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1 Introduction

In this paper, the averaging method is applied to the optimal control problem for systems of integro-
differential equations with rapidly oscillating coefficients and a small parameter on the half-axis.

The averaging method for practical problems was already applied by Newton in 1682. This method
was justified for ordinary differential equations by Bogolyubov and Krylov [11]. For systems of integro-
differential equations, results were obtained in [3,4], for boundary value problems for such systems
in [21], and for impulsive systems in [18,19].

Taking into account that the averaged system usually has a much simpler structure, the averaging
method is widely applied to the study of various optimal control problems. Results concerning the
application of the averaging method to optimal control problems for ordinary differential equations
are presented in [17,20], and for functional-differential equations in [10]. For impulsive optimal control
problems such results were obtained in [8,9]. In addition, optimal control problems governed by inte-
gral equations with state and control constraints were studied in [15], where a version of Pontryagin’s
Maximum Principle was established.

In general, systems of integro-differential equations are mathematical models of many processes
in natural sciences. Equations of this type arise as mathematical models of various processes in the
natural sciences, in particular, in population dynamics [2], chemical kinetics, and hydrodynamics
[1,22]. They often include control that should minimize certain functionals related to the dynamics
of processes. In this paper, the averaging method is applied to a nonlinear optimal control problem
for a Volterra-type integro-differential system and a problem linear with respect to the control on the
half-axis. On a finite interval, such problems were considered in [13].

In this paper, we show that the optimal trajectories and controls of the averaged problem converge
to the corresponding solutions of the original problem, with convergence uniform over the set of
admissible controls. This allows a significant simplification of the analysis of the optimal control
problem without losing the essential characteristics of its dynamics. In addition, a connection between
the problem on the half-axis and the corresponding averaged problem on a finite interval is established.

The paper consists of an introduction and two sections. Section 2 gives the problem statement for
the nonlinear and linear cases. The main results are formulated and proved in Section 3.

2 Problem statement

In this section, we state the problem both in the nonlinear case and in the case linear with respect to
the control.

2.1 Nonlinear optimal control problem for integro-differential equations
with rapidly oscillating coefficients on the half-axis

Let us consider a nonlinear optimal control problem on the half-axis with a small parameter and
rapidly oscillating coefficients:

; ¢
z=X(-,z(), | o, s,x(s))ds,u(t) |,

(8 0/ > (2.1)
x(0,u(0)) = zo,

where the cost function is given by
o0
o] = / L o(t), u(t)) dt —> inf, (2.2)
0

where € > 0 is a small parameter, v > 0 is a fixed constant characterizing the discount, x is a phase
vector from R?, u(t) is an m-dimensional control vector taking values in some set U C R™, t > 0.
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Denote

¢
pi(t,x) = /go(t,s,z) ds.
0

Assume that the following limit exists uniformly with respect to z € R? and u € R™:

lim [X(g , &, 01 (T, x),u) — Xo(x, u)} dr=20 (2.3)

e—0
0

for ¢ > 0.
To the optimal control problems on the semi-axis (2.1),(2.2) with rapidly oscillating coefficients,
we associate a simpler averaged control problem

€ = Xo(&,u(t)),
{g(o,u(o» = o, (2.4)

with the cost function

o0
Ju] = /efvtL(t,g(t), u(t)) dt — inf. (2.5)
0
In what follows, | - | denotes the norm of a vector in a finite-dimensional Euclidean space, and || - ||

denotes the matrix norm consistent with the vector norm.
For problem (2.1),(2.2) and its averaged problem (2.4), (2.5), we assume that the following condi-
tions hold.

Condition 2.1. Admissible controls are m-dimensional vector functions w(t) which, for almost all
t > 0, take values in some compact set U C R™, and wu(-) for each T' > 0 belongs to a compact set
Ur in LP(0,T) for some p > 1.

Condition 2.2. The function X (¢, z,y,u) is defined and continuous with respect to all variables in
the domain Qo = {t >0, x € R%, y € R”, u € U C R™}, and the following conditions are satisfied:

(1) X(¢t,z,y,u) is bounded in Qy, i.e., there exists a constant M > 0 such that | X (¢, z,y,u)] < M
for all (¢,z,y,u) € Qo.

(2) X(t,,y,u) satisfies the Lipschitz condition in Qg with respect to x € R? and v € R™, with
constant A:

|X(t,x,y,u) — X(t, 1, y1,u1)| < M|z — 21|+ |y — ya| + [u— ual)

for all (tvx,yvu)a (tvxlaylaul) € Q()'

Condition 2.3. The function ¢(t,s,x) is defined and continuous in the domain @; = {t > 0, s >
0, z € R4} and satisfies linear growth and a Lipschitz condition with respect to #. That is, there
exists a constant L, > 0 such that |p(t,s,2) — ¢(t,s,21)| < Loz — x1|, |¢(t, s,2)] < Lyo(1+ |z]).

Condition 2.4. The limit in (2.3) exists uniformly with respect to x € R and u € U.

Condition 2.5. The scalar function L(¢,x,u) is defined and continuous with respect to all its ar-
guments in the domain Q, = {t > 0, x € R% u € U}, and satisfies a linear growth condition with
respect to z and u in Q2 with constant M > 0; specifically,

|L(t,z,u)| < M(1+ |z] + |u]).
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2.2 Linear control problem

We also consider optimal control problem, linear with respect to the control for an integro-differential
system on the semi-axis with a small parameter and rapidly oscillating coefficients:

i) = £((£ o), [ ottt s ) + htate)uto) (20)

€
z(0) = xo,
with the cost function
/ (e (A(t,z(t)) + B(t,u(t)))] dt —> inf, (2.7)
0

where ¢ > 0 is a small parameter, 7 > 0 is a fixed constant characterizing the discount, x is a phase
vector in R, and u(t) is an m-dimensional control vector taking values in a set U C R™.
For this problem, we also apply the averaging method, similarly to the nonlinear case. Denote

t
/gptsx
0

Assume that the following limit exists uniformly with respect to € R? for each t > 0:

t

tim [ [f(Z.2.01(r.2)) = fol@)] dr = 0. (2.8)

0

The optimal control problems (2.6),(2.7) with rapidly oscillating coefficients on the semi-axis
correspond to a simpler averaged control problem

€= fo&) + fi(&ult), &(0,u(0)) = o, (2.9)

with the cost function
/ [e7'(A(t, £()) + B(t, u(t)))] dt — inf. (2.10)
0

For problem (2.6), (2.7) and the corresponding averaged problem (2.9), (2.10), we impose the fol-
lowing conditions.

Condition 2.6. Admissible controls are m-dimensional vector functions u(-) € L?(0,00) taking
values in a closed, convex set V' C R™; we also assume that 0 € V.

Condition 2.7. The function f(¢,z,y) is defined and continuous with respect to all its arguments in
the domain Q3 = {t > 0, € R?, y € R"}, and the n x m-dimensional matrix f;(z) is defined for
x € R, Moreover, the following hold:

(1) f(t,x,y) and fi(x) are bounded in their respective domains by a constant M > 0;

(2) f(t,z,y) and fi(x) satisfy a Lipschitz condition with respect to x in their respective domains
with a Lipschitz constant A > 0.

Condition 2.8. The function ¢(t,s,z) is defined and continuous in the domain Q4 = {t > 0, s >
0, = € R%} and satisfies linear growth and a Lipschitz condition with respect to x; that is, there exists
a constant L, > 0 such that |¢(t,s,z) — o(t,s,21)| < Ly|z — x1], |p(t,s,2)| < Lo(1 + |x).
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Condition 2.9. The limit in (2.8) exists uniformly with respect to z € R%.

Condition 2.10. The scalar functions A(¢,z), B(t,u), and %—f(t,u) are defined for ¢t > 0, z € R?,
u € V, and continuous with respect to all their arguments. Moreover:

(1) A(t,z) > 0 and satisfies a linear growth condition in x € R? with a constant M, i.e., |A(t,z)| <
M(1+ |z|) for all t > 0 and z € R%;

(2) there exist the constants a > 0 and a; > 0 such that ai|u|®> > B(t,u) > a|u|? for all t > 0,
B(t,u) is convex with respect to u € V, and there exists as > 0 such that

0B

S ()| < azful.

3 Main results

In this section, we present the main results and their proofs for both the nonlinear and linear cases.

3.1 Nonlinear Case

First, we note that it follows from Conditions 2.1, 2.2 and Theorem 3.1 [16] that for each admissible
control u(t), the solution z(¢,u) of the Cauchy problem (2.1) exists, is unique on [0,00), and is an
absolutely continuous function. Moreover, the solution of problem (2.1) satisfies the estimate

[2(8)] < Jool + M. (3.1)

Hence, for the cost function (2.2), taking into account (3.1) and Condition 2.5, we obtain

o0 o0
S/e"’tM(1+|x( )+ lu(t)]) dt < /e’”tM 1+|x0\+Mt)dt+C/ | dt < 00
0 0

for some constant C' > 0.

Thus, the cost function (2.2) is well-defined for all admissible controls.

From Condition 2.4 it follows that similar conclusions hold for the averaged problem.

The following lemma will be needed later, it guarantees the convergence of the solutions of the
exact system (2.1) to the corresponding solutions of the averaged system (2.4). Let T > 0 be fixed.

Lemma 3.1. Assume that Conditions 2.2-2.4 hold. Then, if u. — ug as € — 0 in the norm of the
space LP(0,T), the solution of the Cauchy problem (2.1) satisfies

x:(t) = &(t), € =0,
on [0,T), where &y(t) is the solution of the Cauchy problem corresponding to u = ug.

Proof. In addition to systems (2.1) and (2.4), consider the auxiliary system

P X(Z ,ze(t),/go(t,s,zg(s))ds7u0>, 2.0, u(0)) = . (3.2)
0

Then

|Z5(t) - xe(t)|

S S

< / X[ / lsrzemdraun(s)) = X (200, [ otosmantrarun(s)) | as

0
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t s

<)\/(|za(s)—xe(8)|+L¢/|zg(7)—mg(7)|d7> ds+)\/T|u€(s)—uo|ds
0 0 0

t

X / () — () ds + AL, [ / J22(r) — 2(7)| dr ds + A /T [ (s) — o] ds.
0 0 0

0

By the generalized Gronwall-Bellman lemma,
1
|22 (t) — 2 (t)| < AT [|ue — uol|Lr exp ()\T(l + LgoT))~

Furthermore, by Lemma 3.1 [13], it follows that z.(t) converges to & (t) as ¢ — 0 uniformly
on [0,T7.

Note that replacing the class L?(0,T) with LP(0,T) does not affect the proof, since any function
in L?(0,T), p > 1, can be approximated arbitrarily closely by piecewise constant functions. This
completes the proof. O

Remark. It follows from this theorem and the uniqueness of the Cauchy problem solution that if
Uue — ugp(t) as € — 0 in the norm LP(0,T") for each T > 0, then z.(¢) converges to &(¢) uniformly on
every interval [0,7]. Hence, zc(t) — &(t) as ¢ — 0 for any ¢ > 0. Therefore, in this case, we obtain
a pointwise convergence of the solutions of the original problem to the corresponding solutions of the
averaged one.

The next theorem establishes a connection between optimal controls, optimal trajectories, and cost
functionals of the exact problem (2.1),(2.2) and the averaged problem (2.4), (2.5).
Denote J¥ = inf J.[u], J§ = inf Jy[u], where the infimum is taken over all admissible controls.
u u

Theorem 3.1. Suppose that Conditions 2.1-2.5 hold, and there exists eg > 0 such that for all € €
(0,e0), problems (2.1), (2.2) and (2.4), (2.5) have solutions (xX(t),uk(t)) and (£*(t), u*(t)), respectively.
Then the following variational relations hold:

(1) Jr—= Jj ase = 0;
(2) for each n > 0, there exists ey such that for 0 < e < &y,
|JE = Je[u™]] <,
i.e., the optimal control of the averaged problem is nearly optimal for the original one;

(3) there exists a sequence €, — 0, n — 00, such that

g, (1) = &), (3.3)
uniformly on every interval [0,T], T > 0, and

‘wl () = u'(t), (3.4)

almost everywhere on [0,00), and u? (-) converges tow*(-) in the norm LP(0,T') for each T > 0.

If the averaged problem (2.4),(2.5) has a unique solution, then the convergences in (3.3), (3.4) hold
for alle > 0.

Proof. Let {&,}$° be an arbitrary sequence such that &, — 0 as n — co. By the assumptions of the
theorem, there exists ng € N such that, for n > ng, problem (2.1), (2.2) has a solution (x} (t),u? (t)).

From Condition 2.1 it follows that there exists on [0,1] a subsequence uZ (-) of the sequence
uZ, () convergent in LP([0,1]). Let u1(-) be its LP-limit. Then there exists a subsequence of uZ_ (t)
(denoted again by 7 (t)) that converges pointwise to u1(t) everywhere on [0, 1], except, possibly, on

a set Ay of Lebesgue measure zero.
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By analogous arguments, from the sequence u?, (-) one can extract on [0, 2] a subsequence u? ()
convergent in LP([0,2]). Let uz(-) be its LP-limit. Then there exists a subsequence of uZ _(t) (denoted
again by u;w (t)) that converges pointwise to us(t) everywhere on [0, 2], except, possibly, on some set
As of Lebesgue measure zero.

Obviously, u1(t) = ua(t) on the set [0,1]\ (A1 U As).

Continuing this procedure on [0, k], k& € N, one can construct a subsequence u:nk (+) of the sequence

*

u (-) that converges to some function uy(-) € Uy in the norm of L?([0, k]). From it, one can also

Eng_1
extract a subsequence, denoted by uznk, which converges pointwise on [0, k], except, possibly, on a set

k
A C [0, k] of measure zero. Obviously, uy(t) = uk—1(¢) on the set [0,k — 1]\ (U A4:).
i=1

oo
Denote B = |J A;. Clearly, the set B has a Lebesgue measure zero. Let us construct a function
i=1

ug(t) such that uo(t) = uk(t) for t € [0, k]. By construction, it has the following properties:

(a) wuo(t) is defined on [0,00) \ B, that is, almost everywhere;
(b) uo(t) € U for all [0,00) \ B;
c

(c) up(-) € Ur for every T > 0.

Hence, ug(t) is an admissible control for problem (2.1), (2.2).
Using Cantor’s diagonal method, one can construct a subsequence u? () of the original sequence

*

u’ (-) with the following properties:

En

(a) uf (-) converges in the norm of LP(]0,T]) for every T' > 0 to ug( ) as n — o0;

Enn
(b) uZ, converges to ug(t) for all t € [0,00) \ B.

Next, denote u? (-) by u? .

Then z? (t) is the optimal trajectory of problem (2.1),(2.2). Let &(t) denote the solution of the
averaged problem (2.4) corresponding to the control ug(t).

From Lemma 3.1 it then follows that z7 (t) converges uniformly on each interval [0,7], and
pointwise on [0, 00) to & (t) as m — oo.

Since u} (t) are optimal controls and x} (t) are optimal trajectories for problem (2.1),(2.2), we
obtain

JI < JX (u) = Jg A e, (u") = Jo(u”). (3.5)
But .
| Je,,, (W) = Jo(u”)| < /efjt|L(t7fﬂsm(t),u*(t)) — L(t,£*(t),u* (1)) dt. (3.6)
0

Applying again Lemma 3.1 to the system

t
Te,, = X(f,xem,u*>,
19
g* = X0(€*7U*)a

we obtain a pointwise convergence, for each ¢t > 0, of z.,_ (t) to £*(t) as e, — 0.
Using the linear growth condition for L, estimate (3.1), and Condition 2.1 for the integrand in
(3.6), we find an integrable majorant

e 7'M (1 + |zo| + Mt + C), (3.7)

where C' is a constant characterizing the boundedness of the compact set U from Condition 2.1.
By the continuity of the function L, and by the Lebesgue dominated convergence theorem, a
limiting transition is possible in (3.6), from which we obtain

Je, (") = Jo(u”), €m — 0. (3.8)
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On the other hand, since u is an admissible control for the averaged problem, we have

T < Jo(ur ) =05+ Jo(ul ) — Jo, (ul.). (3.9)

Em

But

|Jo(uz,)) = Je,, (uZ, )| < |Jo(uZ,)) — Jo(uo)| + |Je,, (uf, ) = Je,, (wo)| + | Je,, (uo0) — Jo(uo)|-  (3.10)

Em

Since
oo

o(ur,,) — Joluo)] = / L1, (8), 05, (£) — L(t, €o(t), uo(t))]| dt.

0
where &, (t) is the solution of the Cauchy problem

ésm = Xo (fem , u:m )7 fem (0, Ue,, (O)) = To,

analogously to (3.8), we obtain

Jo(uZ ) — Jo(uo), €m — 0. (3.11)
It remains to show that
Jeo (Ul )= Je, (ug) = 0, &y — 0. (3.12)
Indeed,
oo
| Je,,, (uZ,) = Je,, (uo)| < /e HL(taZ, (1),ul, (1) = Lt 2, (), uo(t))| dt, (3.13)
0

where z., is the solution of the Cauchy problem (3.2) with € = &,,.
Taking into account the almost everywhere convergence u? to ug(t) as e, — 0, and repeating
the reasoning analogous to (3.8), we arrive at (3.12). It is also clear that

ng (Uo) - Jo(uO) — 0, €, — 0. (3.14)

From (3.5), (3.8)—(3.14), we then obtain the estimates
Je,, (i ) —Jo < JI —J5 < Je, (u”) = Jo(u”). (3.15)

Hence,
JI = Jy, em — 0.

Therefore, from any sequence {JZ } one can extract a subsequence converging to J;. This proves
the first assertion of the theorem.

It remains to verify that wug is the optimal control for the averaged problem, and that yo(t) is the
corresponding optimal trajectory.

Analogously to the previous arguments, by the Lebesgue dominated convergence theorem, we have

/ Lt aE (8),ul (t)dt — /e*th(t,go(t),uo(t))dt, em — 0,
0 0

and hence, by (3.1), the pair (uo(t),&o(t)) is optimal, which completes the proof of statement 3) of
the theorem.
To prove statement (2), we observe that

| J2 = Je(uo)l < |JZ = Jg| + |Jo(uo) = Je(uo)|.

Applying Lemma 3.1 to the systems

. t :
Te = X(gﬁfmuo)» §o = Xo(ﬁo,uo)»
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and arguing analogously to (3.8), we obtain Jo(ug) — J-(ug) — 0, & = 0. Together with statement (1)
of the theorem, this proves statement (2).

If the averaged problem (2.1),(2.2) has a unique solution, then from the above it follows that
from any sequence (xf ,u’ ) one can extract a convergent subsequence, and all such subsequences

Em? TEm

converge to the same limit. This completes the proof of the final statement of the theorem. O

We approximate the solutions of the optimal control problem (2.1) with the cost functional
/e (A (t)) + B(t,u(t))) dt — inf (3.16)
0

on the half-line by the solutions of the averaged control problems on the interval [0,T], as T — oco.
Let (xX(t),uk(t)) be a solution of problem (2.1),(3.16) on the half-axis. Fix T' > 0 and consider
problem (2.4) with the cost function

T
Ior[u / (t)) + B(t,u(t))) dt — inf (3.17)
0

on the interval [0, T]. By Theorem 2.1 [13], this problem has an optimal solution (&5, u%) on [0,T].
For problem (2.4), define an admissible control on [0, c0) by

3 wi(t), telo0,T),

and let {7 o, denote the corresponding admissible trajectory.
Let Iy = inf Iyp[ul.
u

Theorem 3.2. Let Conditions 2.1-2./ and 2.10 be satisfied. Then
(1) I} =Lyl = 0ase—0, T — oo;
(2) there exist the sequences T,, — 00, £, — 0 such that for any t > 0 we have

|22 () = &1, ,00(t)] — 0, T, = 00, €, — 0. (3.18)

If the averaged problem (2.4),(3.17) has a unique solution, then the convergence in (3.18) holds for
allT — oo and e — 0.

Proof. We show that V7 > 0 there exist T and g9 > 0 such that VT > Ty, Ve < €¢:
[or — 12| <.

Indeed, we have
(Lor — 2| < Uop — 1] + |15 — IZ].

The first term does not depend on € and tends to 0, as T — oo, by Theorem 2.5 [12]. The convergence
of the second term to zero, as € — 0, follows from item (1) of Theorem 3.1.

(2) The proof of this item follows from the inequality

|22, (1) = &1 00 (O)] <[22, () = € (O] + [€7(8) = &1, 00 (D))

The convergence of the first term to zero as £, — 0, for each fixed ¢t > 0, follows from Theorem 3.1.
The convergence |£*(t) — &1, .00 (t)| = 0 as T}, — oo follows from item (iv) of Theorem 2.5 [12]. O
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3.2 Linear Case

Note that, by Conditions 2.7, 2.8 and Theorem 3.1 [16], it follows that for each admissible control
u(t) the solution z(t,u) of the Cauchy problem (2.6) exists, is unique on [0, 00), and is an absolutely
continuous function.

Moreover, for the solution of problem (2.6), similarly to the nonlinear case, for each t > 0, we have
the following estimate:

|2(t)] < lwol + Mt + Mt ||u] L210,00)- (3.19)
Thus, for the cost function (2.7), taking into account (3.19) and item 2) of Condition 2.10, we obtain

o0 oo

|J.[u]| < /e—ﬁM(1+ \a:(t)|)dt+/B(t,u(t))dt

0

0
o0
< /e’th(l 4 Jzol + Mt + Mt} ull ) dt + a [[ull2s < oo.
0

Therefore, the cost function (2.7) is well-defined for all admissible controls.

It follows from Condition 2.9 that similar conclusions also hold for the averaged problems.

For problems (2.6),(2.9), one can prove a theorem on the convergence of solutions of the original
problem (2.6) to the corresponding solutions of the averaged system (2.9) on the half-axis, analogous
to Theorem 3.1.

Lemma 3.2. Let Conditions 2.7-2.9 be satisfied. Then, if ue — ug as € — 0 in the norm of the space
LP(0,T), where T > 0, the solution of the Cauchy problem (2.1) satisfies

ze(t) = &o(t), € =0,
on [0,T), where &y(t) is the solution of the Cauchy problem with u = ug.

The following theorem describes the relationship between the optimal controls, the optimal tra-
jectories, and the cost functionals of the original problem (2.6),(2.7) and the averaged problem
(2.9), (2.10).

Denote JZ = igf Jelu), J§ = iBf Jo[u], where the infimum is taken over all admissible controls.

Theorem 3.3. Let Conditions 2.6-2.10 be satisfied. Then problems (2.6),(2.7) and (2.9), (2.10) have
solutions (xX(t),u’(t)) and (£*(t),u*(t)), respectively.
Moreover, the following variational relations hold:

(1) J* = JZ ase — 0;
(2) for each n > 0, there exists eg = £9(n) such that for all 0 < e < gy we have |JX — J-[u*]| < n;
(3) there exists a sequence €, — 0, n — 00, such that

xr (t) — &(t) (3.20)

En
uniformly on each interval [0,T] for any T > 0, and

uy —u* (3.21)
in L?(0, 00).

If the averaged problem (2.6),(2.7) has a unique solution, then the convergences in (3.20) and (3.21)
hold for all e — 0.
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The proof of the theorem is entirely analogous to that of Theorem 2.3 in [7].

We approximate the solutions of the optimal control problem (2.6),(2.7) on the half-line by the
solutions of the averaged control problems on the interval [0,T] as T — occ.

Similarly to the nonlinear case, let (z%(t),u*(t)) be a solution of problem (2.6),(2.7) on the half-
axis. Fix T > 0 and consider problem (2.9) with the cost functional

T
Ior(u /e TH(A(t,E(t) + B(t,u(t))) dt —> inf
0

on the interval [0, T]. Then, by Theorem 2.2 [13], this problem has a solution (£, u%) on [0,T].
For problem (2.9), (2.10), define an admissible control on [0, c0) as follows:

_ u;(t), t e [O,T]7
ol(t) =
U100 (t) {O, t>T,

and denote by &7 o the corresponding admissible trajectory.
Let I, = inf Iyp[ul.
Theorem 3.4. Let Conditions 2.6-2.10 hold. Then:
W) | IZ—Lp| = 0ase—0, T — oo

(2) there exist the sequences T,, — 00, £, — 0, such that for any t > 0,

lzZ (t) = &7, ,00(t)] — 0, T, — 00, €, — 0; (3.22)
3)
ul —Ur, 0 —0 as e, =0, T, — 00 (3.23)
in LP(0,00).

If the averaged problem (2.9),(2.10) has a unique solution, then the convergences in (3.22), (3.23)
hold for all T — oo.

Proof. The proofs of the first two statements are analogous to that of statements (1), (2) in Theo-

rem 3.2.
Let us prove statement (3), namely, let us show that for each 1 > 0, there exist 9 > 0 and Ty such
that for every e, < €g, T, > Tp, the following inequality holds:

oo

‘/u Lo(t dt—/uTmoogo(t)dt‘ <n
0
for any ¢ € L?(0,00).

Let u* be the optimal control of the averaged problem on the half-axis. We have

o o o

‘/ungo dt—/uTnmgo dt‘ < ‘/ungo dt—/ (t)dt+/u* (t)dt—/uTnm(p(t)dt‘

0 0

‘/ t+/u — U, o0) (t)dt‘.
0

The weak convergence of the first term to 0 as £, — 0 follows from Theorem 3.1. The weak convergence
of the second term to 0 in the last inequality follows from Theorem 2.5 [12] as T,, — co. Note that
this term does not depend on g,,. O

IA
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