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Abstract. We study the problem of minimax estimation of functionals depending on the solutions of
parabolic boundary value problems, where the observation model is based on time-averaging. Using
the averaging method, we construct approximate minimax estimates and analyze the corresponding
estimation errors. The obtained results show that the averaging approach provides effective tools for
reducing the complexity of minimax estimation in parabolic systems with rapidly oscillating coeffi-
cients.
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1 Introduction

Minimax estimation of functionals arising in partial differential equations (PDEs) has a long history.
O. Nakonechnyi first formulated the general minimax estimation problem for operator equations in
Hilbert spaces [11]. In the parabolic PDE setting, O. Kapustian and O. Nakonechnyi examined point-
wise observation problems for boundary-value problems [5], and later synthesized optimal bounded
controls for parabolic systems with rapidly oscillating coefficients [3]. Subsequent works developed
guaranteed mean-square estimates using homogenization: for example, O. Nakonechnyi et al. proved
the existence of a guaranteed linear estimate and used averaging theory to construct approximate
minimax solutions for parabolic equations with fast oscillations [10]. Hyperbolic systems have been
treated similarly: O. Kapustian et al. in [4] extended minimax estimation techniques to linear hyper-
bolic PDEs under uncertainty. In addition to the works mentioned above, several further contributions
should be noted. T. Basar and P. Bernhard [1] developed the general framework of H>-optimal con-
trol and related minimax design problems within a dynamic game approach, establishing the modern
mathematical foundations of minimax control. M. Luz and M. Moklyachuk [9] studied minimax-
robust filtering for stochastic sequences, extending the minimax estimation paradigm to cointegrated
and nonstationary models. A. M. Samoilenko and N. A. Perestyuk [13] presented a comprehensive
monograph on impulsive differential equations, where averaging and robustness methods play a crucial
role in stability and control analysis. Finally, A. Bensoussan [2] provided a systematic exposition of
perturbation and averaging methods in optimal control, which strongly influenced subsequent research
on minimax estimation and control of distributed parameter systems.

Apart from estimation, related contributions have been addressed control problems for parabolic
systems. For instance, in [6] the authors developed an approximate bounded synthesis method for
distributed control of parabolic models. Averaging methods have also been applied in this context:
0. V. Kapustyan et al. recently used a time-averaging method in optimal control for parabolic dif-
ferential inclusions with rapidly oscillating coefficients [7]. In general, the averaging, either in time or
in parameters, can simplify complex control problems [12].

In the present paper, we study the problem of minimax estimation of functionals depending on
the solution of a parabolic boundary value problem, where the observation model involves averaging
over time. This distinguishes our approach from previous works based on spatial homogenization.

2 Setting of the problem

The paper studies the problem of approximate minimax estimation of solutions of parabolic problems.
Let Q be an open bounded subset of RY (n > 1). In the cylinder Q7 = © x (0,T), we consider the
problem

% 1 Ao = hia,0)
#l o0 =0, 21)
¢|t:0 = fO(l')a

where A = —div(a(z)V), a € L*(), is a symmetric matrix satisfying the uniform ellipticity condi-

tions.

According to [8], for the fixed f; € L?(Q7), fo € L?(£2), there exists a unique solution in the space
W(0,T) = {y € L2(0, T HY(Q)) : yi € L2(0,T5 H-'(2))}.

The observed function is

Y1) = / O (2 )ola 1) o+ fo(0), (2.2)

Q

where C'(z,7) : Q@ x R — R is a given function, C € L (Q x R), and there exists the limit

T—oo T

T
lim 1 / |C(x,5) — C(x)|ds =0 in L*(Q).
0
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The functions fo € L%(Q), f1 € L?(Q71), f2 € L?(0,T) are unknown and belong to a convex closed
set G of the space L?(Q) x L?(Qr) x L?(0,T), namely,

{fo. 112} € G = {foll3 ey + 1 ill30m) + Ifaleory < 1} (23)

The main problem is to estimate the functional of the solutions of problem (2.1)

/T / z,t) dz dt, (2.4)
0

where a € L2(Qr), in the class of linear functionals of the observations

T
(o) = / yF (Byult) dt, (2.5)
0

where u € L?(0,T) is the solution of the problem

Je(w)y=  sup  (I(¢) —1(g))* — inf. (2.6)
{fo,f1,f2}€CG

We consider the quantity
0. = inf J.(u), (2.7)
u

which is called the error of the minimax estimation.

3 Analysis of the averaged problem

For a fixed u € L?(0,T), let us analyze the following averaged problem:

(1) — To())? — sup,
{f07 fi, fz} € G,

=~ T
where ¢ is the solution of problem (2.1), lo(p) = [ u(t)y°(t) dt, with y°(t) = [ C(z)p(z,t) dz + fa(t).
0

K)

Let () == I(¢) — lo(¢), or equivalently,

T T
= alx X (2 0
O// ) da dt — 0/ (t)y°(t) dt

T
— //z(x,t) (¢(z,t) — div(b(2)Ve(z,t) — fi(z,t)) dedt = I' + 1> + I, (3.1)
0

where z is the solution of the following adjoint system:

Z(z,t) — Az = —a(x,t) + C(z)u,
=0, (3.2)
=0.

Z|6Q
Z|t:T

Remark 1. Problem (3.2) indeed has a solution, since by substituting s = T — ¢ it reduces to problem
(2.1) with the right-hand side of opposite sign and zero initial conditions.
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Let us analyze I® in more detail:

T
0// x,t) dx dt

T T
+// (z,t) div(b(x)Ve(z,t)) dmdtJr// (x,t) fi(x,t) dedt =2 I, + Iy + Is.
0 Q 0

Q

By Green’s formula, together with the initial and boundary conditions, we obtain

—/T/z(gmt)gb(x,t) dx dt
0 Q
T
:_/ (x,t)p( —i—O/Q/zxt o(x,t) dedt

Q

T
z(z,0) fo(x dz+//z ) dx dt,
0

/ x,t) div(b(z)V(x,t)) dx dt
Q

(/z (2, 1)b anA de dt — / () Voo, ) V2 (x, 1) d:z:>

[219]

Sty Tty TT— D\

T
/b Wo(z,t)Vz(x,t) dedt = //cp(sc,t) div(b(z)z(x,t)) dz dt,
Q 0 Q

where 6 denotes the derivative with respect to the outer normal.
From ?3 3)—(3.5), we obtain

T
= /(xOfO dx—l—//z:rt (z,t) dedt
0 Q

Q

T T
+O/Q/<p(:c,t) div(b(x)z( dxdtJrO//Z(x’t)fl(x’t) du dt.

Q

Taking into account (3.1), (3.6) and the fact that z is the solution of (3.2), we get

T
://axt (z,t) ddt — // x,t) dz dt
00
T

2

0 Q
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T
= //go(x,t) (a(z,t) — C(2)u(t) + #(z,t) + div(b(z)Vz(z, t))) dz dt
0 Q

_/TU(t)fz(t)dt—l—/ (2,0) fola dfﬂ+/T/z(x,t)f1(m,t) Dot
0 0 Q

Q
T T
= 7/U(t)f2(t) dtJr/z(:c 0) fo(x +//z(x,t)f1(x,t) dz dt. (3.7)
0 Q 0 Q
From the necessary conditions for the existence of an extremum of the functional
N h 1z 2
F=(l(p) — l(<p))2 =g(p)? = (— /u(t)fg(t) dt + /z(x,O)fo(x) dx +//z(m,t)f1(x7t) dz dt) ,
0 Q 0 Q
we obtain
fo=2z(z,0), f1=Xz(x,t), fo=—Au, (3.8)
where
= (WuliZzgo,r) + 12(2, 0) 32y + N2(@: D32 i0n) ) - (3.9)
Therefore,
T T 9
0 Q 0 Q
T T 9
:)\2</u2(t)dt+/ (2,0 dm—i—/ 22(z d:vdt)
0 Q 0 Q
= [lullZ20.1) + 12(2,0)[172(q) + 121 72(0m-
Hence,

= 2
Sy = sup (o) = Up)" = lullieor) + 12(2, 072 () + 12172 (0r)- (3.10)
{fo,f1,f2}€G

Now, let us consider the following problem:
oo = inf J° (u).

Introduce the function p as the solution of the following problem:

dp
Ap =
N + Ap = z,
plye =0, (3.11)

p(z,0) = z(z,0).

Multiplying the state equation (3.2) by p and integrating over Qr, we obtain

/T/p(gj —i—div(b(w)z)) dr dt = /T/p( —a(z,t) +6(w)u(t)) da dt.
0O 05
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Using integration by parts and Green’s formula, and taking into account the boundary and initial
conditions, from (3.2) and (3.11), we get

T T T
—b/z2(:r,0)dx—o/ﬂ/,22(x,t) dxdt:O/Q/p(x,t) d:vdt—i—o/(/ tH)C( )dx) (t) dt.

We can write J%(u) in the form

T T T
Jo(u):/uz(t)dtf/G dt+//p:1:t (x,t) dz dt,
0 0 0 Q

where G (¢ f C(z)p(z,t) dz.

From the btatlonarlty conditions with respect to u, we obtain

DJ%(u) =2(u—G(t) =0 = u’(t) / dx.
Q

Consequently,
oo = JO(u). (3.12)

4 Main results

First, we verify that problem (2.1)—(2.6) admits a solution.

Theorem 4.1. Let fo € L*(Q), f1 € L*(Q1), f2 € L?(0,T). Assume, moreover, that problem (2.1)
has a unique solution in the space W(0,T). Then, for every e > 0, there exists a minimaz estimate of
functional (2.4) of form (2.5), and a function u® € L?(0,T) that minimizes the minimaz estimation
error (2.7).

Proof. For the fixed u € L%(0,T), consider gi(p) = I(p) — lA(cp) Arguing as in Section 3 for the
averaged problem, from (3.7) we obtain that g1(¢) has the form

O/u dt+/ (x,O)fo(J;)dx—&—O/Q/zs(x,t)fl(a:,t) dar dt,

Q

where z° solves

0z° . t

e Az® = —a(x,t) + C(az7 g)u(t)7

Z€|t:T —_ O, (41)
2| g0 =0

Taking into account Remark 1, by similar suggestions from [8] applied to (4.1), we find that problem
(4.1) has a unique solution.

Since z¢ does not depend on fy, f1, formulas (3.8)—(3.10) remain valid for € > 0. Hence, f§ =
Ne2f(x,0), f£ = N25, f5 = —X°u, with f§, f5, f5 satisfying (2.3), and (\°)? = (||u||%2(07T) +
[I25( - ,O)||%2(Q) + ||za||%2(QT))_1. Therefore, J.(u) has the explicit representation

Je(u) = [|12°(-, 01220y + 121172 @) + 22 (0,1)- (4.2)

Next, from the first-order optimality conditions, analogously to the averaged problem, for (2.6)
and every € > 0, we obtain for u® the relation

ut(t) = /C(aﬁ, é)ps(m,t) dx, (4.3)
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where p® solves

op®

A £ — £
P (2,0) = 2%(x,0), (44)
p‘flm =0,

and z€ is the solution of (4.1) with the control u® given by (4.3).
Thus, the error (2.7) takes the form

0o = J(u) = [ 3aomy + 112, 0) 32y + 121320 - (4.5)

We construct an approximate minimax estimate for the functional (2.4).
Let us present the following well-known auxiliary result, which will be used in the proof of the
theorem below.

Lemma 4.1 ([10]). If for the parameters of the problem

I

<p|t:0 = on, (4.6)
90!39 =0,

we have that f, — f weakly in L*(Qr) and o8 — po weakly in L*(Q), then ™ — ¢ in L*(Qr),
©" — o in C([8,T); L*()) for all §. If p% — o strongly in L*(Q2), then ™ — o in C([0,T]; L*(£2)),
where @ is the solution of (4.6) with the right-hand side f and initial data @g.

Theorem 4.2. The estimate

(o) = / WO (t)y* () dt (47)
0

is an approximate minimaz estimate for problem (2.1)—(2.6). The errors satisfy
0. —0g as € = 0, (4.8)

0: > 09 as € — 0, (4.9)

where o and oqg are given by (4.5) and (3.12), respectively, and
G. = J.(u°). (4.10)

For a sufficiently small € > 0, the following holds: for every n > 0, there exists eg > 0 such that for
all € € (0,¢0),
|loe — 52| <, (4.11)

i.e., errors (4.5) and (4.10) are close for all sufficiently small € > 0.

Proof. Tt is known from Theorem 4.1 that for every € > 0, there exists a unique u® € L2(0,T)
minimizing the functional J¢, which has the explicit form (4.2). Moreover, u° is given by relation (4.3).
Next, we use the arguments and calculations from Theorem 4.1. To verify that (4.7) is an approxi-
mate minimax estimate, we first pass to the limit in problem (4.4), taking into account the dependence
of p® on 2°, where z° is the solution of problem (4.1).
Consider the relation

luf 12 0.0y < Je(u®) < Je(0) = (125 (2, 0) 122 () + 127N 22
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where z° is the solution of

5 AZF = —a(x,t),
z¢(x,T) =0,
Floq =0,

and, in particular, from (4.5) we find that there exists C' > 0 such that ||u®||z2(,7) < C, and along a
subsequence u® — v weakly in L?(0,T).

Furthermore, due to the assumptions on the function C(z, g) and the properties of the sequence
uf, the sequence {C(z, L)us(t)} is bounded in L*(Qr). Hence, for some x € L*(Qr), we have
C(x, L)us(t) — x weakly in L*(Qr). Then, by Lemma 4.1, we obtain 2 — z in C([0,T]; L*(Q2)),
where Z is the solution of (4.1) with the right-hand side —a(x,t) + x.

Applying Lemma 4.1 to problem (4.4), we get

p° =P in C([0,T]; L*()), (4.12)

where P is the solution of (4.4) with the right-hand side Zz.
Now, we pass to the limit in (4.3). Let C.(z,t) := C(z,%). By the assumptions on C(z, 1), we
have

/ (/TCE(QZ,S) - C(z)] ds)Qd:c —0, T — oo. (4.13)
Q 0

From (4.13) we have that C.(x,s) — C(z) in L*(£2 x (0,T)), therefore up to a subsequence we have
C.(z,s) = C(z) ae. on Qx (0,T), £ — 0. (4.14)

From (4.12), (4.14) and definition of function C¢(z,t) we obtain, up to a subsequence, that
t _
C(m, g)pe(x, t) — C(z)p(t,x) ae.
Then, by the Lebesgue theorem, for almost all ¢, we obtain

w(t) = [z D)p(a,0) da C@)p(t,z) do ac.
[Ty E—

Q

And in view of the weak convergence u® — v, we conclude that v(t) = [ C(z)p(t, z) dz, and
Q

ut(t) — v(t) ae. = (u¥)%(t) — v(t) ae. (4.15)

Moreover there exists L > 0 such that |uf|> < L. Then in view of Lebesgue’s theorem we have that
T T
/|u5|2dt —>/v2dt, e —0, (4.16)
0 0

and taking into account strong convergence criterion from (4.16) and weak convergence u® — v, e — 0,
we obtain u® — v, e — 0 in L2(0,7).

Moreover, x = C(z)v.

In view of the explicit form of functionals (3.10), (4.2), we obtain (4.8), (4.9), and therefore (4.11),
as well. O
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