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1 Statement of the problem
On the interval [a, b], we consider the problem

u’ = f(t,u,u), (1.1)
u'(a) =c¢, wu(a)=u(b), (1.2)

where f € Car([a,b] x R%;R) and ¢ € R. As usual, by a solution to equation (1.1) we understand
a function u € AC"([a, b];R) satisfying the given equation almost everywhere on [a,b]. A solution u
to equation (1.1) satisfying conditions (1.2) is said to be a solution to problem (1.1), (1.2).

Definition 1.1. We say that o € ACy([a, b]; R) is a lower function and 8 € AC,([a,b]; R) is an upper
function of equation (1.1) if o(t) > f(¢t,a(t), /' (¢t)), B"(t) < f(t, B(t),0'(t)) for a.e. t € [a,b]. The
lower and upper functions « and f of equation (1.1) are said to be well ordered if

a(t) < p(t) for t € [a,b)]. (1.3)
We also consider the following standard two-point boundary conditions:

u(a) =¢1, u(b) = co, (1.4)

u'(a) =c1, u(b) = ca, (1.5

where c1,co € R.

If o and 8 are well-ordered lower and upper functions of equation (1.1), then the conditions for
the function f are know in the existing literature to guarantee the existence of a solution to problem
(1.1),(1.4), as well as problem (1.1), (1.5). More precisely, the following two theorems hold.

Definition 1.2. A continuous function w : Ry — ]0, +o00[ such that

+oo

1
0/ mdnz ~+00 (1.6)

is called a Nagumo function.

Theorem 1.1 ([2, Theorem 3.1; and Remark on p. 2381]). Let o and 8 be well-ordered lower and
upper functions of equation (1.1) and let f satisfy the conditions
[t z,y)sgny < w(|y|)(h(t) + |y|) for a.e. t € [ag,b] and all z,y € R, a(t) <

< B(t), |yl >R,
ft,z,y)sgny > —w(\y|)(h(t) + \y|) for a.e. t €la,by] and all z,y €R, a(t) <z <pS

() lyl > R,

where a < ag < by < b, R > 0, h € L'([a,b];Ry), and w is a Nagumo function. Then, for any
c1 € [a(a), B(a)] and ca € [a(b), B(b)], problem (1.1),(1.4) has a solution u satisfying the condition

a(t) <wu(t) < B(t) for t e la,b). (1.7)

Theorem 1.2 ([2, Theorem 3.15]). Let o and B be well-ordered lower and upper functions of equation
(1.1) such that

o' (a+) > f'(a+). (1.8)
Let, moreover, f satisfy the condition
f(t,z,y) sgny<w(y|) (h(t)+|y|) for a.e. t€[a,b] and all z,yeR, a(t)<z<p(t), |y|=R, (1.9)

where R >0, h € L'([a,b];Ry), and w is a Nagumo function. Then, for any c1 € [B'(a+),a/(a+)]
and ¢y € [a(b), B(D)], problem (1.1),(1.5) has a solution u satisfying (1.7).
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2 Notation

Throughout the paper, we use the following notation:

R is the set of real numbers, Ry = [0, +oc[. For any € R, we put [z]; = % (|2 + z).

C(I;R) denotes the set of continuous real functions defined on the interval I C R. For u €
C([a,b];R), we put |Jul|lc = max{|u(t)| : ¢ € [a,b]}.

C1([a, b]; R) denotes the Banach space of continuously differentiable functions u : [a,b] — R with
the norm [Juflcr = [lulle + [lv'[lc-

AC"([a,b]) is the set of functions u : [a,b] — R which are absolutely continuous together with
their first derivatives.

ACy([a,b]) (resp. ACy([a,b])) is the set of absolutely continuous functions v : [a,b] — R such
that 4/ admits the representation +'(t) = yo(t) + o(t) for a.e. t € [a,b], where g : [a,b] — R is
absolutely continuous and the function ¢ is non-decreasing (resp. non-increasing) on [a, b] and
its derivative is equal to zero almost everywhere on [a, b].

L¥([a,b]; R), where 1 < v < +00, is the Banach space of measurable functions b : [a,b] — R
such that the function |h|” is Lebesgue integrable. For h € L¥([a,b];R), we put ||h|Lr =

b
(f Ir(s)| ds)™".

L*°([a,b];R) is the Banach space of essentially bounded measurable functions h : [a,b] — R
equipped with the norm ||A||L~ = esssup{|h(t)| : ¢ € [a, b]}.

Numbers p, v € [1,+00] are said to be conjugate numbers if % + % =1, with gy =40 if v =1.
Car([a,b] x A; B), where A C R? and B C R, is the set of functions f : [a,b] x A — B such that:

(1) the function f(-,z) : [a,b] — B is measurable for every z € A,

(2) the function f(¢, -): A — B is continuous for almost every t € [a, b],

(3) for any r > 0, there exists ¢, € L'([a,b]; Ry) such that |f(t, 21, 22)| < ¢, (¢) for a.e. t € [a,b]
and all (z1,22) € A, |z1| + |22| < 7.

Carg([a,b] x Ry; R, ) is the set of functions ¢ € Car([a, b] x Ry;Ry) such that for almost every
t € [a,b], the function ¢(¢, - ) is non-decreasing on R and

b

1
lim — /q(s, 0)ds =0.

o—+o0 0
a

3 Main results

In this section, we provide the main results of the paper; we show their possible use later in Section 4.

Theorem 3.1. Let a and (B be well-ordered lower and upper functions of equation (1.1) such that
(1.8) hold and

a(a) = a(b), Bla) = B(b). (3.1)

Let, moreover, f satisfy condition (1.9), where R >0, h € L*([a,b];R,), and w is a Nagumo function.
Then, for any c € [B'(a), &/ (a)], problem (1.1),(1.2) has a solution u satisfying (1.7).
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Theorem 3.2. Let a and 8 be well-ordered lower and upper functions of equation (1.1) such that
(1.8) and (3.1) hold and let f satisfy the condition

ft,z,y)segny <q(t, |y|)+2hk(t)|y|1+ﬁ for a.e. t€la,b] and all z,yeR, a(t)<z<p(t), |y|>R,
k=1

where R > 0, ¢ € Carg([a,b] xR ;Ry), and fork =1,...,n, hy € LY ([a,b];R}) and pg, vk, € [1, +00]
are conjugate numbers (we put }%k =0 if up = +00). Then, for any c € [B'(a+),d/(a+)], problem
(1.1), (1.2) has a solution u satisfying (1.7).

Definition 3.1. Let a : [a,b] = R, 5 : [a,b] — R be continuous functions such that (1.3) holds. We
say that u* (resp. w.) is a maximal solution (resp. a minimal solution) to problem (1.1),(1.2) (or
(1.1),(1.4), or (1.1),(1.5)) in the segment [, B] if it is a solution to this problem satisfying «a(t) <
u*(t) < B(t) for t € [a,b] (resp. a(t) < u.(t) < B(t) for t € [a,b]) and for any solution u to problem
(1 1),(1.2) (or (1.1),(1.4), or (1.1),(1.5)) with the property (1.7), the inequality u(t) < u*(t) for
t € [a,b] (resp. u(t) > u.(t) for t € [a, b]) holds.

Theorem 3.3. Let the hypotheses of Theorem 3.1 (or Theorem 3.2) be satisfied. Then, for any
¢ € [B'(a+), &’ (a+)], problem (1.1), (1.2) has mazimal and minimal solutions in the segment [c, B].

Analogously to Theorem 3.3, one can prove the following three statements.

Theorem 3.4. Let the hypotheses of Theorem 1.1 be satisfied. Then, for any c¢1 € [a(a), f(a)] and
co € [a(b), B(b)], problem (1.1), (1.4) has mazimal and minimal solutions in the segment [, §].

Theorem 3.5. Let the hypotheses of Theorem 1.2 be satisfied. Then, for any c¢1 € [8'(a+), o' (a+)]
and ¢y € [a(b), B(b)], problem (1.1),(1.5) has mazimal and minimal solutions in the segment [« [3].

3.1 Auxiliary statements

Lemma 3.1. Let u € C'([a,b];R), a : [a,b] — R be absolutely continuous, and o’ (t) = ag(t) + o(t)
for a.e. t € [a,b], where ag € C([a,b];R) and o : [a,b] — R is non-decreasing on [a,b]. If

u(t) > a(t) for t €la,b], wu(a)=ala), (3.2)
then u'(a) > o'(a+) holds.
Proof. Suppose on the contrary that v/(a) < o/(a+), i.e
u'(a) — ap(a) < o(a+). (3.3)
Since u' — ag € C([a,b];R), in view of (3.3), there exists ag €]a,b] such that
u'(t) — ap(t) < o(a+) for t € [a,ao]. (3.4)
Moreover, o is non-decreasing on [a, b] and therefore,
o(a+) < o(t) for t €la,ag]. (3.5)

Now, it follows from (3.4) and (3.5) that u/(t) < &/(¢) for a.e. t € [a, ag] and integrating both parts of
this inequality over the interval [a, ag], we get u(ag) —u(a) < a(ag) —a(a), which contradicts (3.2). O

The following lemma can be proved in a similar manner.

Lemma 3.2. Let u € C([a,b];R), B : [a,b] — R be absolutely continuous, and ' (t) = Bo(t) + o(t)
for a.e. t € [a,b], where By € C([a,b];R) and o : [a,b] — R is non-increasing on [a,b]. If u(t) < 5(t)
fort € [a,b], u(a) = B(a), then v'(a) < '(a+) holds.
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Lemma 3.3. Let a and 8 be well-ordered lower and upper functions of equation (1.1) such that (1.8)
and (3.1) hold and let f satisfy the condition

|f(t,z,y)| < Ut |z + |y|) for a.e. t € [a,b] and all z,y €R, a(t) <z < B(L), (3.6)

where £ € Carg([a,b)xR4;Ry). Then, for any c € [B'(a+), ' (a+)], problem (1.1), (1.2) has a solution
u satisfying (1.7

)
Proof. Let ¢ € [#'(a+),d/(a+)] be arbitrary. It is well known that, under the assumption (3.6), for
any A € [a(a), B(a)], the Dirichlet problem

"= ft,u,u);  w(a) =N, w(b) =N (3.7))
has a solution u satisfying (1.7). Put

def

U= {u: there exists A € [a(a), B(a)] such that u is a solution to (3.7,) satisfying (1.7)}.

Clearly, U # @. We show that
the set U is compact in the space C*([a, b]; R). (3.8)

Let u € U be arbitrary. It is clear that ||u]lc < max{|a(t)| +|8()|: t € [a,b]} < |la|lc + ||8]lc and
there exists to € [a, b] such that u'(tg) = 0 and thus, in view of (3.6), the solution u to equation (1.1)
satisfies

t

W' ()] < | [ 156s.u(s) 5] as

b
< / (s, [u(s)| + [/ (5)]) ds
b

to
b
< [ tsilulle + [n'llo)ds < [ e(s,Jalle+ 18l + ') ds
for t € [a,b]. Consequently, we get
b
lwllc < /5(8’ lalle + [1Blle + [1v/llc) ds. (3.9)
Thus, we have proved that for every u € U, the relations
b
lulle < llalle +1Blle.  l[u'lle < /5(8, lalle + 18llc + [lvllc) ds (3.10)

a
are satisfied. Since ¢ € Carg([a,b] x Ry; Ry ), there exists rg > 0 such that

b
/Z(S,A+z)ds<z for z > 1o,

a

where A & lellc + 1| 8]lc- Hence, in view of the second relation in (3.10), we get
|W'||c < 7o for every u e U. (3.11)

Having proven estimates (3.10) and (3.11), using the standard arguments, we easily show that
assertion (3.8) holds.
We now put
AL {u(a): wel, v'(a) > c}. (3.12)
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According to the above proved, there exists a solution uq(,) to problem (3.7,(4)) satisfying a(t) <
Uq(a)(t) < B(t) for t € [a,b]. Since uq(q)(a) = a(a) and uyq) () > a(t) for t € [a,b], Lemma 3.1 yields
that ug,,(a) = o’(a+) = ¢ and thus, a(a) € A. Therefore, A # @. It follows from (3.8) that the set
A is compact in [a(a), 5(a)], which allows one to put

A max A (3.13)

Let uy+« € U be such that
ur<(a) = N*, uh.(a) >c. (3.14)

First, we assume that A* = $(a). Then, ux~(a) = A* = f(a) and ux-(t) < B(t) for ¢ € [a, b], which
guarantees that ). (a) < f'(a+) < ¢ (see Lemma 3.2). On the other hand, (3.14) holds and therefore,
uh.(a) = c¢. This means that uy« is the desired solution to problem (1.1),(1.2) and thus, the lemma
is proved.

Now, assume that A* < $(a). In the same manner as above (we only use uy~ instead of ), one
can prove that for any A € [\*, 8(a)], there exists a solution v to problem (3.7,) satisfying

uy=(t) <wo(t) < p(t) for t € [a,bl. (3.15)

Put
BY fu(a): vel, (3.15) holds, v'(a) < c}. (3.16)

It is clear that there exists a solution vg(,) to problem (3.73(,)) satisfying ux-(t) < vg)(t) < B(t)
for t € [a,b]. Since vg(,)(a) = B(a) and vgq(t) < B(t) for t € [a,b], it follows from Lemma 3.2 that
U’B(a) (a) < B'(a+) < ¢ and thus, S(a) € B. Therefore, B # @. It follows from (3.8) that the set B is

compact in [A\*, B(a)], which allows one to put
Ay = min B. (3.17)
Let vy« € U be such that
ux+(t) <oy, (t) < B(t) for t€la,b], v (a)=A, v\ (a)<c (3.18)

First, we mention that, by (3.12), (3.13), (3.16), and (3.17), the relation \* < A, holds. We will
show that
N = (3.19)
Suppose on the contrary that A* < A,. Then there exist Ay €]A\*, A,[ and a solution vy, to problem
(3.7x,) satisfying ux~(t) < vy, (t) < B(t) for t € [a,b]. Since Ao < A, in view of (3.17), we get \g € B
which yields
Vi, (a) > ¢ (3.20)
On the other hand, on account of (3.13), the inequality Ao > \* implies v} (a) < c that contradicts
(3.20). The obtained contradiction proves equality (3.19). Therefore, it follows from (3.14) and (3.18)
that ux-(a) = \* = A\ = vy, (a) and u).(a) = v} _(a) = c. This means that uy- (as well as vy,) is the
desired solution to problem (1.1), (1.2), and thus the lemma is proved. O

Lemma 3.4. Letc€ R, r >0, R>0, h € L'([a,b];R), and w be a Nagumo function. Then there
exists 0 > 0 such that for any f € Car([a,b] x R%;R) satisfying

ft oz y)sgny <w(ly|)(h(t) + |y|) for ae. t€la,b] and all z,y €R, |z| <7, [y >R  (3.21)

and for every solution u to the problem

W = Jltua); o'(a) = e, u(a) = u(d) (3.22)

satisfying ||ul|c < r, the inequality
[u']c <o (3.23)

holds.



100 Alexander Lomtatidze, Ji#i Sremr

Proof. Tt follows from (1.6) that there exists ¢ > max{|c|, R} such that

z

1
/ ——dn > ||h]|pr +2r for z > p. (3.24)
w(n)

max{|c|,R}

Let f € Car([a,b] x R?;R) satisfying (3.21) be arbitrary and let u be a solution to problem (3.22)
such that ||ullc <.

Choose tg € ]a, b] such that |u/(to)| = ||v||c. If |/ (t0)] < max{|c|, R}, then (3.23) is clearly fulfilled.
Suppose that |u'(tg)] > max{|c|, R}. Since |[v/(a)| = |¢| < max{|c|, R}, there exists ag € [a,to[ such
that

[W'(t)] > max {|c|, R} for t € [ag,to], |u'(ap)| = max {|c|, R}. (3.25)

Moreover, ||ul|c < r, and thus, by virtue of (3.21), we get

W/ (8)]" =" (t) sgnu/(t) < w(|u/(¢)])(R(E) + W' (t)]) for a.e. t € [ag, to].

Hence,
' ()] /
————— < h(t) + |u'(t)] for a.e. t € [ag,to],
w(lu'(2)])
and integrating this inequality over the interval [ag, o], we get
[’ (o) ) to
——dn < | h(s)d t . 3.26
| @ n< [ h(s)ds + fulto)| + u(ao) (3.26)
u’(ag ao

In view of (3.25), the assumption ||ul|¢ < r, and the choice of ty, inequality (3.26) yields

'l ,
——dn < ||Al|p +2r
w(n)

max{|c|,R}
which, using (3.24), leads to (3.23). O

Lemma 3.5. Let c € R, r > 0, R > 0, ¢ € Carg([a,b] X Ry;Ry), v, i € [1,+00] be conjugate
numbers, and hy, € LY ([a,b;Ry) for k = 1,...,n. Then there exists 0 > 0 such that for any
f € Car([a,b] x R%;R) satisfying
~ n 1
f(t,a:,y)sgnyéq(t,\y|)+2hk(t)\y|1+ﬂ7 for a.e. t€[a,b] and all z,yeR, |z|<r, |y|>R (3.27)
k=1

(we put Hik: =0 if up = +00) and for every solution u to problem (3.22) satisfying ||u||c < r, inequality
(3.23) holds.

Proof. Tt follows from the sub-linearity of ¢ at infinity that there is p > max{|c|, R} such that

b " 1
(max{|c|,R} + /q(s,z) ds) exp (Z 17kl Lo (QT)W) <z for z>p. (3.28)
v k=1
Let f € Car([a,b] x R?;R) satisfying (3.27) be arbitrary and let u be a solution to problem (3.22)
such that ||ullc <.
Choose tg € ]a, b] such that |u/(to)| = ||v||c. If |v/(to)]| < max{|c|, R}, then (3.23) is clearly fulfilled.
Suppose that |u'(tg)] > max{|c|, R}. Since |[v/(a)| = |¢| < max{|c|, R}, there exists ag € [a,to[ such
that (3.25) holds. Moreover, |lul|c < 7, and thus, by virtue of (3.27), we get
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n

[ (O = " (8) sgned (8) < q(t, [ () + D ha(Ol' ()] 75

k=1

< q(t,||v']|c) + [« (1)) hi(t)|u' (t)| 7+ for a.e. t € [ag, to]
k=1

(here, we put |u’(t)|i = 1if uy = +00). Hence, in view of (3.25), we have

[/ (8)] < [uf (ao)] + / (s, I ) ds + / (th )|u'<s>|ds

ao
b

< max{lel, B} + [ a(s, [/ le) ds+/(th

a ap

O )/ (9)]ds

for ¢ € [ag,tp]. The Gronwall-Bellman lemma then yields

b

/o) < (max{le R} + [t 'l e)ds ) exo / (éhk@)m’(s)wﬁ) W) )

a agp

Using the Hoélder inequality, we obtain

“k :Z/hk A€ “k ds

7 (ihk(s) (s

o k=1

n #k 1 1
<D Ikl o (fao ol (/ (s |d8> < Z 1llzee (Juto)] + ulao) ) s < D [hwllzww (2r) 7%
k=1 =1

3

o

(here, we put 2in = 1if . = +00). Consequently, it follows from (3.29) that

b n
Iolle =10 < (‘maxtiel. )+ [ a(s, e as ) exp (3 il 27 )

k=1

which, using (3.28), leads to (3.23). O

3.2 Proofs of the main results

Proof of Theorem 3.1. Let ¢ € [f'(a),d/(a)] be arbitrary and let ¢ be the number appearing in
Lemma 3.4 with r &' ||al|c + [|8]c. Put

A g+esssup{|a W+ 18/)]: te [a,b]}, (3.30)
Xon(t,2) € 2+ [alt) — 2]y — [z — B(B))4 for t€[ab], z €R,
1 if |yl <A,
def
Xaly) = 92— %' if A<yl <24, foryeR, (3.31)
0 if |y| > 2A

and f(t,z,y) %ef Xa W) f(t,Xx,;(t,x),y) for ae. t € [a,b] and all z,y € R. It is clear that

—llalle < alt) < x.,(t,2) < B(t) <|[|Bllc for t € [a,b], v €R, (3.32)
0<x,(y) <1 for y eR, (3.33)
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and there exists ¢* € L*([a,b];R) such that the function f€ Car([a,b] x R% R) satisfies | f(t,z,y)| <
q*(t) for a.e. t € [a,b] and all z,y € R. Moreover, in view of (3.30), a and /3 are the lower and upper
functions of the equation

u’' = f(t,u,u) (3.34)

and thus, it follows from Lemma 3.3 with £(t, z) %ef ¢*(t) that problem (3.34),(1.2) has a solution u
satisfying (1.7). Obviously, x,, (¢, u(t)) = u(t) for t € [a,b]. On the other hand, in view of (3.32) and
(3.33), condition (1.9) yields
ft. @ y) seny = xa W) f (1 X0s (), y) sy
< Xa W)w(y) (h(t) + |y]) < w(y)(h(t) + |y|) for ae. t€[a,b] and all z,y €R, |yl > R.
def

Since ||ullc < |lellc + [|8]lc, Lemma 3.4 with r = ||allc + ||B]lc guarantees that ||u'||c < o < A, and
thus x, (v/(t)) = 1 for t € [a,b]. Consequently, u is also a solution to equation (1.1). O

Proof of Theorem 3.2. The proof is analogous to that of Theorem 3.1; the only difference is that we
apply Lemma 3.5 instead of Lemma 3.4. O

Proof of Theorem 3.3. Assume that the hypotheses of Theorem 3.1 (resp. Theorem 3.2) are fulfilled
and let ¢ € ['(a+), o' (a+)] be arbitrary. Put

U, {u: wis a solution to problem (1.1), (1.2) satisfying (1.7)}.

Theorem 3.1 (resp. Theorem 3.2) guarantees that U, # @. Obviously, |lullc < |lallc + ||8llc for

every u € U,. Moreover, it follows from Lemma 3.4 (resp. Lemma 3.5) with r def lealle + 18lle

and f(t,:c,y) <f f(t,x.s(t,x),y), where x_, is given by (3.31), that there exists o > 0 such that

|u'||c < o for every u € U,. Consequently, using the standard arguments, we easily show that the set
U, is compact in the space C*([a, b]; R).

Define the functional
b

F(u) dzef/u(s) ds for u € C'([a,b];R).
a
This functional is evidently continuous, and thus it attains maximal and minimal values on the compact
set U. at some elements up; € U, and u,, € U, respectively. We show that uys is a maximal solution

to problem (1.1), (1.2) in the segment [«, ].
Suppose on the contrary that ug is a solution to (1.1), (1.2) such that

at) <wug(t) < B(t) for t € la,b], wuo(to) > un(ty) for some ty € [a,]. (3.35)

Then there are three possibilities:
€

If ug(t) > ups(t) for t € [a,b], we put ag(t) et uo(t) for ¢ € [a, b].
If min{ug(t) — upr(t) : t € [a,b]} < 0 and ug(a) > upr(a), we put

ao 2 sup {t € [a,b] : uo(s) > un(s) for s € [a, 1]},

bo d:finf{t € la,b] : ug(s) > upr(s) for s € [t,b]}.

Then a < ag < by < b,
uo(t) > up(t) for ¢ € la,ap[U]bg,b], (3.36)

and ug(ao) = unr(ao), un(bo) = uo(bo), u(ao) < u)y,(ao), uy(bo) < ug(bo). In this case, we define
the function ag by the formula

a0 () def ug(t) for t € [a,ao[U]bg, ],
0 up(t) for t € [ag, bo)-
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If min{ug(t) —up(t) : t € [a,b]} < 0 and ugp(a) < ups(a), then tg €la,b[, and we put

ao def inf{t € [a,to] : uo(s) > up(s) for s € [t,to]},
bo & sup {t € [to,b] : uo(s) > un(s) for s € [to,t]}.
Then a < ag < by < b,

uo(t) > up(t) for t €lag,bol, (3.37)

uo(ao) = unr(ao), unrr(bo) = uo(bo),

and u),(ag) < ug(ao), up(be) < uh,(bo) if by < b. In this case, we define the function ag by the
formula

up(t) for t € [a,ao],
ap(t) = S uo(t) for t €lag,bol,
UM(t) for t e [bo,b}

One can show that, in all three cases, we have o € ACy([a, b]; R),

agla) =c¢, apla) = ap(b),
ag(t) = f(t,ao(t), ay(t)) for a.e. t € [a,b],
ap(t) < B(t) for t € [a,b],

and, moreover, (3.35), (3.36), and (3.37) lead to
max {ao(t) — up(t) : t € [a,b]} > 0. (3.38)

Therefore, it follows from Theorem 3.1 (resp. Theorem 3.2) with «(t) Lf ap(t) that problem (1.1), (1.2)

has a solution u satisfying
up(t) < ap(t) <u(t) < B(t) for t € a,b, (3.39)

and thus @ € U,. However, in view of (3.38) and (3.39), we get F(u) > F(ups), which contradicts the
fact that F attains its maximal value on U, at uy;.

One can show in a similar manner that u,, is a minimal solution to problem (1.1),(1.2) in the
segment [«, f3]. O

4 Applications of main results

In this section, we provide the consequences of the main results for a pendulum inside a closed box,
which moves in a plane. More precisely, consider a free damped pendulum consisting of a small solid
of the weight m attached to the massless rod of the length ¢ (see Fig. 1).

The pendulum swings inside a closed box filled with a fluid; the given functions ¢ and ¢ determine
box’s position in time. This is a system with one degree of freedom, described by the generalized
coordinate 6, whose Lagrangian is of the form

def T

L(8,6,8) % T () + h cos6)* + (1) —Eésin@)z] — mg(p(t) + L cosB),
because for the z,y coordinates of the solid, we have © = @(t) + ¢sinf and y = ¥(t) + Lcosé.
The pendulum moves throughout a fluid; neglecting compressive forces on the solid’s surface and

considering the simplest model of fluid friction, the viscous friction force is given by the formula

Fiic = — e = —p(d — G(t), 5 — (t)) = —ulh(— cos b, sin 0),
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where p is a viscous friction coefficient and v, is the relative velocity between the fluid and solid.
Therefore, the corresponding generalized force is

= 0 = 0 )
Q - FfriC ! %(Iay) - Ffric . %(@(t) + ESIHG,
y = () + L cos ) = —ulb(cos b, —sin 0) - (£ cos O, —Lsin ) = —pl?0.

Consequently, the Lagrange equation

d
Ly,—L
X 0 =@Q
leads to the equation of motion
Gl PO o (B4 PO e
9+m9—|— 7 cos 6 (g+ 7 )smH—O. (4.1)

It is worth mentioning here that if we consider another model of fluid friction, namely, ﬁfric =
— 14| Urel|Urel, then (4.1) involves the term “— \9\0 instead of £ 0.

Courant and Robbins in their book “What is Mathematics” (see [1]) formulated a problem posed
by H. Whitney. The problem is stated as follows. “Suppose a train travels from station A to station
B along a straight section of track. The journey need not be of uniform speed or acceleration. The
train may act in any manner, speeding up, slowing down, coming to a halt, or even backing up for
a while, before reaching B. But the exact motion of the train is supposed to be known in advance;
that is, the function s = p(¢) is given, where s is the distance of the train from station A, and ¢ is the
time, measured from the instant of departure. On the floor of one of the cars, a rod is pivoted so that
it may move without friction either forward or backward until it touches the floor. If it does touch
the floor, we assume that it remains on the floor henceforth; this will be the case if the rod does not
bounce. Is it possible to place the rod in such a position that, if it is released at the instant when the
train starts and allowed to move solely under the influence of gravity and the motion of the train, it
will not fall to the floor during the entire journey from A to B?” It is clear that, assuming a point
mass m is attached to the massless rod instead of the rod itself (see Fig. 2), a motion of the rod is
determined by a solution to the equation

¢(t)

é+70089—%sin9:0

on the interval [0, T] satisfying the condition

~Z o) < g for t € [0,7]. (4.2)
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Inspired by the above problems, we now apply the main results and provide the effective conditions
for the existence as well as uniqueness of a solution u to the equation

u” = p(t)sinu + g(t) cosu + h(t)|u'|* sgna’ (), (4.3)

satisfying the boundary conditions of types (1.2), (1.4), and (1.5), and the inequalities —5 < u(t) <
for t €]a,b[. In what follows, we assume that p, g, h € L' ([a,b]; R) and A > 1.

Let us start with a lemma that guarantees, in fact, that if p(¢) > 0, then no non-constant solution
to equation (4.3) can “touch —% and 7"

s
2

Lemma 4.1. Let A> 1, a <t; <ty <D,
p(t) >0 for a.e. t € [t1,ts], (4.4)

and u be a solution to equation (4.3) satisfying

T o) < g for t € [t1,ta], (4.5)
u'(t1) =0, u(te) € } — 3 5[ (resp. u(ty) € } — g, g[, u(t2) = 0),
then —5 < wu(t) < 5 fort € [t,ta].

Proof. Assume that v'(t1) = 0 and u(te) €] — 5, 5[ (if u(t1) €] — 3, [ and /(t2) = 0, the proof is
analogous).
We first show that -
u(t) < 5 for t € [ti1,ta]. (4.6)

Indeed, suppose on the contrary that (4.6) does not hold. Then there exists tg € [t1,t2[ such that

™

ulto) = 7. (47)

which, together with (4.5) and the assumption u’(¢1) = 0, yields

u(to) = 0. (4.8)
Moreover, in view of (4.5) and (4.7), there exists t* € Jtg, t2] such that
0<u(t) < g for t € [to,t*], u(t’) < g (4.9)

Using (4.4) and (4.9), from (4.3) we get

—u"(t) = —p(t) sinu(t) — g(t) cosu(t) — h(t)u' (t)* '/ (t) < [g(t)| cos u(t) — h(t)|u'(t)*~ ' (1)
for a.e. t € [to,1"]

(we put |[v/(t)|*~1 = 1 if A = 1), and thus, for a.e. t € [ty,t*], the inequality

N IO I U — [ R’ ()t dn
(u'(t)e ‘o ) <lg(t)]e *o cos u(t)
holds.
Integrating this inequality over the interval [to,t] and taking into account (4.8) and the inequality

cosxz < § —x for z € [0, 5], we arrive at

t t
(5 () = (1) < / g(s)je LT u(s) ds

to
t
™

< e (bl 137 [ 1] (5 = uls) s for t € fo.t°]

to
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Integrating this inequality over the interval [y, ¢] once more and using (4.5) and (4.7), we obtain

t

0< g —u(t) < exp (||hll gl 57) / (/ Ig(ﬁ)l(g = U(f)) dé) ds

to

sw—mmmﬂwmmmgv/W@(g—maymmrmwmm.

Therefore, the Gronwall-Bellman lemma yields § — u(¢*) < 0, which contradicts (4.9). The obtained
contradiction proves that inequality (4.6) holds.

On the other hand, the inequality u(t) > —7 for ¢ € [t1, 2] follows from the above-proved inequality
(4.6) and the fact that —u is a solution to equation

"

u" = p(t)sinu — g(t) cosu + h(t)[u'|* sgna’(t). O
The following lemma obviously holds.

Lemma 4.2. Let
p(t) >0 fora.e. t€a,b], p(t)Z0 onla,b]. (4.10)

Then «(t) &f _=x , B(t) et 5 for t € [a,b] are the well-ordered lower and upper functions of equa-

tion (4.3). ’
The following proposition concerning the boundary conditions
u'(a) =0, wu(a)=u(b) (4.11)
follows from Theorems 3.2, 3.3 and Lemmas 4.1, 4.2.

Proposition 4.1. Let A > 1 and p,g,h € L'([a,b];R) be such that (4.10) holds and

[h)+ € L= ([a,b];Ry), if A e]L,2[,
W+ € L=([a,b);RL), if A=2, (4.12)
[h(t)]+ =0 onla,b], if X>2.

Then problem (4.3),(4.11) has a mazimal solution u* and a minimal solution u, in the segment
(=5, 5], and =5 <wu.(t) <u*(t) < T fortc [a,b].

For the Dirichlet problem, from Theorems 1.1, 3.4 and Lemmas 4.1, 4.2, we get

Proposition 4.2. Let A > 1 and p,g,h € L'([a,b];R) be such that (4.10) and (4.12) are fulfilled.
Then, for any c1 € [=%,%5] and ¢ € [=5,T], problem (4.3),(1.4) has a mazimal solution u* and
a minimal solution u, in the segment [—F, T], and —F < u.(t) <u*(t) < § fort €la,bl.

For the boundary conditions
u'(a) =0, wu(b)=c, (4.13)

Theorems 1.2, 3.5 and Lemmas 4.1, 4.2 yield

Proposition 4.3. Let A > 1 and p,g,h € L'([a,b];R) be such that (4.10) and (4.12) are fulfilled.
Then, for any c¢ € [—=5, 5], problem (4.3), (4.13) has a mazimal solution u* and a minimal solution
uy in the segment [—3, T], and —5 < u.(t) <u*(t) < § fort € [a,b].

If the coefficient g does not change its sign, Proposition 4.1 can be refined.
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Proposition 4.4. Leti € {1,2} and p,g,h € L'([a,b];R) be such that (4.10) and (4.12) hold and
(=1)'g(t) > 0 for a.e. t € [a,b]. (4.14)
Then problem (4.3), (4.11) has a unique solution u satisfying

—— <ut) <

for t € [a,b] (4.15)

o 3
o

and, moreover,
0< (—1)*u(t) < g for t € [a,b]. (4.16)

Proof. Assume that ¢ = 1. Let u be a solution to problem (4.3), (4.11) satisfying (4.15). Proposition 4.1
yields =3 < wu(t) < § for t € [a,b]. We show that

u(t) >0 for t € [a,b)]. (4.17)

Suppose on the contrary that (4.17) does not hold. Then, in view of (4.11), there exists ¢y € [a, b]
such that
u(to) <0, u'(ty) =0. (4.18)

Put
bo = sup {t € [to,b] : u(s) <O for s € [to,t]}.

It is clear that
u(t) <0 for t e [to,bo[, u(bo) =0 if by < b. (419)

By virtue of (4.10) and (4.14), it follows from (4.3) that
u' (t) = p(t) sinu(t) + g(t) cosu(t) + h(t)|u' ()| sgnw’ (t) < h(t)[u/ ()|}~ 1/ (t) for a.e. t € [to, bo]
(we put |[u/(t)|*~! =1 if A = 1), which yields

, J h(s)|u/ (s)|* " ds ,

(' (¢) efo ) <0 for a.e. t € [to, bo).
This inequality, together with the second condition in (4.18), results in
u'(t) <0 for t € [to,bol, (4.20)
and therefore, using (4.19), we get by = b and u(b) < 0. Consequently, the second condition in (4.11)
implies u(a) < 0.
If tg > a, we put ag = sup{t € [a,to] : u(s) <0 for s € [a,t]}. It is clear that

u(t) <0 for t € [a,a0[, wu(ag)=0 if ag < to. (4.21)

In a similar manner as above, we obtain

th(s)\u/(s)|>"1ds
e{ )/ <0 for a.e. t € [a,ag]

(0
(we put |u/(s)|}~! =1 if A = 1) which, in view of the first condition in (4.11), yields

u'(t) <0 for t € [a,a0). (4.22)
Therefore, using (4.21), we get ag = to, and thus, it follows from (4.20) and (4.22) that

u'(t) <0 for ¢ € [a,b], (4.23)

since we have proved that by = b. If ¢ty = a, inequality (4.23) follows immediately from (4.20).
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Now, the second condition in (4.11) and (4.23) lead to u(t) = u(tg) for t € [a,b].
%,0[, in view of (4.10) and (4.14), from (4.3) we get 0 = p(t) sinu(to)+g(t) cos u(to) <
for a.e. t € [a,b]. Consequently, p(t) = 0 for a.e. ¢ € [a,b], which contradicts (4.10
contradiction proves that for any solution u to problem (4.3), (4.11) satisfying (4.15),
holds.

We now show that problem (4.3),(4.11) has a unique solution v satisfying (4.15). According to
Proposition 4.1, there are a maximal solution u* and a minimal solution w, of problem (4.3), (4.11)

in the segment [75, 7). Tt follows from the above-proved fact that

Since u(ty) €] —
p(t) sinu(ty) <0
0). The obtained
condition (4.16)

0 < u,(t) <ut(t) < g for ¢ € [a,b]. (4.24)

Suppose that
max {u*(t) —u.(t) : t € [a,b]} > 0. (4.25)
Since, for any t* € [a,b] and ¢;, c2 € R, the Cauchy problem

u” = p(t)sinu + g(t) cosu + h(t)|u/ [N sgna' (t);  w(t®) = ¢, o/ (t*) =co
is uniquely solvable, in view of (4.24) and (4.25), we get

0 < uu(t) < u'(t) < g for ¢ € [a, b]. (4.26)

Put w(t) = u*(t) — u«(t) for ¢t € [a,b] and

|2|* sgna — |y|* sgny

(w,y) = z—y
A|z|At for z,y e R, z =y

for z,y € R, x #y,

(we put |z|*~! = 1if A = 1). One can show that the function v is continuous on R?. Then, in view
of (4.10), (4.14), and (4.26), equation (4.3) yields

w”(t) = p(t) [sinu*(t) — sinu.(t)] + g(t) [ cosu*(t) — cosu,(t)]
(o) [l (1) s () — [, (8) s, (8)] > h()r(u(8), wl (£)w' () for ace. ¢ € [a,b],

which leads to
h(s)y(u™'(s),ul(s)) ds
(w'(t) e{ K )/ <0 for a.e. t € [a,b]. (4.27)

Moreover, using (4.11), we get
w'(a) =0, w(a)=w(b), (4.28)

and thus it follows from (4.27) that w’(t) > 0 for t € [a,b]. Therefore, by virtue of the second condition
n (4.28), the latter inequality guarantees that w(t) = w(a) for ¢ € [a,b]. Hence, taking into account
(4.10), (4.14), and (4.26), from (4.3) we arrive at

0 = p(t)[sinu*(t) — sinu,(t)] + g(t) [ cosu™ (t) — cosu,(t)]
> p(t)[sinu*(t) — sinu,(t)] >0 for a.e. t € [a,b].

Consequently, p(t) = 0 for a.e. t € [a,b] (see (4.26)), which contradicts (4.10). The obtained con-
tradiction proves that u*(t) = u.(t) for t € [a,b], and therefore, problem (4.3),(4.11) has a unique
solution u satisfying (4.15).

For ¢ = 2, the conclusions of the proposition follows from the above-proved case i = 1 and the fact
that u is a solution to problem (4.3), (4.11) if and only if —u is a solution to the problem

u” = p(t)sinu — g(t) cosu + h(t)|u' |} sgnu'(t);  w(a’) =0, u(a) = u(b). O
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4.1 On the Whitney problem

As a possible use of Propositions 4.1, 4.2, 4.3, and 4.4, we provide three modifications of the Whitney
problem, which is formulated on p. 104.

Question 4.1. Is there any initial position 6y of the rod such that if the motion of the rod starts at
station A (i.e., at time ¢ = 0) from the position 6y with zero angular velocity, then the rod is again
at station B (i.e., at time ¢ = T') in the position 6y, without the rod touching the floor during the
motion?

Propositions 4.1 and 4.4 yield

Corollary 4.1. The problem

b+ @ cos 6 — % sinf =0; 6(0) =0, 6(0)=0(T) (4.29)

has a mazimal solution 6* and a minimal solution 0. in the segment [—75, %3], and —F5 < 0.(t) <

6*(t) < § forte[0,T].
Moreover, if

either ¢(t) >0 for a.e. t€[0,T], or ¢(t) <0 fora.e. te]0,T],
then problem (4.29) has a unique solution 0 satisfying (4.2).
Answer 4.1. Yes; 6y = 6(0), where 6 is a solution to problem (4.29).

Question 4.2. Let the initial position 6y and the terminal position 67 of the rod be given. Is there
any initial angular velocity wy of the rod such that if the motion of the rod starts at station A (i.e.,
at time ¢ = 0) from the position 6y with the velocity wg, then the rod is at station B (i.e., at time
t =T) in the position O, without the rod touching the floor during the motion?

Proposition 4.2 implies

Corollary 4.2. For any 6y, 01 € [—5 , 5], the problem

6+ @ cosf — % sinfd =0; 6(0) =10y, 6(T)=0r (4.30)

has a mazimal solution 6* and a minimal solution 0. in the segment [—5, %], and —F < 0.(t) <
0*(t) < § fort e]0,TY.

Answer 4.2. Yes; wo = 0(0), where 6 is a solution to problem (4.30).

Question 4.3. Let the terminal position 67 of the rod be given. Is there any initial position 6y of
the rod such that if the motion of the rod starts at station A (i.e., at time ¢t = 0) from the position
0y with zero angular velocity, then the rod is at station B (i.e., at time ¢ = T) in the position 0r,
without the rod touching the floor during the motion?

Proposition 4.2 implies

Corollary 4.3. For any O € [-7 , 5], the problem

é—&-@ cos — % sinf =0; 6(0)=0, 0(T)=6r (4.31)

has a mazimal solution 6* and a minimal solution 0. in the segment [—5, %], and —F < 0.(t) <
0*(t) < § fort € [0,T].

Answer 4.3. Yes; 6y = 0(0), where 6 is a solution to problem (4.31).

Observe that using Corollary 4.3, one can easily prove
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Corollary 4.4. Let Oy := 6%(0), where 6* is a mazimal solution to the problem

6 #cos&—%sinﬂzo; 6(0) =0, 6(T) =

Then, for any 0y € |0max, 5|, the initial value problem

. Bt .
b+ %ﬂ cos 6 — % sinf=0; 6(0) =6, 6(0)=0

has a unique solution 6 and this solution satisfies 0(t) = T for some t €]0,T7.

It follows from Corollary 4.4 that if the motion of the rod starts at station A (i.e., at time ¢ = 0)
from the position 0 € |0max, 5[ With zero angular velocity, then the rod falls to the floor before the
train reaches station B.
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