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ASYMPTOTIC INTEGRATION OF SYSTEM OF SINGULARY
PERTURBED DIFFERENTIAL EQUATIONS
WITH UNSTABLE TURNING POINT



Abstract. This paper investigates the case where the principal matrix contains negative components
that significantly affect the asymptotic behavior of solutions. Constructive conditions for the exis-
tence of an asymptotic solution to a system of singularly perturbed fourth-order differential equations
with a differential turning point are established. An algorithm for constructing the corresponding ap-
proximate solution is proposed. Applying the method of essentially singular functions, an asymptotic
representation of the solution is derived that reflects the specific structural features of the problem.
Particular attention is given to the case where the spectrum of the limiting operator contains multiple
eigenvalues and zero spectral elements. The analysis conducted provides a deeper understanding of
the behavior of solutions at critical points and lays the foundation for further studies of related classes
of problems.
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1 Introdution

Singularly perturbed differential equations are widely used in mathematical modeling of processes
characterized by the presence of small parameters at higher derivatives. Such problems arise in
many areas of science and technology, in particular in control theory, mechanics, physics, biology,
and chemical kinetics. Of particular interest are the problems with turning points. At such points,
the type of solution changes, which requires the construction of special internal asymptotics and
the application of modified approaches. Given the specificity of the mathematical formulation, the
study of the asymptotics of solutions of singularly perturbed systems of differential equations with
differential turning points is a complex task that requires the use of special methods. It is important
to note that the study of the asymptotics of solutions to singularly perturbed systems of differential
equations with differential turning points is an area that is actively researched, with new methods
being developed and new results are being provided that find application in various fields of applied
mathematics [3,4,6,8-10].

2 Statement of the problem
Let us consider a system of singularly perturbed differential equations with a differential turning point

eY'(z,e) — A(x,e)Y (z,¢) = H(z), (2.1)

where A(x,¢) has the structure
A(JC,E) = AO(QS) + €A1,

and Ag(x) and A; form the matrices

0 0 0 0 1 0
Ag(x) = 0 0 1], Ai=10 0 0], a(x),b(x),H(z) € C*[-1,0].
—b(z) —a(z) O 0 0 0

We consider the case where the coefficients of the main matrix have the same signs, that is, the
following conditions are met:

C1. Ay(z), H(z) € C>*[-1,0].
C2. a(x) = za(x), a(z) <0, b(z) < 0.

When the conditions C1 and C 2 are fulfilled, the system contains an unstable turning point, and
the degenerate equation corresponding to the system does not have a smooth solution in the vicinity
of the turning point. Therefore, it is not used explicitly to construct the third linearly independent
solution for the system. To construct a uniform asymptotics of solution, the method of essentially
singular functions is used [2]. The constructed solutions were evaluated as € — 0.

The characteristic equation corresponding to system (2.1) has the form

A 0 0
|A(z,0) = AE| =] 0 -\ 1 |=-X4za(x)A=0.
bz) a(z) =X\

Since we are investigating the unstable turning point x = 0, the roots of the characteristic equation
are real numbers, i.e., Ay =0, \y,3 = £+/za(z).
The degenerate equation for system (2.1) in this case will look like

—za(x)y (z,€) — b(x)y(z,e) = h(x), (2.2)

where £ > 0 is a small parametr, a(z), b(x), h(z) € C*°[-I;0].
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3 Space of non-resonant solutions

In a singularly perturbed system with a turning point near the independent variable x, we introduce
a new vector variable ¢ = ¢7? - p(z). Then, instead of the desired vector function Y (z,¢), a new
“extended vector function” 17(33, t,e) is studied. Moreover, the expansion is carried out in such a way
that the condition is satisfied, as in the regularization method [2].

We select a set of functions in which the problem is expanded:

/ 837(95,7575) 4 MS 8@(90,15,6)

at 5 = Alw,e)Yi(a t,e) = H(x)

Zgif;(%t,g) = up

will be regularly perturbed with respect to a small parameter. Toward this end, we consider the sets
(subspaces) of functions

D1y = aqg(z,e)Ur(t) + €7 Big(x, e)U; (t), Dok = aag(w,e)Us(t) + €7 Bar(z,)Us(1),
Dsy, = fre(x,e)v(t) + &7 gr(z,e)v/(t), Dy = wi(w,¢),

where U;(t) (i = 1,2) are the Airy-Langer functions [2].

Subspaces D1 and Dy contain solutions of a homogeneous system of singularly perturbed dif-
ferential equations, whose structure contains essentially special functions U;(t). The subspace Dsj
contains solutions of a non-homogeneous system of singularly perturbed differential equations, whose
structure contains an essentially special function v(t) and its derivative [2]. The subspace Dy, contains
solutions of a homogeneous and inhomogeneous system of singularly perturbed differential equations
that correspond to the root of the characteristic equation A\; = 0, and does not contain any essentially
special functions.

In this case, the turning point will be unstable, as in the previous case, but the solutions of
the degenerate equation will not be sufficiently smooth at the point « = 0. If b(z) < 0 in (2.2),
we get ~20)) = p > 0 [1]. Therefore, we cannot repeat the logic and use the reasonings described
in the case of [7], since the solution of the degenerate differential equation (2.1) and its derivatives
are not sufficiently smooth at the point = 0. This is due to the fact that the functions wg, ()
cannot be expanded in a series in powers of a small parameter in such a way that the coefficients
of these expansions are continuous functions on the entire interval [—I;0]. Therefore, it cannot be
used to construct the third linearly independent solution of a homogeneous system of singularly
perturbed differential equations [7]. So, the structure of the solution to problem (2.1) with this
type of turning point cannot be reduced to the structures of solutions of those problems that were
considered in previous cases. This is the main feature of problem (2.1) for the case with subtractive
matrix coefficients. The difficulties that arise in constructing the third formal solution will be described
below.

4 Regularization of the system of singularly perturbed
equation

An element of this space has the form

Vil t.e) = 3 [aa(@Uit) + Bu(@) L] + ful@)w(t) + &g (@) (1) + wna).
i=1

For convenience, we introduce the notation U; (t) = Ai(t), Us(t) = Bi(t).
Let us write the result of the extended operator action L. on elements Dy, and Dy in the form
of two vector equations:

Ui (t) : agp(z,e)¢' (x) — [Ao(a) + 1 A1) Bir (2, €) = —pi° By, (2, €),
Ui(t) : Bir(w,)p(x)¢' () — [Ao(z) + 1’ Ar| i (x, ) = —pP oy (w, €).
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From the vector equations, we uniquely determine the exponent u = £3:

() = =P [B]1(x,€) — Bia(, )],
) = Bis(w,¢) = — 1’ Bia(x, €),

)
)
(@, €)' (z) + b(x)Bir(z,€) — a(z)Bia(x,e) = —p3Bls(z,€), (41)
p(@)¢ (2)Bin(,€) = —p[afy (2, €) — aipa(z,€)],
o) (2)Bia(m,€) — quz(z,€) = —plaly(z,€),
p(2)¢ (2)Biz(z,€) + b(x)air(z,€) — a(z)aia(z,€) = —pPais(z, €),

which is a regularly perturbed system of relatively small parameter pu.

5 Construction of formal solutions of a homogeneous system

To construct the asymptotics of solutions of a homogeneous extended system (2.1), we will use a
system of algebraic equations (4.1), whose unknown coefficients we will look for in the form of the
series

+oo
= wone (@), Bin(.2) Zu Bikr (@ (5.1)
r=0

To determine the components of vector functions . = colomn(ai,(x), (), ais-(z)) and
Bikr () = colomn(Bi1r (), Bizr (), Bisr(x)), we obtain the following recurrent systems of equations:

O(2)Zpo(x) =0, r=0,1,2, ®(2)Zpr(2) = FZy(—3)(x), 7> 3. (5.2)
Here,

Zkr(x) = COlOmTl(ailr(Cﬂ), Oéizr(ﬂ?), Oéz'3r($)a 5i1r(5ﬂ), 5i2r(l’), 61‘37’(1'))7

') 0 0 0 0 0
0 o' (x) 0 0 0 -1
B 0 0 o' (x) b(x) —za(x) 0
PO= 0 0 0 e o 0
0 0 -1 0 p(z)¢' (2) 0

b(z) —za(z) 0 0 0 o(z)¢' (2)

Let us calculate the determinant of this system. We have
det ®(z) = (a®(z) — 2a(2)p(x)p™ (2) + ¢*(2)¢" (2)) - p() 0" (@).
We define the function ¢(x) as the solution to the problem
P*(2)¢" (2) + 2a(2)p(2)¢" () + a*(z) = 0,
which we can write in a simpler form
p(2)¢" () = —a(z) = —za, ¢(0)=0. (5:3)
It should be noted that the solutions of the equation
U"(t) —tU(t) =

that is, the functions Ai(t) and Bi(t), will be stable as ¢ — —o0. So, we need the solution to problem
(5.3) to be a function ¢(0) < 0.
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The solution to problem (5.3) under the condition ¢(0) = 0 is the function
3 [ g
3
= <2 / vV —za(x) dx)
0

A regularizing function of this type was considered in [1,5]. Since det ®(z) = 0, there is a nontrivial
solution to the homogeneous system (2.1) of the form

Ziale) = colomn (0, —— Buan(x). —¢(2)¢ (2)Bi20(2). 0, B (). Brao 1)) (5.4)

( )

where SBoir(z), i = 1,2, 4 = 1,3, up to a certain moment, are arbitrary, fairly smooth functions with
€ [-1;0].
Let us solve nonhomogeneous systems (5.2). First, consider these systems for = 3. Considering
the obtained solution (5.4), we have

¢’ (x)ans(r) = Bizo(x) — Bi1o(®) = Bizo(w),
¢’ (x)aios(x) — Biss(x) = =Bl (), (5.5)
¢’ (z)aizz(x) + b(w)Bira(w) + a(z)Bizs(z) = —Bizo ()

8

and
o(x)¢' () B () = —ayo(x) + ino(x) = cino(x) = [/ ()] Biso (),

()¢’ (2)Bizz(2) — auzz(x) = —ajy(z) = —% ([ (@)] " Biso (), (5.6)

o' (7)Bizs () + b(w)ainz(v) + a(r)avizs(z) = —ajzo(x).

With this definition of vector functions Zyo(x), there are the solutions to inhomogeneous systems
of algebraic equations (5.5) and (5.6) of the form

Zis(x) = colomn(zi13, 2123, 2k33, 2k43, Zk53, Zk63)s

where
Zil3 = Wﬂm(ﬂ?)a Zig3 = _5220(2),(—;)&33(%) ;
i) — al)Bias (@) — ) () (' () B

@)

Zi43 = (@(Jf)rl(‘Pl(%‘))dﬁﬁo(%), zis3 = Bi21(x), zie3 = Piz1(x),

where Bio1(x) and B;31(z), as in (5.4), up to a certain moment, are arbitrary, sufficiently smooth
functions for all z € [—;0].

6 Construction of formal solutions of a nonhomogeneous
system

Formally, the solution of a homogeneous system (2.1) can be represented as rows (5.1):

oo

Yie(z,6 3 p(x),€) = D & [ainn (@)Ui(e ™5 (@) + €3 Binr (2, ) U} (e~ 5 ()]

r=0

+ Z [frr(@)v(t) + pger (2)v'(t) + @pr(2)]. - (6.1)

r=—2
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To determine the components of the vector functions

fkr(x) = COlomn(flr(x)v f2r(x)7 f37“(x))7 gkr(m) = COlomn(glr(ﬂU),92r($)793r($))7

we replace the rows fi,(z) and gk, (x) into a regularized system of equations

fi(z, )¢/ (x) = =P [g (2,) — ga(,€)],

fa(z,€)¢'(x) — g3(z,€) = —p’gh(w, ),

f3(z, )¢ (2) = b(2)gir(z, ) — a(z)gz(z,€) = —p’gi(z, €),
p(a)¢ (@)g1(z, ) = —p®[fi(z,€) — fa(z,e)],
p(z)¢'(z)g2(z,€) — f3(x,8) = —/f’fé(‘r,g),

p(2)¢ (2)gs(z,€) + b(2) fi(,€) + a(z) f2(z,€) = —pPajs(z, ).

From this system, we obtain the following systems of recurrent equations:
O(x)- 28" (x) =0, r=—-2,-1,0, ®(x)- 2P (x) = -2 (x), r>1. (6.2)
In the resulting recursions (6.2), ®(x) is the matrix and

Zfart. (l’) = COlomn(flr(x)a f2r(x)a f3r($)7 glr(x)a g2’l"(m)) gSr(x))

is an unknown vector function.
Recall that to construct the third formal solution of the homogeneous system (2.1), it is necessary
to construct only partial solutions of this system. Consider the equation

pwy(x,e) — Az, )wp(x,€) = H(z) — p2¢/ ()7 Lgp(x, €). (6.3)
We represent equation (6.3) in the form of a system

pPwi(x) = —p?¢' (x)g1(x) + pPwa(z),

1°@5(x) — Wa(x) = —pP¢' (x)g2(2), (6.4)

112w (2) — b(x)@1 (x) — a(z)wa(z) = h(z) — p?¢' (z)gs(2).

To determine the components of vector functions w (), let us substitute a series

“+oo
&)=Y W (o)
r=0

into system (6.4). As a result, we obtain a system of the form

ﬂ[#owllo(l")JFle{l( ) + 1wy (x) + ]

= —¢' (@) [ 29122 (@) + g1 -1y (@) + 10g10(x) + - -]
+p[pO wzo( )+ plwon (z) + PP (z) + - |,
M[Mowéo(x)+ulwé1($)+u Wao (@) + ] [10@30(x) + plwsi (z) + p*@sa(2) + - -]
= — 2@ (x) [0 2 ga(—2) (x)+u 9a(—1) (@) + 10g20(x) + - -],
(1 [10@30 () + pleg () + M2w32 () + -] = b(x) [p"@r0(z) + plwn (z) + pPwia(z) + - - ]

—a(x) [0 (2 )+/~L Wa1(x) + pPwaa () + - - |
= h(x) — (¢ () [ 2g3(—2) (%) + " g3—1) (@) + p0g30(x) + - - ].

First, let us consider the recurrent systems (6.2).

(6.5)

We write the system of recurrent equations (6.2) for r = —2:
@' () fr(—2)(z,€) =0,
©'(z) fa(—2)(x,€) — gizo(z,€) = 0
@' () fa—2) (@, €) = b(x)g1(—2)(x, €) — a(x)ga(—2)(7,€) =0,
(@)¢ ()12 (2.) = P[]y (@,2) = For2) ()],
()¢ (T)g2(—2) (7€) + f3(—2)(z,€) =0,
(x)0' (2)g3(—2)(,€) + b(x) fr—2) (7, €) + a(x) fo(—2)(x,€) =0
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Since det ®(x) = 0, there exists a nontrivial solution to the system ®(x) - Zx, = 0, r = —2,0 of the
form

Zkr(x) = colomn (07 ﬁ 9or (1’), (psol(x)gk%r (iE), Oa 92’)"(‘7/.)7 gSr(x)) )

where gi-(z), k=1,3, 7 = —2,0, up to a certain moment, are arbitrary, sufficiently smooth functions
with z € [—1;0].
In this way, to obtain the solution of the system ®(x)- Zy,. = 0, r = —2,0, we move to the solutions

of inhomogeneous systems ®(z) - Zp,(z) = F - Z(r—3)(z), r > 1. To do this, we consider differential
equations of the form

2a(x)gy_g)(7) + [ = b(@) — @' (@) (¢(2)¢' ()] g2 (-2 (x) = 0, (6.6)

and
o) _ bla) .
) " )@ =0

In equation (6.6), we introduce the notation

—2g5(_g)(x) + {

Remind that

o) = (3 / mdm) CN| / —a(w)dx)_é- —a@).

0

To find the components, we use the equations

92(—2)(35) - % {gz((i))}QQ(—Q)(x) =0, (6.7)
9:/3(72)(55) - % {;%((2}93(2)(95) =0. (6.8)

From (6.8), we get
9(13(72)( ) 2%((3;))93(2) () =0, (6.9)

So, we write the solution for (6.9) in the form

bs(x —=part. _ — _ — — —
9a(—2) (%) = g3(_g) - exp { / bslz) dx}, Zp  (x) = colomn(Z1, Zk2, Zk3s Zhd, Zhs, Zk6)

x
where
9(2)(—2) () - _ *93(_2)(1) - xP? + g31(x)
Rl T s AR T ,
¢'(z) o' (x)
b() g5 (x)-x"3
_98(_2) (x)-xP? + 93<a(—2) —a(z)gai(z) M

Zk3 = y  2k4 )
¢'(z) —a(x)

Zks = 921(%),  Zre = g31(x),

where gr1, kK = 2,3, up to a certain moment, are arbitrary, sufficiently smooth functions with x €
[—1;0].
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To ensure the construction of a uniform asymptotics of the solution of equation (2.1) on the entire
segment of a relatively small parameter, it is necessary that the requirement p € N be fulfilled. Since
Zig)) = p must be a natural number, we consider the following cases.

Case 1. Let p = 2n be an even number, n € N. Then, using the above notation, we obtain that
p2=n— % is not a natural number, but ps = n is a natural number and p3 = 0 when p = 0. We have

b(lL’) P ppart.
LI Ly Rt a),

where Ef “*(z) is an analytic function in the vicinity of the turning point.

If po =n— % is a sufficiently large number, then to construct the asymptotics of a linearly
independent solution of system (2.1) with a certain tonality of a relatively small parameter € > 0, you
can use solutions (6.2). Since in this case p3 = % p is a non-negative integer, using the general solution
of equations of the form (6.8) and partial solutions of equations of the form (6.7), we construct the
asymptotics of a linearly independent solution of system (2.1) with arbitrary accuracy of a relatively

small parameter € > 0 on the entire segment [—I, 0], including the turning point.

Case 2. Let p = 2n — 1 be an odd number, n € N. Then ps = n — 1 is a non-negative integer
and p3 = n — % is not a natural number. In this case, to construct the asymptotics of a linearly
independent solution of system (2.1) with a certain tonality of a relatively small parameter € > 0, we
use the general solution of equations of the form (6.7) and partial solutions of equations of the form
(6.8).

We consider p = 2n, and p3 = n, n € N. Then, according to Case 1, the partial and sufficiently
smooth solutions of equations (6.7) and (6.8) are wig(z) = ga(—2)(v) =0,

b3 €T ~
93(~2)(¥) = Gy o) - XD { / 2a((33)) dx} = 952" (@),

when r = 0, where g(x) is a sufficiently smooth function for = € [, 0], provided that g(0) # 0.
The solution of system (6.5) for » = 0 looks like

Wio(x) :w100~exp{ —/%dm};exp{ —/Zigdm} : ZE;’;; exp{/z((z))dx},
wao(z) =wio" - ¢ (2) - g?’(a_(ii;j% , Wao(@) = ¢ (@) - ga_gya”.

Continuing to solve the systems of iterative equations with (6.5), we find all the components wg,(z).
Theorem. Let the system of singularly perturbed differential equations (2.1) satisfy the conditions:
C1. Ap(z), H(z) € C*[-1,0].

C2. a(x) =za(x), a(z) <0, b(z) <0

Then we can construct a formal solution
v{om (e ip(e Ze ke (2)Ui(e™ F p(w) + €% it (1)U} (e p())]
+ Z fkr )+Mgkr( ) /(t)"_wkr(x)}v

r=-—2

aikr(z) and Bigr () are determined from (5.1), and fir(z), grr(2), wir(x) from (6.1).



168 Valentyn Sobchuk, Iryna Zelenska, | Vasyl Bobochko
Acknowledgments
We express our sincere gratitude to Vasyl Mykolayovych Bobochko for setting the task, which became

the

basis for the research conducted.
The research was carried out within the framework of the research project # 24 B® 038-01 “Asymp-

totic Behavior, Stability, and Controllability in Infinite-Dimensional Fvolutionary Systems with De-
terministic and Stochastic Perturbations”.

References

[1]

[10]

V. N. Bobochko, Uniform asymptotics of a solution of an inhomogeneous system of two differential
equations with a turning point. (Russian) translation in Russian Math. (Iz. VUZ) 50 (2006), no.
5, 6-16 (2007); Izv. Vyssh. Uchebn. Zaved. Mat. 2006, no. 5, 8-18.

V. M. Bobochko and M. O. Perestyuk, Asymptotic Integration of Liouville Equations with Evo-
lution Points. (Ukrainian) Naukova Dumka, Kyiv, 2002.

0. A. Kapustian, O. V. Kapustyan, A. Ryzhov and V. Sobchuk, Approximate Optimal Control
for a Parabolic System with Perturbations in the Coefficients on the Half-Axis. Azioms 11 (2022),
no. 4, 10 pp.

O. Kapustyan, N. Kasimova, V. Sobchuk and O. Stanzhytskyi, The averaging method for the
optimal control problem of a parabolic inclusion with fast-oscillating coefficients on a finite time
interval. Visn., Ser. Fiz.-Mat. Nauky, Kyiv. Univ. Im. Tarasa Shevchenka 79 (2024), no. 2, 33—40.

S. A. Lomov, Introduction to the General Theory of Singular Perturbations. Translations of
Mathematical Monographs, 112. American Mathematical Society, Providence, RI, 1992.

V. V. Sobchuk and I. O. Zelenska, Construction of asymptotics of the solution for a system of
singularly perturbed equations by the method of essentially singular functions. (Ukrainian) Visn.,
Ser. Fiz.-Mat. Nauky, Kyiv. Univ. Im. Tarasa Shevchenka 2023, no. 2, 184-192.

V. Sobchuk, I. Zelenska and O. Laptiev, Algorithm for solution of systems of singularly perturbed
differential equations with a differential turning point. Bull. Pol. Acad. Sci., Tech. Sci. 71 (2023),
Article number: €145682, no. 3, 8 pp.

O. V. Vashchilina, I. V. Lebedyeva and O. I. Bilobrytska, Modeling and numerical research of the
self-excitation phenomenon of the drill bit whirlings vibrations. (Ukrainian) Visn., Ser. Fiz.-Mat.
Nauky, Kyiv. Univ. Im. Tarasa Shevchenka 2019, no. 1, 28-33.

V. M. Yashchuk, M. Z. Galunov, I. V. Lebedyeva, O. A. Tarasenko, O. M. Navozenko,
E. V. Vashchilina, A. V. Krech, M. Yu. Losytskyy and M. A. Dotsenko, Some peculiarities
of triplet excitations dynamics in organic macromolecules and crystals. Molecular Crystals and
Liquid Crystals 747 (2022), no. 1, 3-13.

N. V. Zadoianchuk and P. O. Kasyanov, Dynamics of solutions of a class of second-order auto-

nomous evolution inclusions. (Russian) Kibernet. Sistem. Anal. 2012, no. 3, 111-126; translation
in Cybernet. Systems Anal. 48 (2012), no. 3, 414-428.

(Received 07.10.2025; accepted 03.12.2025)

Authors’ addresses:

Valentyn Sobchuk

Taras Shevchenko National University of Kyiv, 64/13 Volodymyrska Str., Kyiv 01601, Ukraine
E-mail: Sobchuk@knu.ua, v.v.sobchuk@gmail.com

Iryna Zelenska

Taras Shevchenko National University of Kyiv, 64/13 Volodymyrska Str., Kyiv 01601, Ukraine
E-mail: Kopchuk@gmail.com, selenska.iryna@l1ll.kpi.ua



	Introdution
	Statement of the problem
	Space of non-resonant solutions
	Regularization of the system of singularly perturbed  equation
	Construction of formal solutions of a homogeneous system
	Construction of formal solutions of a nonhomogeneous  system

