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Abstract. In this paper, we propose a theoretical framework for approximating mild solutions of
parabolic partial differential equations (PDEs) with nonsmooth interaction functions using deep neural
networks.
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1 Introduction

Deep learning algorithms are widely used tools for approximating solutions of various classes of PDEs
[5]. In particular, the Deep Galerkin Method (DGM) employs a deep neural network instead of a linear
combination of basis functions, and is trained to satisfy the differential equation, boundary conditions,
and initial conditions by minimizing an error functional. Such an approach has been applied to
nonlinear PDEs, including quasilinear parabolic equations, which admit classical solutions [11]. More
recently, the DGM algorithm has been adapted to approximate weak solutions of parabolic inclusions,
whose multivalued right-hand side can be represented by saturation functions [6].

In the present paper, we combine the ideas of [6,11] and provide a theoretical foundation for ap-
proximating mild solutions of semilinear parabolic PDEs with continuous, but not necessarily smooth,
nonlinear terms.

2 Statement of the problem

We consider the following semilinear parabolic problem:

ou

— =Au+ f(u), (t,x) € =(0,T) x Q,

o f(), (ta) € Qr = (0.7) o
ulpo =0, ul,_y=uo(x),

where u = u(t, ) is the unknown function, Q C R? is a bounded domain with a sufficiently smooth
boundary 0f2, A is the Laplace operator.

The nonlinear term f : R — R is continuous, with f(0) = 0, and satisfies
f(s)s < Cys* 4 Co, s€ER, (2.2)

for some constants Cy,Cy > 0.
In the phase space B
X=Co()={veC(): v=00n00},

with the norm ||v||. = sup |v(z)|, we seek an approximation of the mild solution of (2.1), defined as
a function u € C([0,T7; gfe)ﬂwith u(0) = g, such that for all ¢ € [0, T
t
w(t) = T(t)u + / T(t — 5)f(u(s)) ds,
0

where T'(t) is a Cy-semigroup of contractions generated by A in X.

We prove that such a solution exists (see Theorem 3.1 below), but may be not unique. Our goal is
to establish a theoretical result on the approximation power of Neural Networks (NN) for the solution
given by Theorem 3.1.

We consider NNs with a single hidden layer and N hidden units from the class

N d
WN = {U(t, 33) : Rler — R | U(t,l‘) = Zaia(ﬂwt + Zﬁj,ixj + Ci) }, (23)
i=1 =1

where o is a nonlinear smooth activation function, and § = {«a;,60,,¢;} € R¥ are the NN’s parameters
minimizing the objective functional (the L2-error):

I0) = [ %~ aw 5]

2
2 2
0,-)— . 2.4
L2(Qn) +1vllz2 0,1y x00) + 11000, ) = woll72(q) (2.4)
Note that this functional is not defined on mild solutions of (2.1), but we can directly compute J(v)
for any v € W¥. The smaller the value of J(v), the better the corresponding function v approximates
a solution of (2.1).
To justify the above procedure, we rely on the following key results:
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e the density of W = |J W% in C?(Qr) (see Theorem 3.2 below),
N>1

e the uniform approximation of f by C2-functions while preserving property (2.2) (see Theorem 3.3
below).

Our main results are as follows:

1. There exists vV € W such that

JN) =0 as N — oo. (2.5)

2. If a sequence {v™V} C W satisfies (2.5), then, up to a subsequence,
o™ = in L*(Qr),

where u is a mild solution of (2.1).

3 Main results

First, we establish the mild solvability of (2.1) in X. Under different assumptions, this result was
proved in [2,9].

Theorem 3.1. Assume that condition (2.2) holds. Then, for every r > 0 and every uy € X with
[luolloo < 7, there exists a mild solution of (2.1), and for all t € [0,T),

[u®)]co < R = R(r). (3.1)

Proof. Since T(t) is a compact semigroup and F : X — X, F(u)(z) = f(u(z)), is continuous, it
follows from [8, Chapter 6, Theorem 2.1] that for every ug € X there exists a (local) mild solution on
some interval [0,¢1], with t; = t1(ug) > 0.

We now prove estimate (3.1) that guarantees the existence on [0,7]. It is known [3] that T'(¢)
satisfies the following inequalities:

1 C
3C>0, ac(0,1), € (5,1) such that Vg € L(Q), |T(®)uoll < T o2,
(3.2)

C
Vug € X, |[T)uollcite < 5 [uolloo, 3M >1, XA >0 such that |T(t)||rx,x) < Me M.

Now, let v = v(t, z) be a mild solution of the problem

@_ _ Bty —pBt
i Av—po+ f(ve®)e P, (3.3)

U|SQ =0, U‘t:O = uo(),

where 8 > 0. Such a solution also exists locally on [0, 7] due to [8, Chapter 6, Theorem 2.1]. Then
u(t) = v(t) e’ is a mild solution of (2.1). Indeed,

t

o(t) = T(tyuo + / Tt — 5)(f(v(s))e > — Bu(s)) ds.

0

So,

ult) = T(t)e g + / Tt — ) (f(u(s)) — Buls)) ds,
0

and the required result follows from the fact that 7T'(t)e” is the Cy-semigroup generated by A + 81
in X. Therefore, it is sufficient to show the mild solvability of (3.3) on [0, T].
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Let us choose § > 2Cy. Then, for all ¢ € [0,7] and all s € R,

(—ﬁs—i—f(seﬁt)e_ﬁt)s < B8P HC15°+Cy < —C18°+Cy <0, if |s| > M := max{(%)?r}. (3.4)
1

Using (3.2), we have that for a mild solution v of (3.3), for all ¢ € (0, 7],

t
lo@llcrre < CElluo]loe + / O3 | falt — s, 0(t — )| oo ds
0

(3.5)
1-06

< Ot |ugl| oo + max, [f1(¢,0()lloo,

1—06 sefo

where f1(t,v) = —Bv + f(ve’)e Pt
Let us denote h(t) = f1(t,v(t)). Then, due to [1], v is a weak solution of the problem

ov

— =A

Fr v+ h(t),
U}t:O = Uo

on [0,7]. Due to (3.5), Vtg € (0,7), v(ty) € H}(Q), which means that
v € C([to, 7); Hy () N L (to, T5 H*(Q) N HY (), vy € LP(to, 73 L*(2)).

These regularity results allow us to apply the truncation function approach: multiply (3.2) on
(thT) by
v—M, v>M,

— M), =
(v )+ {O, v< M
in L2(Q), where M is taken from (3.4). Then from (3.4) we have

Ld

5 7 (v = M)4|? + M0 = M)4 | < /fl(t,v(t,m))(v(tw) - M)y dx <0, (3.6)
Q

where A; > 0 is taken from the Poincaré inequality.
Therefore, for all ¢ € [tg, 7],

/ (ot z) — M2 dw < =2t / (u(to, ) — M)?. da.
Q Q
Due to the continuity of v : [0, 7] — X, we can pass to the limit as tc — 0 and from (3.6) obtain
Vte[0,7], Vx €, v(t,x) < M.
Repeating the same arguments for (v — M)_, we get
Vte[0,T], v(t,x) > —M.
So, for u(t,z) = v(t,z)e’’, we have the existence on [0, 7] with the inequality
vVt e [0,T], |Ju(t)|e < R= MePT. O

Second, we need some auxiliary approximation results.
We introduce the class
w=[Jw", (3.7)
N>1

where W was defined in (2.3).
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Theorem 3.2 ([4]). For every e > 0 and u € CY2([0,T] x Q), there exists v € W such that
lu—vllcr2g,) <e (3.8)
Theorem 3.3. Assume that f : R — R is continuous, f(0) =0, and with some Cy,Cy > 0,
f(s)-s<Ci18* +Cy, VscER.
Then there exists a sequence {f, : R = R} of C®-functions such that f,(0) =0, and
fu(s)-s < C1s® +Cy, Vse R,
where positive constants 6’1, 52 do not depend on n, and

sup|fn(s) = f(s)] = 0 as n — oo. (3.9)
seR

Proof. First, we prove that for f € C([0,1]) there exists {f,} C C*°([0,1]) such that

max |fn(s) — f(s)| = 0, n — oo, (3.10)
s€[0,1]

and
Fa(0) = £(0), fu(1) = F(1), £P(0)=fP(1) =0, j=>1.
Indeed, let ¢ € C*°(R) be a strictly increasing function on [0, 1] such that

() 0, =<0,
€T =
v 1, z>1.

Then, using the Bernstein polynomials, it is easy to see that

fiw =31 (5)) (7)o - et

satisfies (3.10). Now, let us construct a sequence {f,} C C°°(R) such that (3.9) holds. We take
arbitrary € > 0 and for every k € Z we consider

gk,s(t) = f(k +t)7 te [07 1]

From the first part of the proof, we deduce the existence of gi . € C°([0, 1]) such that

gre(0) = f(B), gre(l) = fk+1), g7L0) =gl(1) =0, j>1,

)

and

a t) — t)] < e.
tfen[oﬁ] |9k (t) — gk (t)]

We define
fe(z) = gre(x—k), zekk+1), kel

)
Then f. € C*(R), f-(k) = f(k) for all k € Z, in particular f.(0) = 0, and Vo € R, we have
x € [k, k+ 1), so,
[f (@) = fe(@)] = [gr(x — k) — gre(z — k)| <e.

Finally, the inequality
VeeR, Vn>1, f(z)—1< fulz) < f(z)+1,
which holds due to (3.8), guarantees the property
VseR, fau(s)-s< Cy5% + C,

with constants 5’1, 52 that do not depend on n. O
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Theorem 3.4. Assume that ug € X N HE(QY). Then, for the functional J defined in (2.4) and the set
W defined in (3.7), we have:
there exists {vN} C W such that

J@WN) =0 as N — oo. (3.11)

Proof. We consider the following auxiliary problem:

ou
a = Au+ fn(u), (ta .’E) € QTa (3.12)
ul g =0, uf,_y =g (),

where C>°-functions f, : R — R are taken from Theorem 3.3, uf} € C§°(Q2), uf — up in X N H} and
[ug floo <7

Since f,, satisfies (2.2), it follows from [7, Theorem 6.1] that for every n > 1, problem (3.12) has
a unique classical solution u™ € C12(Qr), which is, of course, also a mild solution.

Therefore, the functional

nlv) = H% - hv- f"(v)‘ 2L2(QT

| + ||’U||2L2((0,T)xafz) + |v(0, -) = UOH%Z(Q)

takes its minimal value 0 for v = u™.
Moreover, due to Theorem 3.1 and Theorem 3.3, we have

()]s < R, 3.13
max, [u"(#)]loo < (3.13)

where R > 0 does not depend on n. In what follows, we denote by R the maximum of the constants
given in (3.1) and (3.13).
For every v € C12(Qr), max [[v(t)]| < R, we have
t€[0,T]
vian 5
L2(Qr) 1ot
+ I, ) = w320y — 1000, ) = wollFzey|
< My(R)[fn(v) = F(0)llL2(Qr) + Ma(v)[[ fn(v) — f(0)llL2(0)
+ My (R) i — o220y, (3.14)

n0) = 70| = || 5 = B0 = £a(0)

2
mavs f(v)‘ L2(Qr)

where M;(R), M3(R) depend only on R, and Mz (v) depends on |[v¢]|z2(qr) + [|AV] £2(Qr)-
Now, let u™ be the solution of (3.12). According to Theorem 3.2, there exist N = N(n) and
vV € W such that

1
n_ ,N® _
[u" = lere@,) < nLnC (3.15)
where
L, = "(3)], Cn = |lu"|c. .
|§1\?2)(R|f"(8)| [u"{lcr2(Qr)
In particular, we can assume that
sup [l ()]s < 2R.
t€[0,T]
Then o
| (™) = T (0N )| = [T, (0N )] < — (3.16)

where C' does not depend on n.
So,
TN )| < [T (0N ) = TN 4 [T, (0N )],
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and, due to (3.16), we need to prove that the second summand tends to zero as n — oo.
From (3.14), (3.15) we deduce that

|10 (V) — TN | < Mi2R)|| £ (0N ™) — f0N + Ms(2R)||ug — uol|32 (0

2
)HL2(QT)
+ C<1 + il 22 (@) + “Aun”LQ(QT)) ||fn(UN(n)) - f(UN(n))||L2(QT)~ (3.17)

According to (3.9),
|2 = ) ) = 0. 1 0.

The inclusion ug € HE () implies the boundedness of {uf} in HZ (). This fact, together with the
boundedness of {f,,(u"(t,z))} in L?(Qr), implies (see [12, Chapter II, Theorem 3.3]) that

{u"} is bounded in L*(0,T; H*(Q)), {u}'} is bounded in L*(Qr). (3.18)
Therefore, (3.16)—(3.18) implies (3.11). O

Note that the convergence J(v") — 0 does not directly imply that vV converges to a solution of
(2.1) in any specific sense.
Remark. From the proof of Theorem 3.4 (see (3.15), (3.18)), we can see that the sequence {vV} C W
in (3.11) satisfies the following property:
{v"V} is bounded in the norm of L?(0,T; H?) and in L>®(Q7), (3.19)
{v]} is bounded in the norm of L?(Qr). (3.20)

Theorem 3.5. Assume that ug € X N H} () and f : R — R satisfies (2.2) and is locally Lipschitz.
Assume that {vN} C W satisfies (3.19), (3.20), and

JN) =0 as N — occ. (3.21)
Then
oV = in L2(Qr),
where u is a mild solution of (2.1).

Proof. From (3.21) we can deduce that every v” is a classical solution of the initial boundary value

problem
™ N N N
W:AU +f(v )+€ (t,l'), (t7x>EQT7
oo = 6V (6 2), (t,2) € (0,T) x 02, (3.22)
UN‘t:O = UéV(QE)’

where eV, gV, v}’ are C°°-functions such that
1eM1Z20r) + 19V 1720,y x00) + 108" = woll72(q) = O. (3.23)

Let u” be a solution of (3.22) with zero boundary conditions, i.e., u’¥|so = 0. Such a solution
exists in the mild sense by Theorem 3.1. Moreover, it is unique due to the Lipschitz continuity of f.
According to [1], u” is a weak solution of (3.22), and from (2.2) we deduce the estimate

1d
5 3 Y @OIZ: + [Vel[Ze < Collw @172 + ColQf + (e (1), ' (8)) 12

After applying Gronwall’s Lemma, we have

{u™} is bounded in L>(0,T; L*(R2)) N L(0,T; Hy (),

3.24
{u]} is bounded in L*(0,T; H~(2)). (3.24)
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Relation (3.24) implies that, up to a subsequence, v’ and ul¥ converge weakly to some functions u and
us in the corresponding spaces. Moreover, the Compactness Theorem [10, Theorem 8.1] guarantees
that, up to a subsequence,

u™ — uin L?(Qr), and a.e. on Qr.

In particular,
f™(t,x)) — f(u(t,x)) a.e. on Qr. (3.25)

From (3.23) and Green’s formula, we can assume that {v{} is bounded in H'(Q2). Thus, u®
satisfies (3.18), which means that {f(uV)} is bounded in L?(Qr). Combining this result with (3.25),
we deduce from [10, Lemma 8.3] that f(u¥) — f(u) weakly in L*(Qr).

Thus, we can pass to the limit in the equality

’Z,LN
[ %o+ [V ucn) = [ o)t + [N, ¢ e 0.7 @)
Qr Qr Qr Qr

and obtain that u is a weak solution of (2.1).
Since up € HE(Q) N X and f(u) € L*(Qr), we deduce from [1] that u is a mild solution of (2.1).
Finally, let us estimate v — u~. Using (3.23) and Green’s formula, we have

G =¥ VY =M < [ TN - )+ [ () - SN - u). (320)

[219] o0

Taking into account that f is locally Lipschitz and {v" — u™} is bounded in L?(0,T; H?), we
deduce from (3.26) that
oV —uN =0 in L2(Qr). O
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