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Abstract. In this paper, we consider a three-dimensional model of fluid-solid interaction when a
generalized thermo-electro-magneto-elastic body, occupying a bounded region 27, is embedded in an
inviscid fluid occupying an unbounded domain Q~ = R3\ QF. In this case, we have a six-dimensional
Green-Lindsay model of generalized thermo-electro-magneto-elastic field (displacement vector with
three components, electric potential, magnetic potential, and temperature distribution function) in
the domain Q% while in the unbounded domain Q= we have a scalar acoustic pressure field. The
physical kinematic and dynamic relations are described mathematically by appropriate boundary and
transmission conditions. Using the potential method and the theory of pseudodifferential equations, we
prove the existence and uniqueness theorems for the corresponding interaction problems in appropriate
Sobolev—Slobodetskii spaces.
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1 Formulation of the problems

1.1 Introduction

The surge of interest in multiferroic materials over the past 15 years has been driven by their fasci-
nating physical properties and huge potential for technological applications. Multiferroics belong to a
newer class of thermo-electro-magneto-elastic materials in which ferromagnetic and ferroelectric prop-
erties occur simultaneously. Consequently, mathematical modeling related to the multiferroic com-
plex composite structures and the corresponding fluid-solid interaction problems have become very
important from the theoretical and practical points of view. Mathematically, this type of interaction
problems is described by non-standard boundary-transmission problems for physical fields of different
dimensions acting in adjacent domains. This type of interaction problems involving physical fields
of different dimensions arises in mathematical models of electro-magneto transducers, sensors, actu-
ators, energy harvesters, servomechanisms, phased array microphones, ultrasound equipment, inkjet
droplet actuators, sonar transducers, bioimaging, immunochemistry, and acousto-biotherapeutics (see,
e.g., [39,41,45] and the references therein).

In this paper, we analyze a three-dimensional model of fluid-solid interaction, when a thermo-
electro-magneto-elastic body, occupying a bounded region Q%, is embedded in an inviscid fluid oc-
cupying an unbounded domain Q= = R3\ QF. In the solid region, we consider the generalized
Green—Lindsay thermo-electro-magneto-elastic model. An essential feature of this model is that heat
propagation has a finite speed, in contrast to the classical model. In the case under consideration, in
the solid region we have a six-dimensional thermo-electro-magneto-elastic field (displacement vector
with three components, electric potential, magnetic potential, and temperature distribution function),
while in the fluid region, we have a scalar acoustic pressure field. The physical kinematic and dynamic
relations are described mathematically by appropriate boundary and transmission conditions. We
consider the boundary-transmission problems for the so-called pseudo-oscillation equations, which are
obtained from the corresponding dynamical equations by the Laplace transform. With the help of
the potential method and the theory of pseudodifferential equations, we prove the uniqueness and
existence theorems for the corresponding boundary-transmission problems in appropriate Sobolev—
Slobodetskii spaces. We derive explicit representation formulas of solutions in the form of single layer
potentials.

Many papers are devoted to similar interaction problems, when in the solid region simpler mathe-
matical models are considered. The Dirichlet-type, Neumann-type and mixed type steady-state oscil-
lation interaction problems for acoustic waves and piezoelectric structures are studied in [11,12,15,16]
and [17].

Similar interaction problems with the classical model of elasticity have been investigated by a
number of authors. An exhaustive information concerning theoretical and numerical results, for the
case when the both interacting media are isotropic, can be found in the references [4-7,20,24-26, 30,
31,34,36-38|.

2 Basic equations and operators, statement of problems,
and uniqueness theorems

2.1 Generalized thermo-electro-magneto elastic field

Let Q1 be a bounded 3-dimensional domain in R?® with C°°-smooth boundary S = 9Q% unless
otherwise stated, Ot = QT U S, and Q~ = R3 \QiJr Throughout the paper, n = (n1,n2,n3) denotes
the outward unit normal to S.

The basic linear system of pseudo-oscillation equations for the thermo-electro-magneto-elasticity
theory under the Green—Lindsay model is obtained from the corresponding dynamical equations by
applying the Laplace transform and, in matrix form, reads as follows (see [3,21,43] and the references
therein) A(9,7)U(z,7) = ®(x,7), where U = (u, ,1,0)T = (u1,...,ug) ", u = (u1,ug,uz)’ is the
displacement vector, ¢ = uy is the electric potential, ¢ = uy is the magnetic potential, § = ug is the
temperature distribution, ® = (®1,...,®¢) " is the given vector-function, and A(9,7) is the matrix
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differential operator

A0z, ) = [qu(arvT)]exa
[crjri001 — pr720vk] 5 o leriOiOllsxt  [qirj@;0lax1 [ — (14 v0m)Ari05] 4, 4

_ [—ejklajal]1><3 %jlajal ajlajal —(1 + lloT)pjaj
[—qjklﬁjf)l]lxg aﬂé)jal ,uﬂajal *(1 —+ V()T)mjaj ’
[T Ak1Oi]1x3 el T 0, 11000 — 2ho — Tdo ] ¢ ¢

where 7 = 0 + iw is a complex parameter with ¢ > gy > 0 and w € R), §;, is the Kronecker symbol,
and the Einstein summation convention is used: summation over repeated indices is understood to be
from 1 to 3, unless otherwise stated. Here and in what follows, we employ the following notation for
the material parameters: p; is the mass density, c,;x; are the elastic constants, e;x; are the piezoelectric
constants, ¢;,; are the piezomagnetic constants, i are the dielectric (permittivity) constants, i,
are the magnetic permeability constants, a ;i are the electromagnetic coupling coefficients, p;, m;, and
Ar; are coupling coefficients connecting dissimilar fields, 7,5 are the heat conductivity coefficients, v
and hg are two relaxation times, ag and dy are constitutive coefficients.
The constants involved in the above equations satisfy the symmetry conditions:

Crjkl = Cjrkl = Ckirj, €klj = €kjl, qklj = qkjl,

| (2.1)
Hij = Hjky Mej = Njky Pkj = Mk, Okj = Gk, Mkj = Njk, T, J, Kk, 01 =1,2,3.

Some authors require more extended symmetry conditions for the piezoelectric and piezomagnetic
constants: eg;; = egji = €k, qri; = kil = Qjk (see, e.g., [2,3,32,33]). However, in our further
analysis, we will require only the symmetry properties described in (2.1). From physical considerations
it follows that (see, e.g., [3,21,32,40,43]):

Crini&ri€il > 008kt €ty 2i&k€y > 011E7, pri&n&s > 020€1%, miinéy > 03l€°,

2.2
for all &; = &, € R and for all € = (&,6,&) € R?, 2:2)
vog >0, hg >0, dovg— hg >0, (23)
where dg, 01, 02, and d3 are positive constants depending on the material parameters.
Due to the symmetry conditions (2.1), using (2.2), we easily derive
rjkiCriCri = 00CkiChis 25CkC; = 011CI1%, piCey = 021CI%, Mk, > 03| CI7, (2.4)

for all (x; = ¢ € C and for all ¢ = ((1,C,(3) € CP.

A more careful analysis related to the positive definiteness of the potential energy and thermody-
namical laws insures that the following 8 x 8 matrix

[%jl]gxs [ajl]3x3 [pj]?)xl [Vopj]b’xl
a; il m; vom;):
M= [Mkj]ng — [ jl]3><3 [ J ]3><3 [ ]]3><1 [ 0 j]5><1 (25)
[pjlix3 [m;]ixs do ho
[vopjlixs  [Mom;lixs ho voho  1gys

is positive definite. Note that the positive definiteness of M remains valid if the parameters p; and
m; in (2.5) are replaced by the opposite ones, —p; and —m;. Moreover, it follows that the matrices

A [skjlax3  [arj]axs @ . [do ho ] 26)
lakjlaxs  [trjlsxs bt ho  voho],, .,
are also positive definite, i.e.,
s Gily |+ ang (GG + GG + GG = s (P +IC7P) V(¢ e C,
do|z1]® + ho (2173 + Z122) + vohol22|® > K2 (|21]* + |22]*) V21,22 €C,
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with some positive constants k1 and k2 depending on the material parameters involved in (2.6).
The principal homogeneous symbol matrix of the operator A(9,,T) is

[—crjmi&i&ilaxs  [—ewi&&lsx1  [—ari&i&lsx1 [0]sxa
AO (o) — 4O ey — | [am&i&ilixs RETISTS —a;8;&1 0
(=i0) © [gjk1€561)1x3 —a;1§& — &€& 0
[0]1x3 0 0 SIS 10 R

From the symmetry conditions (2.1), inequalities (2.2), and the positive definiteness of the matrix
A™ defined in (2.6), it follows that there is a positive constant Cy, depending only on the material
parameters, such that

6
Re (— A©)(=ig)¢-¢) = Re ( 3 Agy(g)gzk) > Colé?|¢]? for all € € R® and for all ¢ e CP.
k=1

Therefore, —A(9,,7) is a non-selfadjoint strongly elliptic differential operator. The overbar denotes
complex conjugation and the central dot denotes the scalar product in the respective complex-valued
vector space.

Further, we introduce the generalized stress operator 7T (0,,n,7) associated with the pseudo-
oscillation operator A(9y,7):

T = T(aﬂca n, T) = [7;7‘1 (896’ e T)]

[Crikin;Otlsxs  lewrinjOilsx1  [qirjn;01)3x1 [_(1+VOT))\rjnj]3X1

6Xx6

[—ejklnjal]lxg %jmj@l ajmjal —(1 =+ VoT)pjnj
[=qjrim;O]1x3 a;im;0, im0 —(1+ vy1)m;n;
[0]13 0 0 111501 66
Evidently, for a smooth six-dimensional vector U := (u, p,,9) ", we have
_ T
T(ar, n, at)U = (O’ljnj, 025Mj,03515, ijnj, 7Bj7'Lj, 7T0 1anj) . (27)

Recall that E = (E1, B, E3)" = —V@ and H = (Hy, Hy, H3) " = —V4) are the electric and magnetic
fields, respectively, D = (D1, Dy, D3) T is the electric displacement vector and B = (B, By, Bs) ' is
the magnetic induction vector, ¢ and @ stand for the electric and magnetic potentials, respectively,
and 9 denotes the temperature change relative to the reference temperature Ty, ¢ = (q1,¢2,q3)" is
the heat flux vector, and S is the entropy density, and the corresponding constitutive equations read
as follows:

orj(z,7) = Crjmen (2, T) + e1rjOp(x, 7) + QO (x, 7) — (1 + vo7) Ay, 7),
Dj(z,7) = ejmen(x, 7) — 201z, 7) — a0 (x, 7) + (1 + vo1)p; Nz, 7),
Bj(z,T) = gjuier(z, 7) — ajOip(z, 7) — pjop(z, 7) + (1 + vor)m;d(x, 1),
gj(z,7) = —Tondd(x, 7).

The components of the vector TU given by (2.7) have the following physical sense: the first three
components correspond to the mechanical stress vector in the theory of generalized thermo-electro-
magneto-elasticity, the fourth and the fifth components correspond to the normal components of the
electric displacement vector and the magnetic induction vector, respectively, with opposite sign, and
finally the sixth component is (—7; ') times the normal component of the heat flux vector.

In Green’s formulas there also appears he boundary operator P(9,,n, 7) associated with the adjoint
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differential operator A*(9,,7) := [A(—@x,T)]T =AT(-0,,7),

P =P(0z,n,T) = [qu(ﬁmnm)]f}xﬁ

[CrjkiniOlsxs  [—ewriniOllsx1  [—@riniOllsx1  [TArnjlax1
[ejkmjal]lxg %jmjal ajmjal —TP;n;
i 2.8)
[@kim;Ot]1x3 a;in;0p im0 —Tm;n;
[0]1x3 0 0 UITLCTZ/ B I

2.2 Scalar acoustic wave field

We assume that the unbounded exterior domain €2~ is filled by a homogeneous, isotropic, inviscid fluid
medium with constant density ps. Further, let the propagation of an acoustic pressure wave in 2~
be described by a complex-valued scalar function (scalar field) w being a solution of the homogeneous
Helmholtz equation (cf. [18])

Aw(z, ) — por?w(z,7) = 0, (2.9)

satisfying the following asymptotic condition at infinity:
w(z) = O(Jz|™) as |z| — o0 (2.10)

with some natural number m € N. Note that if ReT = 0 > g9 > 0, then, due to relation (2.10), it
follows that
D% (x) =O(|z|™™) as |z| = oo (2.11)

for all multi-indices o and n € N. Actually, w decays exponentially at infinity.

2.3 Formulation of interaction problems

We denote by H*(QF) and H*(S) the well-known Ly-based Bessel potential spaces. The symbols
{-}% and {-}5 denote one-sided limits (traces) on S from QF and Q~, respectively. We omit the
subscript S whenever no confusion can arise.

Assume that the domain Q7 is occupied by an anisotropic homogeneous material with the above-
described generalized thermo-electro-magneto-elastic properties and is immersed in an inviscid fluid
occupying the exterior domain 7.

The fluid-solid interaction in the case under consideration is described by the boundary-transmis-
sion problems for the equations of the generalized thermo-electro-magneto-elasticity theory and the
Helmholtz equation. Throughout the paper, we assume that 7 = o +iw, 0 > 09 2 0, w € R, unless
otherwise stated.

Let the boundary S = QT = 9Q~ € C* be divided into two disjoint parts Sp and Sy, i.e.
SZ?D U?N, SpNSy = andl,, :=90Sp =90Sy € C™.

Interaction Mixed Type Problem (I/M).: Find a vector-function U = (u,ug, us, uG)T IS
[H1(27)]¢ and scalar function w € H'(Q7) satisfying the differential equations

A(8,,7)U =0 in QF,

Aw — po?w =0 in Q7 (2.12)

the transmission conditions
{u-n}t = —(por?) {0, W}~ +go on S, (2.13)
{[TU];}" = —{w} n;+f; on S, j=1,2,3, (2.14)

and the mixed type boundary conditions

{u,}T = £ on Sp, r=4,5,6, (2.15)
{ [TU]T }+ = f'l(N) on SN7 r= 4; 5767 (216)
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where go € H-V/2(5), f; € H-V2(S), j = 1,2,3, ) € HY2(Sp), f) € H-V/2(Sy), r = 4,5,6.
In this interaction problem, we require that the scalar pressure function w satisfy the decay condition
(2.11).

2.4 Uniqueness theorems

Theorem 2.1. Let 7 = 0 + iw with ¢ > o¢ > 0 and w € R. The homogeneous problem (IM), has
only a trivial solution.

Proof. Let a pair (U, w) be a solution to the homogeneous problem (IM).,.
Let us write Green’s first formula for the Helmholtz equation (2.12) in the domain Q~:

/(A — paT?)WW dx + pot? / |w|* dz + / Vw|?dz = —({0,w} ", {w} ) (2.17)
Q- Q-

Q-

Here and in what follows, the symbol (-, -} s denotes the duality between the mutually adjoint function
spaces H~1/2(S) and H'/?(S), which extends the usual Ly scalar product:

<f,g>s:/f§ds for f,g € La(S).
S

Now, we write Green’s formula for the operator A(d,,7) in the domain Q% (see Subsection 2.7.3
in [9]):

1497

/{[A(8$,T)U]jﬂj+[A(@w,r)Uhuﬁ—[A(&I,T)U]5us+

Q+

={TUY A} ) g+ {TUN Aua} ")s + {TUN {us} ) g +

[A(0,, )T |y us+E(U, ﬁ)} dz

1+V()T

({TUV ue} g, (218)

where

E(U, U) = chklalukajur + p172|u|2 + %jlalww +aj (8[1/)3]7@ + ajgom)
+ 151010 0;9) — 2 Re [pl(l + um’)ﬁm] —2Re [ml(l + 1/07')19%]

1+uyy7

+ (]. + V()T)(h()? + d())|19|2 + ’I’]jlalﬁm.

Since (U, w) is a solution of the homogeneous problem (IM),, from (2.18) we obtain
/5(U7U) dz = ({TU} {u;} ") g = —({w} ny {u} ) g = (027%) 7 {({w} ™, {0uw)} ),
A

ie.,

(W}~ (8w} ) = por2 /5(U,U) da. (2.19)
O+
Substituting (2.19) into (2.17), we get

2
/|W|2d$+ﬁ/|VW|2d£C+/5(U,U)dZC:O. (2.20)
o- PIT O+

Separating the imaginary part of (2.20), we obtain

20w
IT\‘L

14 20, S
/|VW|2da¢—|—w/[2p102\u|2 (vodo — ho)|ug|? + Tfnﬂaluﬁajuﬁ dr =0. (2.21)

O+
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If w # 0, from (2.21) we conclude that w =0 in Q.

Keeping in mind that for w = 0 the inequality [ £(U,U)dz > 0 holds (see the proof of Theo-
O+
rem 2.25 in Buchukuri et al. [9]), and separating the real part of (2.20), we deduce that w = 0 in
Q. Thus, w = 0 in Q for arbitrary w € R. Therefore, from (2.19) we get [ E(U,U)dx = 0 for
o+

o > 09> 0and w € R. Due to relations (2.4) and the positive definiteness of the matrix A®) defined
n (2.6), we find that

cijiOiuOug, > 0, 100

(2.22)
[%glalsoag@ + a1 (O0;0 + 0;0000) + 1110,

90,9 > 0,
W0 | = do(IVel? + Vo),

where \q is a positive constant.
Using inequalities (2.22), positive definiteness of the matrix M defined by (2.5), and the inequality
o(dovy — ho) > 0 (see (2.3)), we find that (see proof of Theorem 2.25 in [9])

u=0, ug=p=>by, us=1v =by, ug=19=0 in QF,
e., U = (0,0,0,b1,b2,0)", where by and by are arbitrary complex constants. The homogeneous

Dirichlet conditions on Sp then imply by = by =0, i.e., U =01in Q. O

3 Layer potentials

3.1 Potentials associated with the Helmholtz equation

Let us introduce the single and double layer potentials

V. (g)(x) = / (& —y,7)g(y) dyS,
S

r) = / Bt (@ — 1) f(y) dy S,
S

where
exp (— /p27||)

47 ||

Y, T) = — , ReT >0,

is the fundamental solution of the Helmholtz equation (2.9). These potentials satisfy the decay
condition (2.11) at infinity.
For these potentials the following theorems are valid (see [18,35]).

Theorem 3.1. Let g € H-Y2(S), f € HY?(S). Then the following jump relations hold on the
manifold S:

{V‘F(g)}i =H.(9), {anVT(g)}:t = :F2719 + K+ (9),

3.1
(WP = 227 f 4 NP, 0o = {0 ()} = L., oy
where H., Ny, and K, are integral operators with weakly singular kernels:
Hel9)@)i= [ 2= 0 7)o0) 4,5, 2 €5 (32)
Z) = /a7z(y)7(z - y7T)f(y) dyS, S Sa (33)
s
) = /an(z)’}/(z - va)g(y) dysv S Sa (34)

while L, s a singular integro-differential operator (a pseudodifferential operator of order 1).
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Theorem 3.2. The operator M := (=27 1, +IC,)H ' : H/2(S) — H~Y/2(S) is invertible. Here, I
is the scalar identity operator.

The mapping properties of the above potentials and the boundary integral operators are described
in Appendix (see Theorems 5.1, 5.2).

3.2 Fundamental solution and potentials associated
with the pseudo-oscillation operator of generalized
thermo-electro-magneto-elasticity theory

The full symbol of the pseudo-oscillation operator A(d,,7) is elliptic provided Rer # 0, i.e. (see
Chapter 3 in [9])

det A(—i&,7) #0 VE e R3\ {0},

where
[erim&ie + P10k 4o lemi&i&ilsxy [@ri&i&lsxa [ — i1+ m0m)Aré] 4,
A(—ifr) = — [—ejri&i&ilix3 251851 a;:&;& —i(1 4 vo7)p;&;
’ [—@jri&&1)1x3 a;&;& JISTS —i(1 + vo7)m &,
[—iT Ak1&i]1x3 TP iTm& nji&i& +1ho +7do 146

Moreover, the entries of the inverse matrix A~!(—i£,7) are locally integrable functions decaying at
infinity as O(|¢|=2). Therefore, one can construct the fundamental matrix I'(z,7) = [T,k (2, 7)]exe Of
the operator A(9,,7) by the distributional Fourier transform technique,

D(z,7) = F_1 [A (=€, 7)]. (3.5)

E—ax

The properties of the fundamental matrix I'(z, 7) in the neighbourhood of the pole and at infinity are
studied in [9, Chapter 3].

Let us introduce the single and double layer vector potentials associated with the pseudo-oscillation
operator A(Oy,T):

V,,-(h) = /]_—‘({E - yaT) h(y) dyS’
S

Wo(h) = [ [P0y (). 70 (@ = 7)) Thiy) dyS
S

where h = (hy, ha, h3, ha, hs, he) T is a density vector-function and P is defined in (2.8).
These pseudo-oscillation potentials have the following jump properties (see Theorem 4.4 in [9]).

Theorem 3.3. Let hY) € [H*=1(9)]%, h® € [H*(S)]%, s > 0. Then on S the following jump relations
hold:

+

{VT(h(l))(z)} = /I‘(z —y,T) h(l)(y) dyS, z€S8,

S

(W, (h®) ()} = +27 103 (2) + / [P0y, n(y), PTT (2 —y,7)] hP(y)d,S, z €S,

s
{TVT(h(l))(z)}i =720 (2) + /T(@Z,n(z), 0(z —y,7) kD (y) d,S, z€S8,
s

(TW.(h®)(2)} " = {TW,(hP)(2)} ", z€8.
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Further, we introduce the boundary pseudodifferential operators

H h(z) = /I‘(z—yﬂ') h(y)dy,S, z €S,
/Taz,n T(z—y,7)h(y)d,S, z €S,

N.h(z) = / [P(3y,n(y), P (= — 4, 7)) h(y)d,S, =€ S,
S
L, h(z) = {TW,h(z)} = {TW,.(B)(2)} ", z€S5.

Note that H, is a weakly singular integral operator (pseudodifferential operator of order —1), K.
and N are singular integral operators (pseudodifferential operators of order 0), and L, is a singular
integro-differential operator (pseudodifferential operator of order 1). The mapping properties of these
potentials and the corresponding boundary operators are described in Appendix (see Theorems 5.3,
5.4).

3.3 Some results for pseudodifferential equations on manifold
with boundary

The Fredholm properties of strongly elliptic pseudodifferential operators on a compact manifold with
boundary are studied in [1,19,22,23,42].

The spaces H, and By , (with s € R, 1 < p < 00) denote, respectively, the well-known Bessel
potential and Besov function spaces.

Let Mg be a smooth surface without boundary. For a proper sub-manifold M C My, we denote
by H3(M) and B; (M) the subspaces of H(M) and B; (M), respectively:

={g: ge H}(M,), suppg C M},
={g: g€ B} (Mo), suppg C M},

where H;(M) and B;q(./\/l) stand for the spaces of restrictions on M of functions from H;(My) and
B, (M), respectively (see [44]).

Let 3 € C'*° be a compact n-dimensional, nonselfintersecting manifold with the boundary 0% € C'*
and let A be a strongly elliptic scalar pseudodifferential operator of order ¥ € R on X, that is, there
is a positive constant ¢y such that Re G a(z,£) > ¢ for x € ¥, £ € R™ with |£| = 1. Here, we denote
by S a(x,&) the principal homogeneous symbol of the operator A in some local coordinate system
(z € RY, € € R™\{0}).

The Fredholm properties of strongly elliptic scalar pseudodifferential operators on a compact man-
ifold with boundary are investigated by the Wiener-Hopf factorization method. The factorization
index of the principal homogeneous symbol of the operator A is calculated by the following formula
(see [19)):

v 1 Sa(z,0,...,0,-1)
e
a) =g+ Ga(2,0,...,0,+1)
v 1 i Sa(z,0,...,0,-1)
— Y (argGa(,0,...,0,—1) — arg S a(x,0,...,0,+1 _71’ D T
5+ gy (areGale ) —argSalw D)~ g, I (2,0,...,0, +1)

where - -
—5 <argGa(z,0,£1) < 50 @ € 0%.

Theorem 3.4. Let s € R, 1 < p < 0o, and let A be a strongly elliptic pseudodifferential scalar
operator of order v € R. Then the operator

A H (D) — H7V(E) (B3, (D) — BiLY(D) (3.6)

p,p p,p
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is Fredholm with index zero if
1 1
— —1+ sup Rek(z) <s< -+ inf Rer(x). 3.7
D=1+ sup Rex(a) <5<+ inf Ren(z) (37)

Moreover, the null space and the index of operator (3.6) are the same for all s and p satisfying
inequality (3.7).

4 Existence of solutions to the interaction Problem (/M)

By Theorems 5.4 and 5.2 (see Appendix), the operators
H, : [H*(9)]° — [H*(9)]° and H, : H*(S) — H*T(S)

are invertible for all s € R and we can look for a solution pair (U, w) of the problem (IM), in the
form of single layer potentials:

U=V.(H 'g) in Q", w=V,(H 'h) inQ",

where g = (7, 94,95, 96) | € [H'?(S9)])%, G = (g1,92,93) ", h € H?(S) are unknown densities. Theo-
rems 5.1, 5.3, and 5.4 imply the inclusion U € [H}(Q7)]¢ and w € H}(Q7).

The transmission conditions (2.13), (2.14), the mixed type conditions (2.15), (2.16) and Theo-
rems 3.1 and 3.3 lead to the following system of pseudodifferential equations with respect to the
unknowns ¢, gs, g5, g6, and h:

G-+ (pem?) 2 L+ K )M th=go on S,
[(—27'16 + KT)H;lg]j +njh=f; onS, j=1,2,3,
TSpgr = fT(D) on Sp, r=4,5,6,

ron (=27 s + K H 'gl, = fN) on Sy, r=4,5,6.

L

—~ o~
N S
S~— N N

Here and in what follows, I,,, stands for the m x m unit matrix.
The matrix operator generated by the left-hand side expressions in system (4.1)—(4.4) is given by

[n]lxgg 0 0 0 (pQTQ)_lM
[Aj}k}?,x?) [AZ-4]3><1 [A]}5]3x1 [A16]3x1 [n]3x1
[0]1><3 TSDI1 0 0 0
[0]1x3 0 Tspl1 0 0 .
T = I k= 17 23 37
Pra [0]13 0 0 rey I 0 J

TSn [Ai]} 1x3 TSy [‘Aizl] TSn [“4?'5] TSn [Ale'ﬁ] 0

TSn [Ai]} 1x3 TSy [A§—4] TSN [-A75—5] T'Sn ["475-6] 0

TSN [A?—th?) TSN [A?—4] TSN [‘A?—S] 'Sn [ASS—G] 0 10X 7

where

A= (=27 s + KO)H ' = [AF]6y, 5,k=T1,6, M= (=211 + K )H !
are the Steklov—Poincaré type operators. These operators are strongly elliptic pseudodifferential op-

erators of order 1 (see [8,10] for details).
By Theorems 5.2 and 5.4 (see Appendix), the operator P, s possesses the following mapping
property:
Proar: [HY(S)]" — [HH(S))* x [H*(Sp)]® x [H*H(SN)]?, s €R.
Next, we show that system (4.1)—(4.4) is uniquely solvable in the space [H/?(S)]".
Any extension of the Dirichlet data fr(D) € H'Y2(Sp), r = 4,5,6, to the entire boundary S has
the form Gér) + g(()r) € H'Y*(S), r = 4,5,6, where G(()r) € H'Y?(S) are some fixed extensions of fT(D),

respectively, while gor) e HY 2(Sn).
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We rewrite system (4.1)—(4.4) in the equivalent form with respect to g, g4, g5, gs, h, g(()4), 985), g(()6):

g-n+(p2ar?)*M(h) = fo on S, (4.5)
[Ar(9,94,95,96) "], +mjh = f; on S, j=1,2,3, (4.6)
gr — gér) = Gér) on S, r=4,5,6, (4.7)

Ty [Ar(F.94:95,96) ], = f) on Sy, r=4,56. (4.8)

Remark 4.1. Systems (4.1)—(4.4) and (4.5)—(4.8) are equivalent in the following sense:
(i) if (9,94, 95,96, h) is a solution of system (4.1)—(4.4), then (g, g4,g5,g6,h,gé4),g(()5),g(()6)), where

g(()r) =g, — Gér), r=4,5,6, and G(()r) are some fixed extensions of the functions fT(D) from Sp
to the entire boundary S, is a solution of system (4.5)—(4.8).

(i) If (9, 94, 95, g6, h, 984),9(()5),g(()6)) is a solution of system (4.5)—(4.8), then (g, g4, g5, gs, k) is a so-
lution of system (4.1)—(4.4).

From the results obtained in [13], system (4.5)—(4.8) is uniquely solvable with respect to g, g4, gs,

ge, h for any extensions Gér) + g((f) of the Dirichlet boundary data fT(D), r=4,56. We have to find
the extensions of f,ED) (i.e., ther functions gér)) such the equations (4.8) are satisfied.

The operator corresponding to system (4.5)—(4.8) has the following form:

[nhx?, 0 0 0 (pQTQ)flM 0 0 0
[Alk}3><3 [Agfl}?)xl [A‘Z'S]BXI [Ag;6]3><1 [n]3><1 [O]3><1 [0]3><1 [O]gxl
[0]1 5 I 0 0 0 L 0 0
(1) [0]1x3 0 I 0 0 0 -1 0
737' M= N
’ [O]lxg 0 0 I 0 0 0 -1
TSn [‘Ai]} 1x3 TSy [‘Aiﬂ TSn [*’43—5] TSN [_Af’l_6] 0 0 0 0
TSy [Ai]} 1x3 TSy [A?—ﬂ TSy [A75_5] TSn [-A?—e)] 0 0 0 0
TSn [A?'thS TSy [A‘Grﬂ TSy ["4‘61'5] TSy [AEG] 0 0 0 0 10x10
J k=123,

The operator 739]2/[ is bounded in the following spaces:
Poag : YO x [H(Sw)I° = [H TS < [H () x [HTH(SN)P, s € R.

Let us consider the system generated by equations (4.5)—(4.8) with respect to the unknowns g, g4, gs,
ge, and h:

g n+ (pam®) *M(h) = fo on S, (4.9)
[AT(§’ g47g5agﬁ)—r}j + njh = fj on Sa ,7 = 1a2737 (410)
gr = Ggr) + g(()r) on S, r=4,56. (4.11)

System (4.9)—(4.11) is uniquely solvable in the class [H/2(S)]7 and the corresponding operator of this
System
Prp : [H* ()] — [H*TH(S)* < [H*(S)]°

is invertible for all s € R (cf. [13,14]).
Define h from equation (4.9) (see Theorem 3.2) and substitute it in equation (4.10). Then we
obtain a uniquely solvable system with respect to g, g4, g5, gs:

B (9, 94,95, 96) =¥ on S, (4.12)
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where

[Crlaxs  [AZsx1 [AP]sx1 [A%]351

O O e
! [0]1><3 0 I 0 ’
0], 0 0 Lo/
[Crlsxs = [AL }sxs — (p2mH) M nglsxs, g,k =1,2,3,

U= (wl,\lfz,\lfg,w47w5,%)T € [HV2(8)]® x [HY2(9))%,
U= f — (per )M fo, §=1,23, U, =G 44\, r=4,56.

Since the operator B, : [H'/2(9)]% — [H~Y/2(S)]® x [HY/?(S)]? is invertible, from equation (4.12) we
deduce
(3:94,95,96) =B;'W on S. (4.13)

After substituting (4.13) into equations (4.8), on the manifold Sy with boundary, we obtain the

following scalar pseudodifferential equations with respect to the unknown functions g(() ), g(()5) and 9(6)

T’SNAS_) (()4) = F(l) on SN,
TSN AS) (()5) =F® on SN,
roy AP (()6) = F® on Sy,
where
AW = [4,B:1(0,0,0,¢5",0.0)T] .
(1) . (N) _ -1 (4) T —1/2
F = fl TSN [.A-,—B.,_ (\Ifl,\PQ,\Ifg,GO ,0,0) ]4 € H (SN),
AP P = [A.B71(0,0,0,0,95,0)7].,
F@ = (i) g [ABS (W1, 2, 5,0,G57,0)T], € H™Y?(Sy),
AP = [A.B71(0,0,0,0,0,95) ],
FO = (V) g [AB; Y (W1, Ua, 03,0,0,G8) 7] € HY2(Sy).
Thus, system (4.5)—(4.8) can be reduced to the following equivalent system with respect to the un-

6
knowns 9, 94, 95, 96, h gO ) 965)? g(() )

Pi,]%/[(@ 94795a967h,gé4),g(()5)7g(()6)) _ 9,

where
[’I’L]1><3 0 0 0 (p2T2)_1M 0 0 0
[Aj}k]sxfs [Aj}4]3x1 [A15]3x1 [A16]3x1 [n]3x1 [0]3x1 [0]3%1 [0]3%1
[0]1 3 L 0 0 0 -5 0 0
2) [0]1><3 0 I 0 0 0 -1 0
Prdt = (0] 0 0 I 0 0 0 -
[0]1 3 0 0 0 rgy AW 0 0
[0]1x3 0 0 0 0 0 reyA? 0
[0]1x3 0 0 0 0 0 0 roy A Lox10
PT,D I;xl I;xl I751
| Ohxe rs AN 0 0 h—193
- (2) ) .77 - b b b
[0]1><6 0 T‘SNA 0
[0]1)(6 O 0 TSNAg_g)

10x10
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with I#,, = (0,0,0,0,—11,0,0)T, I#,, = (0,0,0,0,0,—1;,0)T | Izx1 = (0,0,0,0,0,0,—I;)T and
© = (fo, f1, fo. f5. GSP, GO, GY FO FR) FO)T e [H-1/2(8)4 x [HY/?(S)]P x [H/2(Sy)].
Therefore, the operator

PE  HY2(S)])T x [HY?(Sn)P — [HYV2(S)] x [HY2(S) x [H2(Sy))?

is Fredholm with index zero if the operators rSNA(Tj) : ﬁl/Q(SN) — H_l/Q(SN)7 j=1,2,3, are
Fredholm with index zero. '

The pseudodifferential operators rg, A(TJ)7 j =1,2,3, are strongly elliptic (cf. [13]). Therefore, it
follows from Theorem 3.4 for p = 2 that the operators rg, AY) : H*(Sy) — H*~1(Sy) are Fredholm
with index zero if ) )

_§+w2161gN Rerj(z) <s < §+xeig£NRemj(m), (4.14)
where r;(z), j = 1,2, are the factorization indices of the symbols & , ) (7,€) = & 4, (§), j = 1,2,3,
at the “frozen” point x € Sy, whose real part is calculated by the formula (see Subsection 3.3)

1 1 1
Rek;(x) = 3 + 5 I8 GA(T”(x,O, -1) — o, I8 GAS—]‘)(Z‘,O7+1), (4.15)

_g < argGA(Tj>(1;,0,i1) < g, j=1,2, ©€dSy.

It is evident that 0 < Rer;(z) <1, j=1,2, for x € Sy and s = 3 satisfies condition (4.14).
Whence we find that the operators

PO P [HP(S)]T x [HP(Sn)P — [H*H(S)]* x [H3(S)]® x [H*}(Sn)]?

T

are Fredholm with index zero for all s satisfying

1 1
—= Rek; <s< - inf Rek; 4.16
2 ¥ o RO S S g i R ) (4.16)
(see Theorem 3.4).
We now show that the operator Pi,lz)u is injective.
Let (9, g4, 95, 96, h,g(()4),g(()5),g(()6))T € [HY2(8)]” x [H/2(Sn)]? be some solutions of the homoge-
neous system

a T
Pi}R4(g7g47g57967h7g(()4)ag(()5)7g(()6)) = 0.

It is clear that g, = g((f), r =4,5,6, and the potentials

U=V, H 'g in Q", w=V,(H 'h) in Q"

solve the homogeneous problem (IM);.

It follows from the uniqueness result for the problem (IM), (see Theorem 2.1) that U = 0 in Q7
and w = 0 in Q7. Then {U}*T = (g, g(()4),g65),g(()6))T =0on S and {9,w}” = Mh=0o0nS. From
the invertibility of the operator M (see Theorem 3.2), we obtain that h =0 on S.

Hence we obtain that system (4.5)—(4.8) is uniquely solvable. It means that the corresponding
operator of system (4.5)—(4.8)

P THY(9)]T x [HY2(Sw)]? — [HV2(S)]* % [HY2(S))? x [HV2(Sy)]?

is invertible.
The null space and the index of the operator Piljb are the same for all s satisfying (4.16).
Hence it follows that the operator

Pl [H (S x [H(Sw) = [H ()] x [H ()] x [H*7}(S))?

)
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is invertible for all s satisfying (4.16).

Note that the solutions g, g4, g5, g6, h of system (4.5)—(4.8) do not depend on the extensions
GE)T) + g(()T) of the functions £\, r = 4,5,6, respectively, whereas g((;') do. However, the sums
Gér) + g(gr) are defined uniquely for » = 4,5, 6.

Due to Remark 4.1, we conclude that the operator

Prag : [HY ()T — [H*7H(S)]* x [H*(Sp)]® x [H*H(Sn)]°

is invertible for all s satisfying (4.16).
Thus the following existence theorem holds for the problem (IM),.

Theorem 4.1. Let 7 = 0 +iw, 0 # 0, 0 € R, and let fo € HY/2(S), f; € H-Y2(S), j = 1,2,3,
P e H'Y2(Sp) and N e H~Y2(Sy), r = 4,5,6. Then problem (IM), has a unique solution
(U,w), U € [HY(Q)]®, we H*(Q7), which is represented by the potentials

U=V.H 'g inQ", w=V.(H'h) inQ",

where the densities g € [HY/?(S)]% and h € HY?(S) are defined from the uniquely solvable system (4.1)~
(4.4). If the conditions fo € H*=X(S), f; € H"Y(S), j = 1,2,3, fP) € H*(Sp), fV) € H=1(Sy),
r=4,5,6, hold for the data in (2.13)-(2.16) and

1 1
—<s< =+

5 5 reé)S%vn,fj:LQ Rekj(z), (4.17)

then the solution (U,w) of the mized type problem (IM), exists, is unique, and U € [H*+1/2(Q1)]8,
w € H5H1/2(Q7).

Moreover, if the conditions fo € H*(S), f; € H*71(S), j = 1,2,3, fT(D) € H*(Sp), fr(N) €
H*"Y(Syn), 7 = 4,5,6, hold for the data in (2.13)~(2.16) and (4.17) is satisfied, then the solution
(U,w) of the mived type problem (IM), exists, is unique, and U € [H*Y/2(QH)]8, w € H*T3/2(Q).

Remark 4.2. In the last statement of Theorem 4.1, the smoothness of w follows from the representation
of h (see (4.1)),

h=—pam? MY (G -n) + par®> M~ (fo) € H*T1(S) on S,

and the mapping properties of potentials W, and V, (see Appendix, Theorem 5.1), where fo € H*(S5),
g € [H*(S))? and s satisfies (4.17).

Note that the invertibility of the operator Pilj)u implies that of the operator 7352}4. Therefore, the
following Remark holds.

Remark 4.3. The operators rs, AY) : H*(Sy) — H**(Sy), j = 1,2,3, are invertible for all s
satisfying (4.14).

5 Appendix: Mapping Properties of Potentials

For the reader’s convenience, we collect here several results describing the properties of the layer
potentials. We retain the notation used in the main text of the paper.

For the potentials associated with the Helmholtz equation, the following theorems hold (see [18,
35]).

Theorem 5.1. Let s € R, S € C°°. Then the single and double layer scalar potentials can be extended
to the following continuous operators:

V, : H3(S) — H**3/2(Q%), V,: H3(S) - H**3/2(Q7),
W, : H*(S) — H*FY2(Q), W, : H*(S) — H**Y2(Q7).
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Theorem 5.2. Let s € R, S € C™. Then the operators (see (3.1)—(3.4))

H,: H5(S) — H¥TY(S), £27 1 + N, : H(S) — H*(S),
L, HTYS) = H*(S), £27' + K, : H5(S) — H*(S)

are continuous and invertible for Ret > 0.

For the vector potentials associated with the pseudo-oscillation operators A(9,7) and A*(9,7),
the following theorems hold (see [9,10]).

Theorem 5.3. Let s € R, S € C°°. Then the vector potentials V. and W, are continuous in the
following spaces

Vo [HY(S) = [H2QN)]°, Vo2 [HY(S)])° = [Hr (@),

loc

W [HY(S)® — [H2(QN)]°, W [H(S)] — [Hir 2 (27))°,

loc

Theorem 5.4. Let s € R, S € C*. Then the operators
H, :[H*(9))° — [HTN(S)]°, K., No: [H(S)]° = [H*(9)]°, Ly :[H*(8))° — [H1(9)]°

are bounded. The operators H, and L, are strongly elliptic pseudodifferential operators of order —1
and 1, respectively, while the operators £27 I + K, and £27 I + N, are elliptic pseudodifferential
operators of order 0.

Moreover, the operators H., 2711 + K., and 27 'Is + N, are invertible, whereas the operators
L,, —27'Is+ N;, and =271 + K. are the Fredholm operators with zero inde.
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