

To the problem of torsion and bending of elastic bars composed of various materials.
(Russian). Izv. AN SSSR, OMEN, 1932, iss.7, 907-945.

To the problem of torsion and bending of composite elastic beams. (Russian) Izv. Inzh.
Inst. Gruzii, 1932, iss. I, 123-127.

Sur le probleme de torsion des poutres élastiques composées. C. R. Acad. Sci., 194(1932),
No. 17, 1435-1437.
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Recherches sur des problemes aux limites relatifs a 1I’équation biharmonique et aux équa-
tions de 1’élasticité a deux dimensions. Math. Ann., 1932, Bd. 107, No. 2, 282-312.

Solution of a plane problem of the theory of elasticity for a solid ellipse. (Russian) PMM,
1(1933), is. I, 5-12.

Praktische Losung der fundamentalen Randwertaufgaben der Elastizitétstheorie in der
Ebene fur einige Berandungsformen. Z. angew. Math. und Mech., 1933, Bd. 13, No. 14,
264-282.

Sur I’équivalence de deux méthodes de reduction du probléme plan biharmonique a une
équation intégrale. C. R. Acad. Sci., 196(1933), No. 26, 1947-1948 (avec V. Fock).

A new general method of the solution of the basic boundary value problems of the plane
theory of elasticity. (Russian) DAN SSSR, 3(1934), No. 1, 7-11.

Investigation of new integral equations of the plane theory of elasticity. (Russian) DAN
SSSR, 3(1934), No. 2, 73-77.

On a new boundary value problem of the theory of elasticity. (Russian) DAN SSSR,
3(1934), 141-144.

A new method of the solution of plane problems of the theory of elasticity. (Russian) Bull.
IT All-Union Math. Congress in Leningrad, June 24-30, Leningrad, 1934, 68 (abstract).

Solution of the basic mixed problem of the theory of elasticity for half-plane. (Russian)
DAN SSSR, 3(1935), No. 2, 51-53.

Theory of elasticity. (Russian) Big Soviet Encycl., 56(1936), 147-158.

A new method of solution of plane problems of the theory of elasticity (abstract). (Rus-
sian) Trans. II All-Union Math. Congress in Leningrad, June 24-30, 2(1934), Leningrad—
Moscow, 1936, 345-346.

On the numerical solution of a plane problem of the theory of elasticity. (Georgian).
Trans. Tbilisi Math. Inst., 1(1937), 83-87.

Transl. editing: Chapters 7-9. In the book by F. Frank and R. Mizes “Differential and
Integral equations of Mathematical Physics”. Part 2. Transl. edited by L. E. Gurevich.
Leningrad—Moscow, 1937, 224-346.

On the solution of the basic boundary value problems of the theory of Newtonean poten-
tial. (Russian) PMM, 4(1940), issue 4, 3-26.

On the solution of the basic contour problems of the logarithmic potential theory. (Rus-
sian). Trans. Tbilisi Math. Inst., 7(1939), 1-24 (jointly with L.Z. Avazashvili).

On the solution of the Dirichlet problem on a plane. (Russian) Bull. Georgian Branch
USSR Acad. Sci., 1(1940), No. 2, 99-106.
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

Remarks on the basic boundary value problems of the potential theory. (Russian) Bull.
Georgian Branch USSR Acad. Sci., 1(1940), No. 3, 169—170. Amendments to the paper,
ditto, No. 7, 567.

Application of integrals of the Cauchy type to one class of singular integral equations.
(Russian) Trans. Tbilisi Mat. Inst., 10(1941), 1-43, 161-162.

On the basic mixed boundary value problem of the logarithmic potential theory for mul-
tiply connected domains. (Russian) Bull. Acad. Sci. Georgian SSR, 2(1941), No. 4,
309-313.

Basic boundary value problems of the theory of elasticity for a half-plane. (Russian) Bull
Acad. Sci. Georgian SSR, 2(1941), No. 10, 873-880.

Singular integral equations with a Cauchy type kernel on open contours. (Russian) Trans.
Thbilisi Math. Inst. Acad. Sci. Georgian SSR, 2(1942), 141-172 (jointly with D.A.
Kveselava).

Basic boundary value problems of the theory of elasticity for a plane with rectilinear cuts.
(Russian) Bull. Acad. Sci. Georgian SSR, 3(1942), No. 2, 103-110.

To the problem of equilibrium of a rigid punch at the boundary of an elastic half-plane
in the presence of friction. (Russian) Bull. Acad. Sci. Georgian SSR, 43(1942), No. 5,
413-418.

Systems of singular integral equations with Cauchy type kernels. (Russian) Bull. Acad.
Sci. Georgian SSR, 3(1942), No. 10, 987-984.

Riemann boundary value problem for several unknown functions and its applications to
systems of singular integral equations. (Russian) Trans. Tbilisi math. Inst., 12(1943),
1-46 (jointly with N.P. Vekua).

Applications of the theory of analytic functions to the theory of elasticity. (Russian) All-
Union Congress on theoretical and Applied Mechanics. Report Abstracts. Moscow, 1960,
142—143 (jointly with I.N. Vekua).

Methods of the theory of analytic functions in the theory of elasticity. (Russian) Trans.
All-Union Congress on Theoretical and Applied Mechanics (1960). Moscow—Leningrad,
USSR Acad. Sci. Publ., 1962, 310-388 (jointly with I.N. Vekua).

Applications of the theory of functions of a complex variable to the theory of elasticity.
In the book: Application of the theory of functions in solid medium mechanics. (Russian)
v. VII, Nauka, Moscow, 1965, 32-55. Ditto in English: 56-75.

(iii) Textbooks and Lecture Courses

1.

Lectures on analytical geometry (delivered in Polytechnic Institute) part 1, Tiflis 1922
page 261(with the right of a manuscript
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10.

11.
12.
13.
14.
15.

16.

17.
18.

Course in Theoretical mechanics part 1, statics, Tiflis University 1926, page 292 (litho-
graphic edition) (Georgian)

Lecture on analytical geometry. part 2, revised edition 2, Tiflis 1926, page 208,

Course in Theoretical mechanics part 2, kinematics, Tiflis, Tiflis University, 1928, page
Course in analytical geometry, part 1, Tiflis, Polytechnic Institute edition,1929, page 235
Course in theoretical mechanics, part 1, statics, Tiflis, Sakhelgami, 1930, p. 216

Course in theoretical mechanics, part 2, kinematics, second edition, Tiflis 1932, p. 208
Course in theoretical mechanics, part 1, statics, second edition, Tiflis, 1933, p. 190
Course in analytical geometry, part 1, Leningrad—Moscow, 1933, p. 220

Translated: A. Webster. Mechanics of mass points of solid, elastic and liquid bodies.
Lectures on mathematical physics (translated from the 3rd Engl. ed. edited by K.V.
Melikov). Leningrad—Moscow, 1933, 624 p. (jointly with M.B. Sebastianov and K.V.
Melikov).

Course in analytical geometry, part 2, Leningrad—Moscow, 1934, p. 276

Course in analytical geometry, second revised edition, Moscow—Leningrad, 1938, p.576
Course in analytical geometry, Tbilisi, Tbilisi State University, 1939, page 704

Course in analytical geometry, third revised edition, Moscow—Leningrad, 1947, p. 644

Course in analytical geometry, third revised edition, Tbilisi, (Teknika da Shroma), 1951
p. 671

Course on analytical geometry. Peking, 1955, 633 p. (Chinese translation of the 3rd
Russian edition of 1947).

Course in analytical geometry, fourth edition, Tbilisi, Sabchota Sakartvelo,1962, p.671

Course in analytical geometry, fourth edition, Moscow, Visshaia Shkola 1967, p. 655

Articles and books dedicated to the life and scientific activities of N. Mus-
Khelishvili

1.

2.

Muskhelishvili, Nikolos. Poggendorff’s biographischliterarisches Handwérterbuch. Bd.
6. 1923-1931. 3. L-R. Berlin, Verlag Chemie, 1938, S.1811.

Ali Kheiralla, A. Muskhelishvili, N.I. Some Basic problems of the mathematical theory
of elasticity. Third revis. and augmented. Moscow, 1949, Groningen, P. Noordhoff, Ltd.,
1953. J. Appl. Mech., 21(1954), No 4, 417-418.
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1.
12.

13.

14.

15.

16.

. Bogoliubov, N. N., Medvedev, B. V. and Tavkhelidze, A.N. The application of the meth-

ods of N.I. Muskhelishvili to the solution of singular integral equations in quantum field
theory. Problems of continuum mechanics. Contributions in honor of the seventieth birth-
day of academician N.I. Muskhelishvili 16 th February 1961. Philadelphia, Pa, Soc. In-
dustr. and Appl. Math., (1961), 39-55.

Brandstatter, J.J. Muskhelishvili, N.I. Some basic problems of the mathematical theory
of elasticity. Third revis. and augmented. Moscow, 1949. Groningen, P. Noordhoff, Ltd.,
1953. Appl. Mech. Rev., 7(1954), No 7, 293-294.

. Hill, R. A landmark in the theory of elasticity. [Muskhelishvili, N.I. Singular integral

equations. Ed. 2. Moscow, 1946. Groningen, P. Noordhoff, N.V., 1953; Muskhelishvili,
N.I. Some basic problems of the mathematical theory of elastisity.Third revis. and aug-
mented ed. Moscow, 1949.Groningen, P. Noordhoff, N.V.,1953]. Nature, 174(1954), No
4433, 713-714.

Scott, E.J. Muskhelishvili, N.I. Singular integral equations. 2nd ed. Groningen, P. No-
ordhoff, Ltd., 1953. Appl. Mech. Rev., 7(1954), No 10, 424-425.

. Nikolai Ivanovich Muskhelishvili. (Russian) Materiali k bibliografii ychenich v SSSR,

Seria “Matematika”. Foreword by I. Vekua. Bibliography by A. Epifanova. Nauka,
Moscow, 1967.

. Niko Muskhelishvili (Biobibliographical Series “Georgian Scientists”’; Foreword by A.

Bitsadze and B. Khvedelidze). (Georgian) Metsniereba, Tbilisi, 1980.

. N. Vekua. Niko Muskhelishvili. (Georgian) Metsniereba, Tbilisi, 1989.
10.

I. Vekua. Academician Nikolai Ivanovich Muskhelishvili. [Dedic. to the 70-th birth-
day]. Short Biography and Survey of Scientific Works. (Georgian) Georgian Academy of
Scienses, Thbilisi, 1961.

Bitsadze, A.V. renowned scientist, (Nauka 1 Texnika) 1976, No. 9.

I. Vekua. Academician N. Muskhelishvili. Short Biography and Survey of Scientific
Works. (Georgian) Metsniereba, Tbilisi, 1991, 60p.

Vekua. Academician N. Muskhelishvili. Short Biography and Survey of Scientific Works.
(Russian) Metcniereba, Thbilisi, 1991.

I. Vekua. Academician N. Muskhelishvili. Short Biography and Survey of Scientific
Works. Metcniereba, Tbilisi, 1991.

G.K. Mikhailov, J.R.M. Radok. On N.I. Muskhelishvili’s place in the world of science
and mathematics. Proc. of the Intern. Sympos. Dedic. to the Cent. of Academ. N.
Muskhelishvili. Tbilisi, Rep. of Georgia, June 6-11, 1991.

B. Khvedelidze, G. Manjavidze. A. Survey of N.I. Muskhelishvili’s scientific heritage.
Proc. of the Intern.Sympos. Dedic. to the Centenary of Acad. N. Muskhelishvili. Tbilisi,
Rep. of Georgia, 6-11 June 1991.
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17.
18.
19.
20.
21.
22.
23.
24.
25.

26.

217.

28.

Muskhelishvili, Nikolai Ivanovich. (Ukrainian) Ukr. rad. enc., 9(1962), 441.
Muskhelishvili, Nikolai Ivanovich.(Russian) BSE, 40(1938),650.

Muskhelishvili, Nikolai Ivanovich.(Russian) BSE, Second edition, 28(1954), 592—-593.
Muskhelishvili, Nikolai Ivanovich.(Russian) MSE, Third edition, 6(1959), 316.
Muskhelishvili, Nikolai Ivanovich.(Russian) Enc. dictionary, 2(1954), 446.
Muskhelishvili, Nikolai Ivanovich.(Russian) BSE, Third edition, 17(1974), 134.
Muskhelishvili, Nikoloz (Georgian) GSE, 7(1984), 212.

G. Manjavidze, Academician Niko Muskhelishvili, Thbilisi, 1982( Georgian)

T. Ebanoidze. Nikoloz Muskhelishvili, in the book “Articles on Georgian mathemati-
cians”, Tbilisi, Mecniereba, 1981, p. 32-42

J. Sharikadze , origins of Georgian mathematical school, in the book “Unforgettable
names”, Tbilisi, 2010

J. Sharikadze, scientific work on continuum mechanics in Georgia XX century, in the
book “Unforgettable Names”, Tbilisi 2010

J. Sharikadze, Niko muskhelishvili — scientist, public figure, bibliophile, in the book Un-
forgettable names,” Tbilisi 2010
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The Mixed and Contact Problems of Elasticity Theory

REVAZ BANTSURI, NUGZAR SHAVLAKADZE

A. Razmadze Mathematical Institute of 1. Javakhishvili Tbilisi State University
Tbilisi, Georgia

email: rebant@rmi.ge; nusha@rmi.ge

The investigations of the problems of interaction of elastic and rigid bodies and of the related
problems of the theory of cracks (inside the body) started from the early 40s of the past century
just after the elaboration of the theory of boundary value problems of analytic functions and
singular integral equations. Important results in the theory of mixed boundary problems have
been obtained in the works of N. Muskhelishvili, L. Galin, I. Schtaerman, D. Sherman, A. Lur’e,
G. Irwin etc.

The investigations of contact problems dealing with the interaction of massive deformable
bodies and thin-shelled elements (stringers, inclusions), the problems of the crack theory, when
the crack takes its origin on the body’s boundary or on the interface of a piecewise homo-
geneous elastic body started in the early 60s. Fundamental results obtained in this direc-
tion belong to E. Melan, V. Koiter, E. Buell, E. Brown, G. Irwin, H. Bueckner, A. Khrap-
kov, V. Vorovich, G. Popov, E. Reissner, H. Buffler, R. Myki, S. Stenberg, N. Arutyunyan,
B. Abramyan, V. Alexandrov, R. Bantsuri etc.

From the applied viewpoint, one of the important problems is that of finding equi-strong
contours, i.e., the problems of stress concentration control on the boundary of the hole of an
elastic body. These problems take their origin in the 60s of the past century and are reflected
in the works of G. Cherepanov, N. Banichuk, G. Ivanov, D. Kosmodam’janskii, H. Neiber etc.
After intensive investigations in this direction the different methods of exact and approximate
solutions have been developed, for example, the method of orthogonal polynomials, the asymp-
totical method, the method of reduction to the Riemann problem, the factorization method, the
method of integral transformations, and so on.

During last five years we have considered:

1. The mixed and contact problems connected with the interaction between different de-
formable bodies and elastic thin-shelled elements of variable geometric or physical parameters.
The investigation of statical and dynamical boundary-contact problems for bodies with another
elastic elements in the framework of different elastic properties and phenomenological theories
of the material.

2. The problems of elasticity theory for a domain with partially unknown boundary (equi-
strong contour finding) connected with optimal stress distribution by the selection of a body
shape.
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Taylor Expansion and Sobolev Spaces
BOGDAN BOJARSKI
Instytut Matematyczny PAN, Poland
email: b.bojarski@impan.pl

In the lecture a new characterization of Sobolev spaces W (m, p, R(n)), m > 1, in the form
of a pointwise inequality will be discussed. The functions considered are a priori assumed only
in L(p), p > 1. This inequality reveals the — local and global — polynomiallike behaviour of
these functions. If time allows various consequences of this characterization will be discussed.

The Method of Transference Lemma in Problems on
Rearrangements of Summands of Function Theory
SERGEI CHOBANYAN
N. Muskhelishvili Institute of Computational Mathematics
Georgian Technical University
Thilisi, Georgia

email: chobanyan@stt.msu.edu

The method allows to establish the convergence of a functional series under rearrangement
in terms of the series convergence for an assignment of signs. The method of transference
lemma allowed us to find

(i) A series of new maximum inequalities for rearrangements of vector summands that go
back to Garsia’s inequalities;

(i1) A general theorem on the sum range of a conditionally convergent series in an infinite-
dimensional space (the Riemann—-Levy—Steinitz type theorems);

(ii1) Generalizations of the Nikishin type theorems on almost surely convergent rearrange-
ments of a function series;

(iv) Theorems related to Uljanov’s conjecture on the uniform convergence of a rearrange-
ment of the Fourier trigonometric series of a continuous periodic function;

(v) Theorems related to to the Kolmogorov conjecture (open since 1920-s) on the system of
convergence of an orthonormal system.
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Recent Developments in Analysis of Uncertainty
in Theoretical and Applied Mechanics

IsaAAC ELISHAKOFF

Department of Ocean and Mechanical Engineering, Department of Mathematical Sciences,
Florida Atlantic University, Boca Raton, FL 33431-0991,USA

email: elishako@fau.edu

This lecture reviews some recent achievements in uncertainty analysis of engineering struc-
tures including stochasticity, anti-optimization and fuzzy sets. Special emphasis is placed on
subtle points such as formulation of stochastic variational principles for determination of the
probabilistic characteristics of structures with attendant formulation for the stochastic FEM;
choice of interval analysis versus ellipsoidal modeling for anti-optimization; safety factor eval-
uation within the fuzzy sets methodology. It contrasts various approaches with the view of
making an appropriate selection based on available experimental data.The lecture advocates for
combined theoretical. numerical and experimental approach to introduce uncertainty concepts
in both the theory and practice of applied mechanics.

References

[1] L. Elishakoff, Probabilistic Methods in the Theory of Structures, Wiley-Interscience, New
York, 1983, (second edition: Dover, Mineola, New York, 1999).

[2] Y. Ben-Haim and I. Elishakoff, Convex Models of Uncertainty in Applied Mechanics,
Elsevier Science Publishers, Amsterdam, 1990.

[3] G. Cederbaum, I. Elishakoff, J. Aboudi and L. Librescu, Random Vibration and Reliabil-
ity of Composite Structures, Technomic, Lancaster, 1992.

[4] L. Elishakoff, Y. K. Lin and L. P. Zhu, Probabilistic and Convex Modeling of Acoustically
Excited Structures, Elsevier Science Publishers, Amsterdam, 1992.

[5] L. Elishakoff, Y. W. Li and J. H. Starnes, Jr., Non-Classical Problems in the Theory of
Elastic Stability, Cambridge University Press, 2001.

[6] I. Elishakoff, and Y. J. Ren, Large Variation Finite Element Method for Stochastic Prob-
lems, Oxford University Press, 2003.

[7] L. Elishakoff, Safety Factors and Reliability: Friends or Foes?, Kluwer Academic Pub-
lishers, Dordrecht, 2004.

[8] L. Elishakoff and M. Ohsaki, Optimization and Anti-Optimization of Structures under
Uncertainty, Imperial College Press, London, 2010.
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Matrix Spectral Factorization and Wavelets

LASHA EPHREMIDZE, EDEM LAGVILAVA

A. Razmadze Mathematical Institute of 1. Javakhishvili Tbilisi State University
Tbilisi, Georgia

email: lasha@rmi.ge

Matrix Spectral Factorization Theorem asserts that if S(t) = (f3;), 1 Isan T X1 positive

definite (a.e.) matrix function with integrable entries f;; € L,(T), defined on the unit circle T,
and if the Paley—Wiener condition

logdet S(t) € Ly(T) (1)
is satisfied, then (1) admits a (left) spectral factorization
S(t) = S*(1)S™(t) = S*()(ST(®))", (2)

where ST is an r X r outer analytic matrix function from the Hardy space Hy and S™(z) =
(S*(1/2))", |2| > 1. Itis assumed that (2) holds a.e. on T. A spectral factor S*(2) is unique
up to a constant right unitary multiplier. The sufficient condition (1) is also a necessary one for
the factorization (2) to exist.

This theorem was proved by Wiener in 1958. Since then the spectral factorization has
became an important tool in solution of various applied problems in Control Engineering and
Communications, and challenging problem became the actual approximate computation of the
spectral factor ST (z) for a given matrix-function S(¢). Not surprisingly, dozens of papers has
been addressed to the solution of this problem.

Recently a new effective method of matrix spectral factorization has appeared in [1], and we
are going to describe this method in our talk. Unitary matrix functions of certain structure plays
decisive role in our method to obtain a spectral factor S+, and it turned out that these unitary
matrix functions are closely related with wavelet matrices. Consequently the proposed method
makes it possible to construct compact wavelets in a fast and reliable way and to completely
parameterize them [2].

It will be presented also an elementary proof of the polynomial matrix spectral factoriza-
tion theorem, spectral factorization of rank-deficient matrices, and their connection to wavelet
matrices.

References

[1] G. Janashia, E. Lagvilava, and L. Ephremidze A new method of matrix spectral factoriza-
tion. IEEE Trans. Inform. Theory 57 (2011), No. 4, 2318-2326.

[2] L. Ephremidze and E. Lagvilava, On parameterization of compact wavelet matrices. Bull.
Georgian Nat. Acad. Sci. 2(2008), No. 4, 23-27.
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Hamiltonian Form of the Maximum Principle
in Optimal Control

REVAZ GAMKRELIDZE
Steklov Institute of Mathematics
Moscow, Russia

email: gam@ipsun.ras.ru

In my talk, I want to discuss a specific property of maximum principle, its native Hamilto-
nian form, canonically inherent in the formulation of the principle. It is always there, regardless
of the nature of the given problem, be it regular or strongly singular, such as linear systems.

As a result of its universal Hamiltonian form, maximum principle admits an invariant ge-
ometric formulation, tough its initial form was purely analytic. The corresponding geometry
turns out to be a very simple and basic geometry canonically generated by the optimal problem
under consideration. It is my intention to describe this geometry.

Recent Advances in Riemann-Hilbert Problem

GRIGORY GIORGADZE', GEORGE KHIMSHIASHVILI?

1. Javakhishvili Thilisi State University
?Ilia State University
Thilisi, Georgia

email: gogikhim@yahoo.com

A number of new results on the Riemann—Hilbert boundary value problem and Riemann-
Hilbert monodromy problem will be presented most of which have been obtained by the au-
thors and their collaborators. Specifically, we’ll discuss in some detail the new versions of the
Riemann—Hilbert boundary value problem and Riemann—Hilbert monodromy problem in the
context of compact Lie groups developed

in the last two decades. The basic results on solvability and Fredholm theory of such prob-
lems will be presented and a few typical examples will be given. The Riemann—Hilbert bound-
ary value problem in the context of generalized analytic functions will be also discussed.
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Applications of Integral Equation Methods to a Class

of Fundamental Problems in Mechanics and
Mathematical Physics
GEORGE HSIAO

Department of Mathematical Sciences, University of Delaware
Newark, Delaware 19716, USA

email: hsiao@math.udel.edu

The monograph Singular Integral Equations by N. I. Muskhelishvili was published origi-
nally in Russian in 1946 and was revised and translated into English in 1958. In this monograph,
the solution of the Dirichlet problem is expressed in terms of the potential of a simple layer,
which leads to a Fredholm integral equation of the first kind. This new approach introduced
by Muskhelishvili in 1946 for solving boundary value problems by using integral equations of
the first kind has made significant contribution 30 years later to the development of variational
methods for boundary integral equations and their numerical discretizations. The later is known
as the boundary element method and has become one of the most popular numerical schemes
in nowadays.

To pay a high contribute to Muskhelishvili in celebrating his 120th birthday anniversary,
this lecture discusses boundary integral equations of the first kind and its applications to a
class of fundamental problems in elasticity, fluid mechanics and other branches of mathematical
physics. Applications are drawn from various disciplines including topics such as singular per-
turbation theory for viscous flow past an obstacle, boundary variational inequalities for contact
problems in elasticity, coupling procedure and domain decomposition for interface problems in
non homogeneous medium. The presentation of these topics indicates also the chronological or-
der of the development of the Muskhelishvili’s method concerning first kind integral equations
and its generalizations.

Mathematical Models of Elastic Cusped Shells,
Plates, and Rods

GEORGE JAIANI

I. Javakhishvili Tbilisi State University, Department of Mathematics
I. Vekua Institute of Applied Mathematics of TSU, Tbilisi, Georgia

email: george.jaiani @ gmail.com

Nikoloz Muskhelishvili’s famous monograph in elasticity theory [1] had and has a great
worldwide influence on investigations in the corresponding fields of mechanics and mathema-
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tics. His student and distinguished successor I. Vekua constructed hierarchical models of shells
which are the natural continuation of the ideological program of the Georgian Mathematical
school founded by N. Muskhelishvili. If we ignore members containing unknown so called
moments and their first order derivatives in the governing system of prismatic shells, then the
system obtained can be divided in two groups. The first one will contain systems of the 2D elas-
ticity, while the second one will contain Poisson’s equations. This fact makes possible to apply
Muskhelishvili’s methods based on the theory of analytic functions of one complex variable. In
1977 1. Vekua [2] wrote: “If we consider shells with cusped edges, then the thickness vanishes
on the boundary or on it’s part. In this case we have an elastic system of that equations with
degenerations on the boundary. At present, the investigation of the class of such equations is
carried out rather intensively (cf. A. Bitsadze, M. Keldysh, S. Tersenov, G. Fichera). However,
in the study of the equations generally, and the above system, in particular, only the first steps are
made (cf. G. Jaiani)”. The present updated survey is mainly devoted to contribution of Georgian
Scientists (in alphabetic order) G. and M. Avalishvili, N. Chinchaladze, D. Gordeziani, G. Ja-
iani, S. Kharibegashvili, N. Khomasuridze, B. Maistrenko, D. Natroshvili, N. Shavlakadze, and
G. Tsiskarishvili in this field. Some of these results are obtained with R. Gilbert, A. Kufner,
B. Miara, P. Podio-Guidugli, B.-W. Schulze, and W.L. Wendland within the framework of in-
ternational projects. As a background along with I. Vekua’s hierarchical models, Timoshenko’s
geometrically nonlinear and Kirchoff-Love’s models of plates of variable thickness are used [3].

An exploratory survey with a wide bibliography of results concerning elastic cusped shells,
plates, and rods, and cusped prismatic shell-fluid interaction problems one can find in [4].

In the present talk we mainly confine ourselves to cusped prismatic shells and rods.
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Consistent Theories of
Isotropic and Anisotropic Plates

REINHOLD KIENZLER, PATRICK SCHNEIDER

Bremen Institute of Mechanical Engineering,
University of Bremen, Department of Production Engineering

Bremen, Germany

email: rkienzler@uni-bremen.de

The three-dimensional equations of the linear theory of elasticity are approximated by a
two-dimensional plate theory in the following manner. The displacements are developed into
a Fourier series in thickness direction. As basis, we use either monomes or scaled Legendre
polynomials. The coefficients of the series expansion are the unknowns of our problem. We use
the kinematic relations to calculate the strains and in turn Hooke’s law to evaluate the strain-
energy density and the potential of external forces. Both are integrated with respect to the
thickness directions. After a suitable introduction of dimensionless quantities a so-called plate
parameter ¢*" evolves with ¢? = 1’;22 (h and a are characteristic lengths in thickness and plate-
plane direction, respectively). Constitutive relations, i.e., the relations between stress resultants
and strains are derived and the field equations as well as the boundary conditions follow from
the principle of minimum potential energy resulting in an infinite number of unknowns.

The question arises: where to cut off the series expansion? Consistent plate theories are
obtained, if all governing equations are uniformly approximated to the same order m, i.e., all
terms multiplied by ¢**, n = 0,1, ..., m, are retained and all terms multiplied by ¢**, n > m,
are neglected. In addition, during the reduction of the system of differential equations to one
or two “main” differential equations, terms of the order ", n > m, are neglected likewise.
For m = 0, it turns out that the approximation admits only a rigid-body translation in thickness
direction and two rigid-body rotations with respect to the two in-plane axes. For m = 1,
the classical Kirchhoff-Love plate theory evolves without any a-priori assumptions including
Kirchhoff’s “Ersatzscherkrifte”. Reissner-Mindlin type of plate theories are derived for m = 2.
In the talk, various second-order plate theories existing in the literature are compared with our
consistent theory. We investigate monotropic materials (the symmetry plane of the material
coincides with the mid plane of the plate) and introduce in turn further material symmetries
(orthotropy, transversal isotropy, isotropy).
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Boundary Value Problems for Analytic and Harmonic
Functions in New Function Spaces

VAKHTANG KOKILASHVILI', VAKHTANG PAATASHVILI!?

! A. Razmadze Mathematical Institute of 1. Javakhishvili Tbilisi State University
2Georgian Technical University
Thilisi, Georgia

email: kokil@rmi.ge; paatashvilitam @ gmail.com

Basing on N. Muskhelishvili’s ideas we study BVPs for analytic and harmonic functions in
new setting.

Our lecture deals with the solution of above mentioned problems in the frame of grand
Lebesgue and variable exponent Lebesgue spaces. The theory of these spaces was intensively
studied in the last decade and it still continuous to attract the researches due to various applica-
tions.

The following tasks will be discussed:

1) to reveal the influence air recent results on mapping properties of non-linear harmonic
analysis operators in new function spaces.

ii) to give the solution of the Riemann problem on linear conjugation of analytic functions
in the class of Cauchy type integrals with the density from grand Lebesgue spaces.

iii) to solve the Dirichlet problem for harmonic functions, real parts from variable expo-
nent Smirnov classes analytic functions. The problem is solved in domains with nonsmooth
boundaries. Our goal is to give a complete picture of solvability, to expose the influence of the
solvability conditions; in all solvability cases to construct solutions 