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THE INITIAL VALUE PROBLEM
FOR A HIGHER ORDER DIFFERENTIAL EQUATION
AND THE CONFLUENT VANDERMONDE MATRIX



Abstract. An explicit formula for solving the initial value problem for a general linear nonhomo-
geneous differential equation with constant coefficients is given. This formula is obtained using the
Vandermonde matrix or the confluent Vandermonde matrix constructed from the roots of the charac-
teristic equation associated with the differential equation.
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1 Introduction

It is well known that the Vandermonde matrix has numerous applications in various fields of mathe-
matics [1,2,7]. One such application is to construct a solution to the initial value problem for a linear
nonhomogeneous differential equation with constant coefficients. This application is formulated as
follows (see Theorem 3.5 in [3]).

Let us fix p > 2, a finite or infinite interval I, and consider the differential equation

P (t) = arz PV () + -+ ap_12' () + apx(t) +y(t), tel, (1.1)

in which a1, as, ..., ap are fixed complex numbers, y : I — C is some function continuous on I. If the
characteristic equation, associated to (1.1),

QN =N —a Wt~ —a, A—a,=0 (1.2)

has simple roots Aj, Ag,...,A,, then the solution to the initial value problem for the differential
equation (1.1) with the initial conditions

z(to) = xo, ' (to) = 1, ..., P V(ty) = Tp_1, (1.3)

where ty € I and g, 71, ...2,—1 are fixed numbers, has the form

p t

a(t) =Y (e’\’“(t_t‘))(Lklxo + Ligow1 + -+ Lipxp_1) + /e’\’“(t_s)Lkpf(s)ds), tel,  (1.4)

k=1 to

where Ly;, 1 < k,j < p, are the elements of the matrix W~!, inverse to the Vandermonde matrix

1 1 e 1

VD VO

W= X\ A3 A2
g

The purpose of this paper is to obtain a generalization of formula (1.4) to the case where the
characteristic equation (1.2) does not necessarily have simple roots.

2 Confluent Vandermonde matrices
Let the function f: C — CP be defined by the formula
f(z) = col(l,z,...,2P7 ).

Note that for each 1 < k < p — 1, there is

(k) _
/ k'(z) col(O,...,O,l, (k—]’; 1) z, (k—]:2) 22,..., <p i 1> zplk).

To each set of natural numbers g, n1,n2,...,n4, such that 1 < ¢ <p,ny +ny +---+n, =p, and to
the set of complex numbers 21, 29, ..., 24, We associate the confluent Vandermonde matrix

f'(zq) o f(nql)(zq)>
1! (ng—1)! )~

flz)  fm V(=)

V(z1,. . 2¢;01,...,nq) = (f(zl) f(zq)
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In particular,
1 0 1 1 0 0

z1 1 z9 z3 1

22 22 22 22 22 1
V(Zl,22723;2,173) = 3 2 3 3 2
z{ 327 25 25 3235 3z3

4 3 3 2
2] 4zy 25 oz 4zz 623

20 bzf 23 23 bzi 1023

It is known (see, e.g., [6], [5, App. A. 16]) that for ¢ > 2 the confluent Vandermonde determinant
D =det(V(z1,...,24;n1,...,nq)) is calculated by the formula

1<i<j<q
Let us put
0 1 0 0 0
0 0 1 0 0
Ta= | oo ,
0 0 0 0 1
ap Ap—1 GQp—2 tee as Q1
where aq,as,...,a, are the coefficients of equation (1.1), and denote by J(A,m) the m x m Jordan

block with an eigenvalue .

The following theorem contains the property of the confluent Vandermonde matrix associated with
the differential equation (1.1) that will be used later.

Theorem 2.1. If Ai,Aa,..., Ay are the pairwise distinct roots of equation (1.2) of multiplicity
mi, Ma, ..., My, respectively, with my + mq + -+ + my = p, that is, the polynomial Q(X) from (1.2)
can be factored as

QA) = (A= A)™ (A= Ag)™2 - (A= Ag)™,
then the matric V.=V (A1,..., Ag;m1,...,my) is invertible and
Ta=VJVE (2.2)

where
J=JA, A ma, .. omyg) = J(A,me) @ J(Ae,ma) & - - @ J(Ag,my)

is the Jordan normal form of the matriz T4 with Jordan blocks J(A1,mq), J (A2, m2), ..., J(Ag, mg)
on the main diagonal.

Proof. In the case where ¢ = 1, the matrix

1 0 0
A 1 0

V(A1,p) A2 2X\ 0
N7 (p— 1A 1

is obviously invertible, and to prove equality (2.2), it is enough to verify that

TaV(A1,p) = V(A1,p)J (A1, p)- (2.3)
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It is directly verified that

A1 1 0 0 0
A2 2\ 1 0 0
TaV(Ai,p) = - p—1\ p—2 (P—1Y\ p- p—1 ;
s () (e ()
A'(M) A" (M) AP=2 () APD())
A(M) —
1! 2! (p—2)! (p—1)!

where
AN = a7+ a2+ 4 a1 A+ a,, AEC.

Since Ap is the root of equation (1.2) of multiplicity p, then

401 ()

Therefore, having calculated the product of the matrices V (A1, p)J(A1,p), we conclude that equality
(2.2) is satisfied.

If ¢ > 2, then the invertibility of the matrix V follows from equality (2.1), and the equality
TAV =V J is checked in the same way as equality (2.3). O

(mp—1)
Remark. If the condition of Theorem 2.1 is satisfied, then for each 1 < k < ¢, the vector f@fbkiif));k)

is a generalized eigenvector of rank my corresponding to the matrix T4 and the eigenvalue g, and

the Jordan chain generated by Ll())}’“) has the form
{f(mkfl ()\k) f(mkiz)()\k) f/(>\k) f()\ )}
(mi— D1 (mg—2)l 77 1 VR

For determining the inverse matrix of a confluent Vandermonde matrix, see, e.g., [2,4].

3 Solution to the initial value problem
The following theorem shows how one can obtain a solution to the initial value problem (1.1), (1.3)
using the related confluent Vandermonde matrix.

Theorem 3.1. If A, Ag,...,A; are pairwise distinct roots of equation (1.2) of multiplicity
mi,Ma, ..., My, respectively, with mi; + ma + --- + my = p, then the solution to the initial value
problem (1.1),(1.3) is represented as

t

miy t—t k—1 —to p t—s k—1 s
o) =3 (((,f_)l), NS Ryt ((kjl), M Ry (s) ds)

k=1 j=1 5
t—to A t(t—s)k—l N
+Z( ot to>Zle+k o +/We 209 R () ds) L
Jj=1 to ’
(t—to)
+Z< 0) eralt— zto)Z:leJr g1+ Ti—1

Jj=1
t

(t—=s) " s
T o € Remrmaripy(s) ds ), (3:1)
to

where R;j, 1 <4, < p, are the elements of the matriz V=L, inverse of the confluent Vandermonde
matriz V=V (A1,..., Ag; M1,...,my).
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Proof. Note that the initial value problem (1.1), (1.3) is equivalent to the matrix initial value problem

/

w1 (t) z1(t) 0

oy | T e | T 0 | PED (3.2)
xy(t) xp(t) y(t)

71 (to) Zo

zp—1(to) B Tp—2 (3.3)
JTP(to) Tp—1

which is considered in CP, and the vector function
Z(t) = col(z1(t), ..., xp-1(t),2,(1)), t €1,

is a solution to the initial value problem (3.2), (3.3) if and only if the function x4 (¢), t € I, is a solution
to the initial value problem (1.1), (1.3).

According to Theorem 2.1, T4 = VJV 1. Therefore, multiplying equalities (3.2), (3.3) by the
matrix V1 on the left and making the substitution u(t) = V~1Z(¢), we obtain the equivalent to
(3.2), (3.3) initial value problem

in which
o(t) =V teol(0,...,0,y(t)) = col (Ripy(t), ..., Ropy—1)py(t), Rppy(t)), t €1,
P P P
ug = Vﬁlcol(xo, sy Tp—2, xp_l) = COZ(Z le:ck_l, ey Z R(p—l)lcl'k—h Z Rpkxk_l).
k=1 k=1 k=1
The solution to the initial value problem (3.4), (3.5) has the form

t
u(t) = !0y, + /e‘](t_s)ﬁ(s) ds, tel,

to
where
eJt — eJ()q,ml)t @ eJ()\Q,TﬂQ)t @ .. @ eJ()\q,mq)t
and ) .
Art L 6)\kt i Art e At
11 2l (my — 1)
Tt et bt T
kaME)t k — k k
e = 0 e ne (mr — 2)! , 1<k<gq
0 0 0 eMrt
Therefore, the coordinates w1 (t), tum,+1(t), ..., Um; 4 gm,_,+1(t) of the vector function %(t) are de-

termined by the formulas

S (t_to)k_l Ai(t—to) z
u+1(t) = Z We ' ZR(li+k)jxj—l

k=1 j=1
t

(t=9)F " \s :
+ We YR 4kpy(s)ds ), tel, 1<i<gq, (3.6)

to
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where [y =0, l; = my+ - +m;_1, 2 < i < q. Since the elements of the first row of the matrix V'
have the form

1, je{l+1:1<i<gq},
W = .
0, otherwise,

and the solution to the initial value problem (1.1),(1.3) coincides with the first coordinate of the

vector function Z(t) = Va(t), t € I, then, by virtue of (3.6), this solution has the form (3.1). O
4 Example
Let us solve the initial value problem
(4) _ g1 Q0 / 2t
'\ = bz 8x" +4x' + e, teR, (4.1)
z(0) =2'(0) =4, 2"(0)=42"(0) = —4. (4.2)

The corresponding to (4.1) characteristic equation A* — 5A% 4+ 8\? — 4\ = 0 has a root A\; = 2 of
multiplicity 2 and two simple roots Ao = 1 and A3 = 0. Therefore,

1 0

11 1 0 1 1 0 8 -—11 3

v 2 1 101 12 1 10 yio Lo -4 6 -2
122 2.2 1. 0] (4 4 1 0} ~ 4|10 -16 16 —4
23 3.92 1 8 12 1 0 4 8 -5 1

Thus, it follows from (3.1) that the solution to the initial value problem (4.1), (4.2) is

x(t) = (=8 — 11 4 3) + te* (4 + 6 — 2)

¢ ¢
+/62(t78) . (— %) e* ds +/(t — 5)e2(t=9) . % ce® ds 4 e'(16 + 16 — 4)
0 0
¢ ¢
+/(t7 5)e2t=9) 1. e2 ds + (4 -8 -5+ 1) +/eo(t*5) . (f i) e* ds
0 0
:it2€2t+%t62t7%62154*276157%.
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