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1 Introduction

The theory of differential equations with impulse action began with the article by V. D. Mil’'man
and A. D. Myshkis [17] in 1960. Impulse differential equations, which describe phenomena involving
impulse actions, provide a natural framework for modeling the evolution of many real-world problems.
The basis of this theory was the fundamental results of A. M. Samoylenko and M. O. Perestyuk, as
presented in their monographs [26,27]. Later, many scientists studied this theory, contributing to its
rapid development (see [2-5,13,19,23,25] and the references therein).

As is known, an impulse system consists of three components: a continuous-time differential equa-
tion, which governs the state of the system between impulses; an impulse equation that models the
impulse action; and the conditions under which the impulse action occurs. It is evident that the
development of the theory of differential equations with fractional derivatives, set-valued differential
equations, and fuzzy differential equations has led to corresponding results in the theory of impulsive
systems (see [1,5,6,9,14,15,19-23,28,29,31] and the references therein).

The article is devoted to the linear set-valued Cauchy problem with the conformable fractional-
fractal derivative and is organized as follows. Section 2 of this article introduces the notion of a con-
formable fractional-fractal derivative for a set-valued mappings, which extends both the conformable
fractional derivative and the fractal derivative. Its fundamental properties are established and proved.
Section 3 addresses the Cauchy problem for a linear set-valued differential equation involving the con-
formable fractional-fractal derivative and derives an explicit analytical solution. Finally, Section 4
examines the Cauchy problem for an impulsive linear set-valued differential equation with the con-
formable fractional-fractal derivative and also presents an analytical solution.

2 Preliminaries

Let R be the set of real numbers and R™ be the n-dimensional Euclidean space (n > 2). Denote by
conv(R™) the set of nonempty compact and convex subsets of R™ with the Hausdorff metric

h(X,Y :max{su inf || — yl||, sup inf ||z — },
(X,Y) zegyeyll vl yegzexll yl

where X, Y € conv(R"™), (]| - || denotes the Euclidean norm).

In addition to the usual set-theoretic operations, the following operations in the space conuv(R™)
are introduced: the sum of the sets, the product of the scalar on the set and the operation of the
product of the matrix on the set:

X+Y= |J {ze+y}, XX= {2}, Ax = {4z},
zEX, yeY zeX zeX

where X,Y € conv(R™), A € R, A € R"*".
Lemma 2.1 ([24]). The following properties hold:
1) (conv(R™),h) is a complete metric space;
9) X+Y €comw(®), X+Y =Y+ X, (X+Y)+Z=X+(Y + 2);
3) aX € conv(R"™);
4) a(fX)=(af)X, a(X +Y)=aX +aY, (a+ )X CaX + X;
5) AX € conv(R");
6) AX +Y)=AX + AY, (A+ B)X C AX + BX;

7

(
(
(
(
(
(
(7) WX + Z,Y + Z) = h(X,Y);
(

)
)
)
)
)
)
)
)

8) h(aX,aY) = |alh(X,Y) for all X,Y,Z € conv(R™), o, 8 € R and A, B € R"*"™,
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However, conv(R™) is not a linear space, since it does not contain inverse elements for addition,
and hence the difference is not well-defined. That is, if X € conv(R™) and X # {x}, then there doesn’t
exist (—X) such that X + (—X) # {0}, where 0 = (0,...,0)T is the zero vector. As a consequence,
alternative formulations for difference have been suggested in [12,19,22-24]. One of these alternatives
is the Hukuhara difference [10].

Definition 2.1 ([10]). Let X,Y € conv(R™). A set Z € conv(R™) such that X =Y + Z is called a
Hukuhara difference (H-difference) of the sets X and Y and is denoted by X LY.

In this case, XL X = {0} and (X + V)ZLY = X for any X,Y € conv(R"), but obviously,
XAy £ X 4 (~1)Y. The properties of this difference are studied in detail in [19,22-24].

Let X : [0,T] — conv(R™) be a set-valued mapping; k : [0,7] x (0,1] — R4 be a continuous
function such that k(t,«) > 0 for all (¢t,«) € (0,7] x (0,1], and k(¢t,1) = 1 for all ¢t € [0,T]; m :
[0,7] x (0,1] — R4 be a continuously differentiable function such that m(t, 5) > 0 and W >0
for all (¢, 8) € (0,7] x (0,1], and 2™ED = 1 for all ¢ € [0, 7).

Definition 2.2. Let t € (0,T) and «, 8 € (0,1]. If the Hukuhara differences X (¢ + ek(t,a)) 2L X (t)

and X (t)L X (t — ek(t, a)) exist for all sufficiently small ¢ > 0 and there exists Zg € conv(R") such
that the equality

lim (m(t + &, 5) — m(. ) X (+ ek(t o)) 2 X (1))

=lim (m(t, ) — m(t — e, B)) X ()X (t —ck(t, ) = 25 (2.1)

holds, then we say that the set-valued mapping X ( -) has a conformable fractional-fractal deriva-
tive of order («, /) at the point ¢ € (0,7') and DFX (t) = Zg.

If DG X(t) exists for all ¢ € (0,T) and ltii%l DgX(t) and %1%11 DG X(t) exist, then we assume that
DgX(0) = ltIg)l DgX(t) and DFX(T) = }tlTnTlD,@X(t).
Definition 2.3. If the conformable fractional-fractal derivative of order (o, 8) D§X(t) exists for all
t € [0,T], then we say that the set-valued mapping X(-) is (o, §)-differentiable on [0, 7.
Remark 2.1. 1f k(t,a) = 1= and m(t, 3) = t, then equality (2.1) has the form

: -1 l—a\ H S H -1 H _ lma)) . pa
1511515 (X(t+et'=*)LX(1)) 15%15 (X)X (t—et'™)) =27,

and DG X(t) is a conformable fractional derivative of order a D*X(¢) at the point ¢ € (0,7,
that was considered in [11,16,18,30].

Remark 2.2. If k(t,a) = 1 and m(t, 8) = t”, then equality (2.1) has the form

lim (¢ +¢)° - ) (X (¢ + o) L X (1) = lim (1 — (t )TN X W) EX(t - e)) = Zs,

and D§X (1) is a fractal derivative of order 8 DX (t) at the point ¢ € (0,7'), that generalizes the
Chen—Hausdorf! fractal derivative [7,8] to the case of set-valued mappings.

Next, we provide some properties of the conformable fractional-fractal derivative of order (a, 3).

Lemma 2.2. If the set-valued mapping X (-) is («, B)-differentiable at the point t € (0,T), then
D§X (t) = (mi(t, B))'k(t,a)Du X (t), where Dy X (t) is the Hukuhara derivative [10].

Proof. If the set-valued mapping X () is (a, §)-differentiable at the point ¢ € (0,T'), then we have
DX (1) = lim (m(t +&,5) - m(t, 8)) " (X (t + ek(t, ) £ X (¢))
£

= lim (m(t +2,8) —m(t,8)) ‘e e (X (t + ek(t, a)) L X (1))
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=lim (m(t +¢, ) = m(t, B)) ‘e 15{’85_1 (X (t+ ek(t, a)) L X (1))

_ 1 Sl H
= m(t+sﬁg—m(t,ﬁ) -lslfols (X(t+ek(t,a)LX(1)).

el0

As m(t, B) is differentiable with respect to ¢, then

1 / B
mren-ms — (et 8)

lim
0 €
Let h = ek(t, «). Tt is obvious that liﬁ)l ek(t,a) = 04 for all ¢ € (0,T). Then
£
liﬁ)l e N (X (t+ek(t, ) L X () = 1}5% k(t,a)h (X (t+ h)ELX (1)) = k(t,a) Dy X (1),

ie., DGX(t) = (my(t,B)) " k(t, ) D X (1).

Similarly,
DEX(t) =lim (m(t, ) = m(t = &, 8)) " (X()HEX(t ~ eh(t, )
1 . —
= map e e (X)X (¢t eh(t,))
el0 €
= (mi(t, 8) " k(t, ) D X (¢). 0

Remark 2.3. From Lemma 2.2 we conclude that the necessary and sufficient condition for the existence
of a conformable fractional-fractal derivative D3 X (¢) of order (a, ) for the set-valued mapping X (- )
is the existence of the Hukuhara derivative Dy X (t).

Remark 2.4. From Lemma 2.2 and Remark 2.3, we have that if a mapping X (- ) is («, 8)-differentiable,
then it is continuous.

Lemma 2.3. If the set-valued mapping X (t) = X for all t € [0,T], then Dz X(t) = {0}.

Proof. By Lemma 2.2, we have DX (t) = (mj(t,3))"k(t,a)Dg X (t). As X(t) = X for all t € [0,T]
and DX = {0}, then DGX (t) = (mj(t, 3))""k(t,a){0} = {0}. O

Lemma 2.4. If the set-valued mappings X (-) and Y () are («, 8)-differentiable at the pointt € (0,T),
then D3(AX(t) + BY (t)) = ADGX(t) + BDgY (t), where A, B € R"*".

Proof. By Lemma 2.2, we have
D§X(t) = (my(t, 8)) " "k(t,a)DpX(t) and DFY (t) = (mj(t, 8))"'k(t,a)DgY (t).
Then
ADGX(t) + BDFY (t) = A(mi(t, 8)) " k(t,0) Du X (1) + B(mi(t, 8)) " k(t, ) DY (1),
Likewise,
DE(AX(t) + BY (1)) = (my(t, 8)) ' k(t, ) Du (AX (t) + BY (t))
= A(mi(t, 6)) 7 k(t, ) D X (t) + B(my(t, B)) "' k(t, ) Dy Y (t). .
Definition 2.4. The conformable fractional-fractal integral of set-valued mapping X (-) is
¢
defined by I§ X (t) = [ m/(s, B)k~1(s,a)X(s)ds, t > 0, where the integral on the right-hand side is
0

understood in the sense of Hukuhara integral [10].
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Lemma 2.5. If the set-valued mapping X (-) is continuous on [0, T], then DFIgX (t)=X(t), t€ (0,T).

t
Proof. Tf the set-valued mapping X (-) is continuous on [0, T, then I§ X (t) = fm/(s, 8)k~"(s,a) X (s) ds
0

exists for all t € [0,7]. By [10], the set-valued mapping /§ X (t) is Hukuhara differentiable and
DgIgX (t) = (my(t, B))~k(t, ) DerIg X (t). Then

DSI5X(6) = (i1, )bt ) D [ s, 6047 5, X5 s
0

= (my(t, 6)) " k(t, a)my(t, Bk (8, a) X (1) = X (). B
Lemma 2.6. If the set-valued mapping X(-) is (a, 8)-differentiable on [0,T], then IgDgX(t) =
X ()2 X(0).
Proof. If the set-valued mapping X () is («, 8)-differentiable on [0, 7], then
DX () = (my(t, 8))"'k(t, ) Du X (t).
Hence,

t

IngX(t)z/m;(s,ﬁ)k*(s,a)(m;(s,ﬁ))*lk(s,a)DHX(s) ds:/DHX(s) ds=X(1)LX(0). O
0 0

Remark 2.5. Obviously, if @ = 1 and m}(t,1) = 1, then D} X () coincides with the Hukuhara derivative
and I{ X (t) coincides with the Hukuhara integral.

This also holds for the derivatives considered in Remarks 2.1 and 2.2. As the corresponding
integrals have the form

t t
I*X(¢) :/so‘_lX(s) ds and IgX(t) :/ﬁsﬁ_lX(s) ds,
0 0

then

I'X(t)=LX(t) = /X(s) ds.
0

3 Linear set-valued differential equation with conformable
fractional-fractal derivative

Consider the Cauchy problem for a linear set-valued differential equation of order («, 3)
DEX(t) = AX(t), X(0) = Xo, (3.1)

where a, 8 € (0,1], X : [0,T] — conv(R™) is an unknown set-valued mapping, A € R"*" is a
nondegenerate matrix, Xy € conv(R™).

Definition 3.1. A set-valued mapping X,z : [0,7] — conv(R"™) is called a solution of the Cauchy
problem (3.1) if it is continuous and satisfies differential equation (3.1) for all ¢t € [0, T] and X (0) = X.

Theorem 3.1. The Cauchy problem (3.1) has the following solution:

oo [fm;(s,ﬁ)k_l(s,a) ds]i '
Xoé,g(t) =X0+Z{ 0 q AZXo}v

where t € [0,T.



Solution of the Cauchy Problem for Impulsive Linear Set-Valued DEs 87

Proof. First, we establish some properties of the set-valued mapping (3.2).
Let 6 = h(Xo,0), n = ||All, v = max |2 — yl| and let ¢ be such that Xo C By(c) = {z € R":
T,y€Xo

lz —c|| < Z}. Let also

[ (s, Bk (5,0) ]’ )
0 A'Xo, XI(t,a,B)=> Xi(t,a,p).

=0

Xi(t,ﬂf,ﬁ) =

7!

As mj(t,8) > 0 and k(t,«) > 0 for all t € [0,T], «, B € (0, 1], then
t T
[ it 9k (s, ds < [l (s, Bk (s,0) ds = (T 5)
0 0

for all t € [0,7] and
Z M n'6 = eX(TeBing,
il
1=0

Since for any p > ¢ (p,q € N) and for all ¢ € [0, T,

» [jm;(s,ﬁ)k’_l(s,a) ds]i _
h(Xp@,QJQ,Xq@,a4%)§§h< > { 0 , AKXO}ﬁh}>

1!
1=q+1

il

» [jm;(s,ﬁ)k_l(s,a) ds}i _
& |

for any £ >0 one can find N(g) >0 such that for all p> ¢ > N(¢) inequality h(XP?(t,a, 8), XU(t, o, B)) < e
is satisfied, i.e., the sequence {X*(t,«, 3)}32, converges uniformly to X,z(t).
Also, as Xo C By(c) =c+ 3 B1(0), and forall i = 1,2,...,

t

[ [ml(s,B)k™ (s, ) ds]i [jm;(s,ﬁ)k:_l(s,a) ds]i

Xi(t,a,8) € -2 : Ale 4 -0 . 14| 2 By (0),
7! 1! 2
then
t ; ¢ ;
s | Jmi(s, Bk (s, ) ds] s [ Jmi(s, Bk (s, a)ds]
Xap(t) €Y = g Aty = g 1A%l 5 Bi(0)
i=0 ' i=0 ’
tm;(s,ﬁ)k_l(s,a) ds| A tm;(s,ﬁ)k_l(s,a) ds|||All
ge[ﬂf ) c—F;leu ) B1(0).

Let us prove that X,5(-) is a solution of the Cauchy problem (3.1) by directly substituting
the set-valued mapping X,g(-) into the differential equation (3.1) and checking that the identity
D Xap(t) = AXqp(t) is satisfied.

By Lemma 2.2, we have D§ Xoz(t) = (mj(t, 8)) "' k(t, ) Dy Xap(t). Since Dy Xo = {0} and

[ftm’s(sﬁ)k_l(&a) ds]i [}m’s(s,ﬂ)k_l(s,a) ds}i_l
DH< 0 AZ’X(J)

= mi(t, Bk (¢, @) =2 =y A1 X,

i!
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foralli=1,2,..., and

pt (i—1)!
Therefore,
0o [fm’s(s,ﬁ)k‘_l(s,a) ds]i_1 |
D§Xap(t) = (my(t, 8)) " k(t, a)my(t, B)k~ 1 (t, @) ;{ v G AZXo}
o [Ofm;(s,ﬁ)k_l(s,a)ds]i_l |
) Z_;{ ] AZXO}
0o [ftm;(s,ﬁ)k_l(s,a) ds]i
:AX0+AZ{ 0 i AiXo}
= AXag(t),Z_
i.e., DgXaﬁ(t) = AXag(t). O

Remark 3.1. Since (A+ B)Xy C AXy+ BXy, where A, B € R"*" X, € conv(R™), we have

t

o ([ Jmi(s,B)k (s,0) ds]’ .
Yop(t) = (Z{ 0 . Al}>X0 :eof "(s,8)k (s,2) d AXO

7!
i=0

o [ftm;(s,ﬁ)kfl(s,a) ds]i
CX0+Z{ 0 : AiXO} = Xop(t).
=1

i!
It is easy to verify that Y,z(¢) is a solution to the following Cauchy problem:
Dgy(t) = Ay(t)v y(O) € X07

where y € R™.

Note also that the equality X,s(t) = Y,5(t) may hold, for example, if the matrix A has coinciding
singular values and the set X is a ball of radius r centered at 0.
Corollary 1. If A is a positive-definite matriz, then

o [ftm’s(s,ﬂ)kfl(s,a) ds}i
Xa[g(t):Xo—f—UZ{ 0 Z7;20}7

where t € [0,T], USUT is the singular-valued decomposition of the matriz A, Zo = UL X.

Corollary 2. If k(t,a) = t'=, m(t,3) = t® and o € (0,1), 8 = 1, then we obtain the Cauchy
problem for a differential equation with conformable fractional derivative of order a: D*X (t) = AX (t),

X(0) = Xo. Then the solution has the following form: X (t) = Xo + ;{ At Xo}.

il

tia

a’i!
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Corollary 3. If k(t,a) = t'=%, m(t,8) = t* and B € (0,1), a = 1, then we obtain the Cauchy
problem for a differential equation with fractal derivative of order 8: DgX(t) = AX(t), X(0) = Xj.

Then the solution has the following form: X (t) = Xo + E{t;—,ﬁ A" Xy}
i=1

Corollary 4. If k(t,a) = 1=, m(t,3) = t° and a = 3 = 1, then we obtain the Cauchy problem for
a differential equation with the Hukuhara derivative DX (t) = AX(t), X(0) = Xo. Then the solution

has the following form: X (t) = Xo+ > {4 A"Xo}.
i=1

4 Impulsive linear set-valued differential equation
with conformable fractional-fractal derivative

Consider the Cauchy problem for an impulsive linear set-valued differential equation of order («, 3)
DX (t) = AX(t), t€[0,T]\{t1,...,tp}, (4.1)
X(O) = Xo, X(tl) = ClX(tz — O), ti € {tl, .. ,tp}, (42)

where a, 8 € (0,1], X : [0,T] — conv(R") is an unknown set-valued mapping, A4, C1,...,C, € R™*"
are nondegenerate matrices, Xy € conv(R"), 0 <t <ty < --- <t, < T are fixed moments of time.

Definition 4.1. A set-valued mapping X,z : [0,7] — conv(R™) is called a solution of the Cauchy
problem (4.1),(4.2) if it is piecewise-continuous and satisfies the differential equation (4.1)) for all
te [O,T] \{tl, Ce ,tp}, Xa,g(tz) = CzXaﬁ(tz — 0) forall t € {tl, . ,tp} and X(O) = Xp.

Theorem 4.1. The Cauchy problem (4.1),(4.2) has the following solution:

o [Oftm’s(s,,@)k_l(s,a) ds]i

Z-' AiXO» te [Oatl)a

{ [tftm’s(s,ﬁ)kl(s,a) ds]i

=0

Ai

=

i!

Xaﬁ(t) == t ;
o ([ ] mi(s, Bk (s, q) ds]
XC[Z{ ho _' Al x ...
P t 7!
o ([ mi(s,8)k " (s,0) ds]'
><C1Z{ 0 A AiXo}"'}} t >,
i=0 )
where t € [0,T],
O, te [O;t1)7
! max {Z < t}, te [tl,T].
i€{l,...,p}

Xap(t) = Z

=0

s ([ S mi(s, Bk (s, ) ds]i |
{ AZXO}.

By condition (4.2) and property 4) of Lemma 2.1, we have

t1

s ([ S mi(s, Bk (s, ) ds]i
Xap(t1) —Clz{ - . AiXo}.

7!
i=0
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For all ¢t € [t1,t2), we have

o [}m;(s,ﬁ)k_l(s,a) ds]i s ([ S mi(s,B)k7 (s, ) ds}i
Xag(t):Z{ n g Al xC’lz{ 0 5 AiXO}}

and

[fm’s(s,ﬁ)k_l(s,a) ds}i o [fm’s(s,ﬂ)k’l(s,a) ds]i
{ b 5 Al xClz{ 0 Aixo}}.

=0

Hence, for all t € [t1,t2), D§(Xap(t)) = AXap(t) and

Xop(te) = Cs Z ] At x O Z

=0 =0

o [?m;(s,ﬁ)k’l(s,a) ds]i s (LS mi(s,B)k7 (s, ) ds]i
{ b { Aixo}}.

And so on. O

Corollary 5. If AC; = C;A for all i € {1,...,p}, then the Cauchy problem (4.1),(4.2) has the
following solution:

[ftm’s(s, Bk~1(s,a) ds]i

Z 0 il AiXOa te [07t1)7
i=0 '

t

{ [ifm’s(s,ﬁ)k‘_l(s,a) ds]i

i!

Ai

=

Il
=]

Xap(t)= 1"

Al x -

{ [t 7 m’ (s, B)k™1(s, ) ds]i

il

o [Oms(s,ﬁ)k_l(&a)ds]i .
I

where t € [0,T7,

Conclusion

It is well known that single-valued linear differential equations with conformable fractional and fractal
derivatives are employed to model physical, biological, and engineering processes characterized by
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memory and self-similarity. Such equations have been extensively applied to anomalous diffusion,
viscoelasticity, electrical circuits with memory, pharmacokinetics, financial time series, and control
systems. The Cauchy problem addressed in this article extends these results to the cases where the
initial state is not uniquely defined. Moreover, the obtained results can be readily generalized to
situations in which the initial set is fuzzy.
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