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with the pseudo-Bessel operator. We also prove the well-posedness of the above-mentioned problem
with an initial function that is an element of a certain space of generalized functions, investigate the
properties of the fundamental solution of the problem, and find a representation of the solution in the
form of a convolution of the fundamental solution with the initial function.
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1 Introduction

In this paper, we study a nonlocal multipoint in time problem in the half-space ¢t > 0 for the evolution
equation % + Au = 0 with the pseudo-Bessel operator A = ngl[ |o|*Fp,], where a € (1;+00) \
{2,3,4,...} is a fixed number (note that the pseudodifferential operator constructed using the symbol
lo|*, o € R, by means of the Fourier transform, i.e., the operator F~![|o|*F], coincides with the
restriction of the self-adjoint operator in Ly(R) of the operator |[D|*, D = 4 to a locally convex
topological space that is the projective limit of certain Banach spaces continuously embedded in each
other). The problem under study is a generalization of the Cauchy problem, where the initial condition

u(t, +) T f is replaced by the condition

Z#ku(t’ ) =f
k=0

where tg = 0, {t1,...,tm} C (0;+00), 0 < t1 < -+ < by, < 400, {po, 1, tbm} C R, m € N are
fixed numbers (if po = 1, g1 = -+ = py, = 0, then we obviously have the Cauchy problem). This
condition is interpreted in the classical sense or in the weak sense if f is a generalized function, that
is, as the limiting relation

t=tg

ZUk}L%@L(t, ')7(10> = <fa<p>
k=0

for any function ¢ from the base space (here, (f, ) denotes the action of the functional f on the
test function). Such a nonlocal in time problem belongs to the class of multipoint problems for
differential-operator equations (for a review of works devoted to nonlocal problems for differential-
operator equations and partial differential equations, see, for example, [4]).

The Cauchy problem and the nonlocal multipoint in time problem for evolution equations with
pseudo-Bessel operators in the case t € (0;7], 0 < T < 400, in spaces of generalized functions of
distribution type were studied in [2-5]. The methodology for studying the fundamental solution of the
nonlocal in time problem, developed in these works, consists in representing such a solution as a series
whose terms are fundamental solutions of the Cauchy problem for the corresponding equations. Such
a representation complicates the possibility of explicit identification in the estimates of derivatives of
the fundamental solution (with respect to the spatial variable) the dependence on the time parameter.
In the present work, a different methodology for investigation the fundamental solution is used, which
makes it possible to study the behavior of the solution as the time variable grows unboundedly
(stabilization of the solution). We also prove the well-posedness of the above-mentioned problem
with an initial function that is an element of a certain space of generalized functions, investigate the
properties of the fundamental solution of the problem, and find a representation of the solution in the
form of a convolution of the fundamental solution with the initial function.

2 Nonlocal in time problem

Consider the evolution equation

Ou(t, x)

5 + Au(t,z) =0, (t,z) € (0,+00) x R= 1, (2.1)

where A = ngl[ |o|*Fp,] is the pseudo-Bessel operator in the space ¥, [4].
By a solution of equation (2.1) we mean a function u(t, z), (t,z) € Q, which:

1) is continuously differentiable with respect to the variable ¢;
2) u(t, -) € D(A) = ¥, for each t > 0;

3) u(t,x), (t,x) € Q, satisfies equation (2.1).
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For equation (2.1), we pose a nonlocal multipoint in time problem: find a solution of equation
(2.1) that satisfies the condition

pu(0,z) — prulty, ) — - — ppu(t,, ) = f(z), z €R, feU,, (2.2)

where u(0,z) = tliril u(t,z), z € R, m € N, {p, 1, ..., b} C (0,400), {t1,...,tm} C (0,+00) are

m
fixed numbers, 0 < t] <o < -+ <ty <400, L > Y. [g-
k=1

We look for a solution of problem (2.1),(2.2) u_sing the Bessel transform in the form wu(t,z) =
Fgul [v(t,0)]. For the function v :  — R, we obtain a problem with parameter o:

do(t
W) | oata) =0, (o) (2.3)
- Zukv(tk,a) = f(0), o €R, (2.4)
where f ( ) = F,[f]- The solution of problem (2.3),(2.4) is given by the formula

o(t,0) = Flo) exp{~tlol*} (1= > exp{—tk\cﬂa})_l, (t,o) € Q.
k=1

Thus, the solution of problem (2.1), (2.2) has the form

oo

u(t,z) = c,,/v(t,a)jl,(ax)oz”"’l do, (t,z) € Q.
0
We introduce the notation
o0
G(t,z) = FB: = cl,/Q (t,0)j,(ocx)o* T do,
0

where
Q(t,0) = Q1(t,0)Q2(0),
Qi(t,0) = exp{~tlo|"},  Qa(o) = (u Zukexp{ o))

Then, reasoning formally, we obtain

oo

u(t,x) = / TSG(t, 2)F(€)€2 ! dé = Gt ) * ().

0

)=c [ Qt, ( F(©)u(og 52”“d5> v(ox)o®* do.
[aco(fre

Since j, (0€)j, (ox) = TS, (ox) [4], using (formally) Fubini’s theorem, we obtain

Indeed,

oo

= o € ; o 2v+1 o 2v+1 _ 2041
cuo/ (O/Qt VT sjy(0x)o d )f(§)§ d¢ O/A(t,@x)f(g)f de,
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where

At & x) = c,,/Q(t,g)Tafju<Ux)g2u+1 do.
0

Using Fubini’s theorem once more, we find that

s

Qt, o) < /j'/(g\/x2 + &2 — 22€ cosw) sin® w dw) o o

0

A(t, €, x) = c b,

=c,b, [ J(t, €& x)sin® wdw,

Ot~y T T—3

where

J(t, & w /Q t,0)ju(oree(W))o? T do, rue(w = /a2 + € — 2zl cosw.
0

On the other hand,

TSG(t,x) = c,b, / G(t,re(w)) sin® wdw

=c¢,b, /(/Q t,0)ju (075 (w))o? T da) sin? w dw
0

™

=c,b, / J(t, & w)sin® wdw = AL, €, ).

0
Therefore,
u(t.a) = [ T6(,) (€ d = Gilt.) * f (o).
0

To justify the transformations carried out here, we study the properties of the function Q(¢,0)
as a function of the variable o, as well as the properties of the function G, since G = F E;,,l [Q]; the
properties of the function G(t,x) will, in turn, determine the properties of the function u(t, x).

Lemma 2.1. For each fized t > 0, the function Q(t, o) is infinitely differentiable with respect to the
variable o € R\ {0}; for its derivatives, the following estimates hold

|D;Q(t,0)| < bst??|o|¥ % exp{—t|o|*}, 0 #0, s€N, (2.5)

where the constant bs = bs(a) > 0 does not depend on t,

)0 fo<t<, e if 0 #£0, |o] <1,
TTN s, *“Nas if o] > L

Proof. To prove the statement, we use the formula

= Zki . 77(z Zﬁn!-@.ml! (%9(0))7%1"'(;1!%9(0))%7 (2.6)

in which we set F' =¢9, g = —t|o|*. Then

S
|
— —t| \O‘E _ % ]
’ijexp{ t\a|a}‘§e o ) 1§ ﬁLl!"-TTLz!A’ c#0, seN,
m=
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where

|, o#0.

~ d m 1 d? M2 1 d my
[ o) ) )
(g o)™ (g gz (1) ™ o (5 o tlol®
Since o > 1, the following inequalities are valid:
ala—1)(a—=2)(a—(1-1)<ala+1)---(a+1) <a-2a-3a---la=al.
Taking into account the last inequality, we find an estimate for A

K S t’ffll aﬁll |0|(a71)ﬁlltﬁl2062iﬁ2 |O_|(0472)77L2 .. tﬁll Oélﬁl” |O,|(afl)777,1

— gt o T+ 2 U |U‘a(ﬁ%1+~~~+77Lz)—(7711+277tz+~~+l77u) - tfﬁa5|0_|aﬁz—s o #0.
Thus,
|D5Qu(t,0)| = | D exp{—t|o|*}|

S
<a's! Y tMo]*T " exp{—t|o|*} < cit"|o

m=1

“texp{~tlo]”}, o #£0, (27)

where ¢; = ¢5(a) > 0,

0 if0<t<1, a if 0#£0, o] <1,
= wé:
TT e, as if |o] > 1.

Taking into account the Leibniz formula for differentiating the product of two functions, we find
that

D;Q(t,0) = D3(Qu(t,0)Qa(0 ZC”Q(”) L0) Q¥ (o).

-1

For further estimates, we use formula (2.6), in which we set F' = ¢, ¢ = R, where

R(o) = p— Y mrexp{—telo|} = Q3 (o).

k=1

Then Q2(0) = F(p) = R~! and

201 = | X g S e () ™ G )

Let |o| > 1. Taking into account the form of the function R and estimates (2.7), we obtain

, seN, o #0.

1 & 1 «— d’ o
*7R(U)’§*2Mk —,eitk‘a‘

| |
jl doi = dol
£ _
Zukt’*ﬂaw Temtlel® <c]2uk—|a\ T =pilelT, je{l. 1
bk
(here, we used the inequality |o|* exp{—tx|o|*} < 2 7 73 e{1,...,1}).

Therefore, if |o| > 1, then the following estnnate 1s valid:

nem| (L me)™ o (4 )

< 5{%1|0|—%1/B§12|0|—2ﬁ12 "'Blﬁ”|0|_lml < B%1+-~-+ﬁu|U|—(ﬁ11+2ﬁzz+-~+lﬁu) _ Bm‘d—s’
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where 8 = max{f,..., 0}
If 0 #0, |o] <1, then

1 &

5 o7 B <estiflol expl-nlo]"} <Elol . A<M, e (L1}

(here, we took into account the fact that 0 < ¢; < t2 < -+ < t,,, < +00). Moreover,
= (=1)"mIR~ (D),

Since exp{—ti|o|*} <1,Vo e R, k € {1,...,m}, we have

m m
M= Zuk exp{—tplo|*} > pu - Zuk-
k=1 k=1

m
By assumption g > > ug, therefore,
k=1

1 - -1 +1
R <(— ) B0 | g- ‘<m .
(0) < (1—=>_ Bo > TR B
k=1
Taking into account all these inequalities, we obtain

ID3Qa(0)| < 8! Y BB ||t =Elo] 70, o £0, (2.8)
m=1

where 8 = max{3, 8}. By virtue of (2.7), (2.8), we obtain the following estimate (Vo # 0):

S
ID;Q(t,0)| <> CPP|o]“r P Co_peylo| ™) exp{—t|o|}
p=0
< bst"’|o

wsS exp{—t|o|*}, o0 #0, seN. O
Remark 2.1. From estimates (2.5), (2.7) it follows that {Q1(¢, -), Q(¢, - )} C @, for each ¢ > 0. From
this and the boundedness of the function ()2 on R, we obtain that @5 is a multiplier in the space ®,,.

Remark 2.2. Reasoning similarly to the previous case, we find that for ¢ > 1 the derivatives of the
function

m —
Qt,t™/0) = exp{~|o|*} (1 = ju exp{—~t""talo|})
k=1
satisfy the inequalities
|D3Q(t,t7Y%0)| < Lg|o|* = exp{—|o|*}, 0 #0, s€N, (2.9)

where the constants Ly > 0 do not depend on t. If 0 < ¢ < 1, then

|D:Q(t,t™Y%)| < L't %|o

ws=3exp{—|o|“}, 0 #0, s€N. (2.10)

We now study the properties of the function
oo
_c,,/Q t,0)j,(cx)oc® T do, (t,x) € Q.
0

From Remark 2.1 it follows that for each ¢ > 0, the function G(t,z), as a function of z, is an element
of the space ¥, = Fp, [®,]. We isolate the dependence on the parameter ¢ in the estimates of
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the function G and its derivatives (with respect to the variable z). Let us introduce the notation
v=n+1/2,n €N, and use the representation of Bessel functions .,/ of half-integer order:

Tng1/2(x) = % {sin (:v — %)Pn(%) + cos (37 — n;)Q,(i)}, x>0,

where Pn(%) is a polynomial of degree n in %, Qn(%) is a polynomial of degree n — 1; moreover,
P, (0) =1, Q,(0) = 0 (the Bessel function j, is a solution of Bessel’s equation z%y” +zy’ + (2% —1v?)y =
0). Since the normalized Bessel function j, is related to the Bessel function J, by the formula

Ju(x) = w Ju(x), x > 0, we have the following representation for the function j, 1 /s:

nsaga(o) = oo Lsin (o= SR (5) oos (0= ) @u(5) Jo mem w0,

For example,

X 2

J5/2(w) = 2 {sin(x—w)(l - i) +% COS(CC—TF)}.

Lemma 2.2. For the function G(t,z), (t,x) € Q, and its derivatives, the following estimates are
valid:

DGt )| < et ™ (1 4 |g])~@vHtleltm) -y e 7, (2.11)
where the constant c,, > 0 does not depend on t > 0,

(a=D(m+v+3/2)+afa] +v+1/2
=1 o )

«

if 0<t <1,

if t> 1.

Proof. Consider the case m = 0. Making the change of integration variable ¢ = t~%/%¢, for the
function G, we obtain the following representation:

G(t,x) =t~ +2/2Gy(t, 2),
where

_ CV/Q = 1/045 (25)5211-&-1 d¢, == t—l/ax.
0

Taking into account the form of the normalized Bessel function j,, v € {3/2,5/2,7/2,...}, we find
that G(t,z) = t~2¥+2/ (A (t, 2) + As(t, 2)), where

As( i 1t Vag)ent Sm< £ — —) (Zig) d,
0

As( Q(t, t=1/xg)gntt §— — )@n de,
O/ cos (z ) ( 5)

P”(i) =3 e @) :i o €0

k=0
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Thus,

n

T by
Al(t’z):cn n+k+1 /Q t t~ 1/045 gn k+181n( 6—7) dg_cn27n+k+l J1 k(t Z)
0

k=0

Since z # 0, integrating by parts s = n — k + 2 + [«] times, we represent Ji x (¢, z) in the form

+oo
Jl,k(t,Z) = alirilo / Q(t7t71/a§)£nfk+1 sin (Zf B %) e

_ED [/D£ Q(t,t~ Y xg)en= k“)sm( 5— s )d€+7“(5 Z)]

25 =40

where the symbol r(e,z) denotes the boundary term, which consists of terms of the form
eDLEMFRDETIQ(t 17 g) - A if 0 < 1 < n— 1, the term eDI Q7)) - Aifl=n—k+1,
and the term cQ(t,t~/*€)€""F+1. A (c are the constants, whose specific values are not important at
the moment), A = sin(z§ — &F 4 (s — 1) ) with values at the points { = € and at infinity.

From estimates (2.9) it follows that for 0 < £ < 1 and ¢ > 1 the following estimates hold: if
0<!l<n-—k, then

’Dégn_k—HDz_l_lQ(t,t_l/af)’ < cgn—k—&-l—lga—(s—l—l) — ga—[a] — f{a}7 s=n—k+2+ [Oé};
ifl=n—k+1, then

IDEQn )] < gt = gl = cglel,

Moreover, lim Q(t,t~'/¥e)e"~*+1 =0, since
e——+0

m

Qg < (u—zuk)_l, vVt >0, €>0.

k=1
It follows from this that hrfs-lo r(e,z) = 0 for each z # 0. At infinity, the indicated terms vanish due
E—

to the decay to zero at infinity of the function Q(t,t~/“¢) and its derivatives.
Taking into account the formula for differentiating the product of two functions, we obtain that
the estimate of |Jq | reduces to the estimate of a sum of integrals of the form

Tt 2)] < / QUt, £ V/e) - k)| e

0
|:/‘D£ t—l/ag)lgn k+1d§+s(n—k+1 /|Ds 1Q t—l/a£)|§n kdf—l—
0

= Tep
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(n_k+1)' s—j r s—j -1/« n—k+1—j
ics J ’Ds IQ(t,t /€)|€ F=ige 4+ ...
(n—k+1-3) 0/

+(n—k+1)! / |Dg " TMHVQ 1) | de |, = #£ 0. (2.12)
0

From the properties of the function Q(¢, t—1/eg ) it follows that all integrals in (2.12) are convergent.
Indeed, consider one of the terms in the sum (2.12), that corresponds to the index n — k + 1 — j and
clarify the behavior of the integrand in a sufficiently small (right-hand) neighborhood of the point
& # 0 (at infinity, the function @ together with all its derivatives decays as exp{—|£|*}). Taking into
account (2.9), we find that

é-nkarlfj}Dz—jQ(t’t*l/a§)| S Ls_jgaf(sfj)fnkarlfj — Ls_jgaf[a]fl — Ls—jg{a}il-

From this it follows that the indicated integrand has an integrable singularity at the point & = 0.
Then

oo

/|DZ*jQ(t’t71/a€)| gnkarlfj dﬁ

0

1 00
<L51[ glet=tde + 6”"““‘%"“‘”‘“‘”exp{—f"}df]
fere]

1 [e%s)
<L, [ / gled=tde + / grittlemDlmeatlol) expf—¢2} dé} < fo0.
0 1

Therefore, if z # 0 (z = t~*/*z), t > 1, then the following inequality is valid:
| J1,6(t,2)] < Belz| ™%, s=n—k+2+[a] (2.13)

Then, taking into account (2.13), we have

|A1(t, Z)| <e, Z |bk|ﬂk‘z|f(n+k+1)|Z|7(n7k+2+[a]) _ C%|Z‘7(2n+3+[a]).
k=0

We estimate |As(t, 2)| similarly. Thus, for ¢ > 1 and 2z # 0, we have the estimate

|Go(t, 2)] < efz|~Crrarled, (2.14)

where the constant ¢ > 0 does not depend on t.
Further, taking into account (2.9) and the Poisson integral representation for the normalized Bessel
function j,, we note that for ¢ > 0 and z € R,

oo

Go(t, 2) < ¢, / Q(t, t™ /€)1 (2€)| €2+ dE < e, Ao /exp{—fo‘}df =1, (2.15)
0

0

where
_ (o - _ o L+ _ Z’” -l
¢ = (27T (v + 1)), Au*ﬁmy Bo = (Hk_lﬂk) .

From (2.14), (2.15) it follows that the function Gy(t, z) for ¢ > 1 and z € R satisfies the inequality

1Go(t, z)| < G + |2|)~@nt3+lal) — GEntstlal/agl/a L py=Crtstlel) - g e R ¢ > 1.
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Indeed, we introduce the notation I'(t,z) = (1 + |z|)2"F3+|Gy(t,2)|, 2 =t~z If |2] < 1
(|z| < t/®), then T'(t, z) < 227 +3+[ele) = ¢y,
Let |z| > 1 (Jz| > t'/®). Then, taking into account (2.14), we obtain

P P P
= ZC§|z\k\G0(t,z)| < ZC§|z|kc|z|_p <cp, cog= CZ C’;f, p=2n+3+|a].

Thus,
|Go(t,2)] <E(1+[2))~Crt3Hel we s 1, zeR, 2=t

where ¢ = max{cg, ¢}, which is what we needed to establish.
Let m € N. Using the formula

G(t,x) =t~ ¥2/0Gy(t,2), z=1t""",
we obtain
D'G(t,x) = e, t~ @ H2Em/a DGyt 2) = ¢~V A2EmI/o (AL (4 2) 4 Ayt ),
where

Avm(t,2) = cn Y bpDI' (2~ RN T 4 (t,2))
k=0

—eYon [t egen i et sin (a6 - T de,
k=0 0

Ao (t,2) = ¢y Z de;"(z*(”JrkH)Jz,k(t, z))
k=0

_ - —1/a n—k+1 pym/,—(n+k+1) - @
cn;Jdk/Q(t,t )en—k+pm(, cos (z§ 5 >)d§, 2> 0

We estimate |Ay (¢, z)|. Using the Leibniz formula for differentiating the product of two functions,
we obtain

m

D7z~ D gin (z¢ — YY) = Z C’f;lajz_("+k+1+j)§m_j sin ( 2€ — ULCONS (m —j) u )
(i~ 2) -5 (=T mes])
= (-1 (n+k+1)-(n+k+1+7).

Thus,

S

. —(n+k+1+ 1/ n—k+1+m— _ L _ T
Alth—cnkZ Z )0z J/Q t,tm )€ Jsm(zf 2—|—( j)2>d§

n m
=cp, Z by, Z Oz (WHRHIDD St 2),

where

L1 m,j(E 2) /Qt t~ 1/a§)§” ket14m— Jsm(sz?Jr(m 7) )d§

Reasoning similarly to what was done in the case m = 0 and integrating by parts s=n —k+ 2+
[a] + m — j times, we find that

Tt k,m,5(t: 2)] <

/ | DE(Q(t, 17/ g)en—R+1md)| de

|2°
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|:/DEQ t t_l/af)‘fn k+1+m— jd§+

L
n—k+14+m-—j)! T s et e I
m—k+1+m— ]—Z)O FDEQ(E g gk T g 4
0

+(n—k+1+m—j)! / | Dy~ TEHEEN Qe o) | de |, 2 £ 0.

From the properties of the function Q(¢, t—1eg ) it follows that all integrals are convergent. As in
the case m = 0, we obtain

D1k (t 2)] < Brmylzl ™5 z2=t"Y%2 #0, t>1, s=n—k+2+[a] +m —j.
The constants By m,; do not depend on ¢. From this we already obtain the estimate
n m
(81,1, 2)] < en 3 06| 3 Gl B 2]+ E 01D o b 2elelim =)

k=0 j=0

— am|z|7(2n+3+[a}+m) — am|z|f(2u+2+[a]+m)’ 5 — 1oy £0, t>1.

We estimate |Ag (£, 2)| similarly. As a result, we arrive at the inequalities
|DTG0(t,Z)‘ < 0/7;1(1 + ‘Z|)7(2u+2+[o¢]+m) _ C;In(tl/a |JL‘D (2v+2+{a ]+m)t(2u+2+[a]+m)/a7 t> 1.
Then

|D;VLG(t7x)| <G t—(2V+2+m)/ozt(2u+2+[a]-‘,—m)/a(tl/a + |x|)—(2y+2+[a]+m)
= gptlel/a@t/a g)~Cri2tlaltm) ez, 2 eR, t>1,
where the constant ¢,, > 0 does not depend on ¢, which is what we needed to establish.

The case 0 < t < 1 is considered similarly (using estimate (2.10)). As a result, we arrive at the
estimate

ID;RG(t,JJN < ’Evmt—((a—1)(m+u+3/2)+a[a]+y+1/2)/a(tl/a + |x|)—(2u+2+[a]+m)’ reR, 0<t<1,

where the constant :c:m > 0 does not depend on t. Combining these inequalities into one, we obtain
(2.11). O

Remark 2.3. From the properties of the function Q(t, o) it follows that the function G(¢,x) is contin-
uously differentiable as a function of the argument ¢ € (0, +00). Moreover, since

Qt,o) = /G (t,2)j, (ox)z* T dz, j,(0) =1,
0

we have
/ Gt 2)e® e = Q(t,0) = (1w =D )
5 k=1

Lemma 2.3. The function G(t,-), t € (0,+00), as an abstract function of the parameter t with
values in the space V¥, is differentiable with respect to t.
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Proof. From the property of continuity of the Bessel transform it follows that to prove the statement it
suffices to establish that the function Fp, [G(t, -)] = Q(¢, - ), as an abstract function of the parameter
t with values in the space ®,, is differentiable with respect to t. In other words, it is necessary to
prove that the limiting relation

Ta¢(o) : Q(t+ At,o) — Q(t,a)] — %Q(t,a), At — 0,

holds in the sense of convergence with respect to the topology of the space ®,. Note that
Tat(o) = —|o|“Q(t + 0At,0), 0< 0 <1,

Lat(o) — 9 Q(t,0) = |o]**Q(t + 0, At,0)0AL, 0<6; < 1.

ot

Taking into account the properties of the function Q(t,0), we prove that

[rac- 5

—0, At—0, YpeZ,. O

p

Corollary 2.1. The following formula is valid:

0 . 0G(t, ) )
a(f*G(ta'))—f*Ty Vfed,, t>0.

Proof. According to the definition of convolution of a generalized function with a test function

f * G(tax> = <f£7T§G(t’$)> = <f£,TgG(t,§>>,

we have
0
S (fGla) = Jim 1 [(f* Gl + D)) — (F+ Glt,2))]
= Jim {Fe 5, [TSG(+ A7) ~ TEG (1, 2)] ).

Due to Lemma 2.3, the limiting relation

L
At

0
[TSG(t + At,z) — TEG(t, 7)] o B TEG(t, x)
holds in the sense of convergence with respect to the topology of the space ¥, therefore, taking into
account the continuity of the functional f,

) 1
= — ; (7€ _7é
o (f+G(t,2)) < fe Jim < [T£G(t+ At,) TmG(t,x)D
) 3 3
_ 3 — 3 _
= (fer 5 TG (. 2)) = (fe, TE = Glt.2)) = [ # 5 Glt,),
which is what needed to be proved. O

Lemma 2.4. In the space V., the following relations hold:
1) G(t,-) = F5'[Qa], t— +0;
2)

pG(t, ) =Y ukG(te, -) = 6, t — +0. (2.16)
k=1
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Proof.

1) To prove the statement, it suffices to establish that Fp, [G(t, -)] = Q1(¢, - )Q2(-) — Q2(-),
t — 40, in the space @/ [1]. Toward this end, we take an arbitrary function ¢ € ®, and, using
the fact that @2 is a multiplier in the space @, [4], as well as the Lebesgue dominated convergence
theorem, we find that

(Q1(t, )Qa(+), ) = (Qu(t, ), Qa(-)ee(+))
:/Qwﬂ%wwwf”wggg/%WW@fHWW%L%VMH%#%m>
0 0

(here, we understand Q1 (¢, - )Q2(-) as a regular generalized function from the space @/ ). From this,
statement 1) of Lemma 2.4 follows.

2) Taking into account statement 1) of Lemma 2.4, we obtain

- ]iukG(tk, *) v nFgtQ ZNkF [Q1(t, - )Qa(+)]
{MQz Zqu1 tr, @2 )} = [( iﬂk@l (tw, - ) 2(- )}
k=1
= Fg, [(M - i#k@l(tk, ')) (M - ZMle(tka '))1} =Fg'll]=0.
k=1 k=1
Thus, relation (2.16) holds. O

Remark 24. fp=1,p =--- =
for equation (2.1). In thls case, Q
as t — +0, in the space U/,

Corollary 2.2. Let w(t,x) = f xG(t,x), f € ¥, ,, (t,x) € Q (here, ¥, , is the class of convolutors
in the space U, [4]). Then, in the space V', the followmg limiting relation holds:

tm = 0, then problem (2. 1),( .2) reduces to the Cauchy problem
(o =Fp

)=1,Yo €R, G(t,x) = F5'le7"°I"T and G(t, -) —» F5'[1] =6,

v

=ty ) — f, t— +0. (2.17)

Proof. We prove that the limiting relation

m

Fp, [po(t, ) = 3 maolta, )| — Fy, [f], = +0, (2.18)
k=1

holds in the space ®/,. Since f € V., ,, G(t, ) € U, for each ¢t > 0, we have

eI

Fp,w(t, )] =Fp,[f*G(t, )] = Fp,[f] - Fp,[G(t, )] = Fg,[f] - Q(t, -).

Therefore, it is necessary to prove that
m
Fi, [ (1Q(t, )~ 3 et )) — Fis [f] as 1= +0,
k=1

in the space ®/,. Since Q1 (¢, - )Q2(-) — Q2(-) as t — 40, in the space @/, (see the proof of statement
1) of Lemma 2.4), we have

m m m

HQ(t ) = 3 mQtis ) = 1Qa(+) = 3 maQutes )Qa(-) = (1= Y i@t ))Qa( ) =

k=1 k=1 k=1

in the space ®/,. Thus, relation (2.18), and hence (2.17) hold in the corresponding spaces. The
statement is proved. O
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Remark 2.5. The function G(t,x), (t,z) € Q, is a solution of equation (2.1). Indeed,

%G(tax) = 7FE;1,1 [ |0|aQ(ta G)]? AG(tv 1:) = FE;: [ |G|QFBU [FB:}Q(tv . )] ] = F];,,l [ |U|aQ(t7a)]7

whence we obtain

%G(t,x) + AG(t,x) =0, (t,z) € Q,

which is what needed to be established.

Henceforth, we call the function G(¢,x), (t,z) € Q, the fundamental solution of the multipoint
in time problem for equation (2.1).

From Corollary 2.2 it follows that the nonlocal multipoint in time problem for equation (2.1) can
be posed as follows: find a function u(t, z), (t,x) € €, that satisfies equation (2.1) and the condition

m
. o /
pim u(t, -) gluku(tk, )=1f eV, (2.19)
the limiting relation (2.19) is considered in the space W/, the restrictions on the parameters pu,

a H
U1y oy fhmy t1, ..., Ly are the same as in the case of problem (2.1),(2.2)).

Theorem 2.1. The nonlocal multipoint in time problem (2.1), (2.19) is well-posed, and the solution
is given by the formula

u(t,z) = f=xG(t, ), (t,z)€Q,
where u(t, -) € ¥, for each t > 0.

Proof. Let us verify that the function u(t,z), (t,x) € €, satisfies equation (2.1). Indeed (see Corol-
lary 2.1),
Oou(t,z) 0 B OG(t, x)
o o O =g
Au(t, ) = Fg [|o|*Fp,[f * G(t,2)]].

Since f is a convolutor in the space ¥, we have

Fp,[f*G(t, )] = Fp,[f]FB,[G(t, - )] = FB,[f]Q(, -).
Therefore,

0
5 Q(t, ) Fi, 1]

[ o) =15 e [ 25 -y 250

From this it follows that the function u(t, ), (¢,x) € Q, satisfies equation (2.1).

From Corollary 2.2 it follows that u satisfies condition (2.19) in the indicated sense.We also note
that uw depends continuously on the function f € \I/flv*, since the convolution operation has the
continuity property.

It remains to verify that problem (2.1),(2.19) has a unique solution. To do this, we consider the
Cauchy problem

Au(t,x) = F5'[|o|*Q(t,0)Fp,[f]] = —F5! [

ov(t, x)

5 = A*v(t,x), (t,z) €0,to) x R=Q, 0<t<ty< —+oo, (2.20)
oty )y, =0 Y E VG (2.21)
where A* is the restriction of the adjoint operator of the operator A to the space ¥,. Condition (2.21)

is understood in the weak sense. The Cauchy problem (2.20), (2.21) is well-posed, and the solution is
given by the formula

v(t,x) =« G (t,z), G*(t,x) = F];Vl [exp{(t — to)|o|*}],
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where v(t, -) € ¥, for each t € [0, ).

Let Qf, : W/, , — ¥, be the operator that associates to the functional ¢ € W/, , the solution of
problem (2.20), (2.21). The operator @, is linear and continuous, defined for arbitrary ¢ and ¢, such
that 0 <t < tg < 400 and has the properties

dQi
v V4 TR
1/} 6 Q% dt

ATQp,  lim Qv =

(the limit is considered in the space ¥7,).

Consider the solution u(t, z), (¢,z) € Q, of problem (2.1), (2.19), which we understand as a regular
functional from the space ¥/, , O W,. We prove that problem (2.1),(2.19) may have only a unique
solution in the space \Il;* To do this, it suffices to prove that the only solution of equation (2.1) with
zero initial condition can be the functional u(t, z) = 0 (for each t € (0, +00)). We apply the functional
u to the function Qiow € W,, where ¢ is an arbitrarily fixed element from the space ¥, C V[, .
Differentiating with respect to ¢ and using equations (2.1), (2.20), we obtain

2 (utt, . @l = (2 @ty + (u, 2ol

= (—Au, Q},¥) + (u, A" Q) = —(Au, Q4 v) + (Au, Qj %) =0, t € [0,t0).

Therefore, (u(t, -), Q} 1) is a constant. From the properties of abstract functions it follows that

lim (u(t, -), QL) = (ulto, -), %) = const = ¢, = clt),

t—to

at an arbitrary point to € (0,+00). Therefore, if in (2.19) f =0, then

p lim <’U,(t, )v¢> - Zﬂk<u(tk5 )ﬂf/> = HCo — Z/chk = 0.
k=1

t—40
k=1

From this it follows that ¢cg = ¢; = -+ = ¢, = 0. Indeed, suppose this is not the case. For example,

m m
¢o # 0. Then we have the relation p — Y prax = 0, where oy, = ¢ /co, that is, p = > pray. Since
k=1 k=1

m
ay, are arbitrary constants, while by assumption pu, 1, ..., iy are fixed parameters, and g > > p,
k=1
the resulting contradiction proves that ¢y = 0. Similarly, we prove that ¢; = --- = ¢, = 0. Thus,

(u(to, -),v) = 0 for arbitrary ¢ € ¥, that is, u(to,r) is the zero functional from the space Vg, .
Since ty € (0,+00) and tg is chosen arbitrarily, we have u(t,z) = 0 for all ¢ € (0, +00). O

Theorem 2.2. Let u(t,x), (t,x) € Q, be the solution of problem (2.1),(2.19) with initial function
[ €W, . having compact support (that is, supp f is a bounded set in R). Then u(t,z) — 0 ast — +oo
uniformly on R.

Proof. Let supp f C [—a,a] C [-b,b] C R. Consider an even function ¢ € ¥, such that p(z) =1 for
x € [—a,a], and supp ¢ C [—b,b]. Such a function exists, since the space ¥, contains even functions
with compact support. The function G(t,z), (t,z) € Q — the fundamental solution of problem
(2.1),(2.19) — is an even function of the variable x for each ¢ > 0. We represent the function wu(¢, x)
in the form

u(tvx) = <f€7§0(§>G(t7x - £)> + <f577(£)G(t7x - €)>7
where v =1 — ¢. Since supp (v(§)G(t,z — £)) Nsupp f = &, we have

u(t,x) =t~ @D/ f D/ G (- €)).

oo
The generalized function f € ¥, , C ¥, = Uo W7, , has finite order p € Z,, therefore,
p—

Jult, @) < ¢ FY flp - |ITe

o
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where T ,(€) = tv+2/ap(&)G(t,z — £). Note that Ty .(€) = 0 for € € R\ [~b,b]. To prove the
stated claim, it suffices to establish that I'; ;(£) is bounded in the norm of the space ¥, ,, that is,
that || 2 ||, < ¢p, where the constant ¢, > 0 does not depend on ¢ and z (¢t > 1, x € R). For this, we
use the estimate
IDEG(t = &)| < eutt™ V@ (12 + o — gy~ BrizHledtD
< Clt[a]/at—(2V+2+[a]+l)/a < Clt—(2l/+2+l)/a < Clt—(2u+2)/a’ le ZJr, (222)

which holds for t > 1, x € R, £ € [—b,b] and follows from (2.11). Since I'; ,(§) =0 for £ € R\ [-b, D],
taking into account (2.22), we obtain

P

Tzl = ¢V 2/ sur;b{z )P (p(6) Gl — €)™}
- k=0
k
< rere/ef Z<1 + )2 AN o0 (©)]|GE D (e - €|} < 6

k=0 1=0
(here, we used that | ()] < ct,1€{0,1,...,k}, £ € [-b,b]). Therefore,
lu(t,z)| <Gt~ @+t 51 zeR,

where ¢, = ¢, fllp, from which it follows that u(t,z) — 0 as ¢ — +oo uniformly on R, which is what
needed to be proved. Other possible cases of the location of supp f on R are studied similarly. O
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