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EXISTENCE OF SOLUTIONS FOR A FOURTH-ORDER DISCRETE
PROBLEM WITH (p;(k), p2(k))-LAPLACIAN OPERATOR



Abstract. The purpose of this paper is to study the existence of solutions for a non-linear fourth-
order discrete problem involving the operator (p1 (k), p2(k))-Laplacian under appropriate assumptions
on the nonlinearity and the parameter A, when the approach is based on the variational methods and
critical point theory.
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1 Introduction

Let T > 2 be a positive integer, [a,b]z = {a;a + 1;...;b} be the discrete interval, where a and b are
integers with a < b, and let A be a positive parameter. The main goal of this paper is to establish the
existence of solutions for the following discrete boundary value problem:

®): AQ(;ai(lﬁ = 2Bz (A2uk — 2))) = M (k,u(k)), ke1,T]z,

u(—=1) =u(0) =u(T +1) =u(T +2) =0,

where f: [1,T + 2]z x R — R is a continuous function, «; : [-1,T 4 2]z — [1,00), p; : [-1,T + 2]z —
[2,00) for i = 1,2 are the given functions, Au(k) = u(k+1)—u(k) for all k € [—1,T+2]z is the forward
difference operator and ¢, is called the p(k)-Laplacian operator defined as ¢, x)(s) = [s|[PF)~2s,
s e R.

From the definition of the forward difference operator, it is clear that

A?u(k) = A(Au(k)) = u(k +2) — 2u(k + 1) +u(k) for all k€ [1,T)z,

moreover, u(—1) = u(0) = w(T + 1) = u(T + 2) = 0 implies that Au(—1) = Au(T +1) = 0.

We say that a function u : [-1,7+2]z — R is a solution of problem (P) if it satisfies both equations
of (P).

For convenience, denote

'_‘F L= ; I{j —— i i k;
D; ke[frll?;cw]zpz( )P ke[flll’l%lJrZ]sz( )
pt = max{pf,p3}, p~ :=min{p;,p; },

+. = +._ + o+
o :=  max  «o4;(k), a’ =max{a],a; }.

; e A, i(k) {af, a3}

The theory of nonlinear difference equations has been intensively used to study the discrete models
in many fields such as computer science, economics, neural network, ecology, cybernetics, etc. In recent
years, a great deal of work has been done in the study of the existence of solutions for discrete boundary
value problems. For the background and recent results, we refer the reader to [1-11, 14, 15] and the
references therein. It is well known that the critical point theory is a powerful tool to investigate the
problems for differential equations.

However, to the best of our knowledge, research concerning the discrete anisotropic problems like
(P) involving variable exponents has been initiated by Kone and Ouaro in [14] and by Mihdilescu,
Radulescu and Tersian in [15], where the critical point theory and more known tools are applied to
get the existence and multiplicity of solutions. Further tools and ideas to study anisotropic discrete
nonlinear problems one can be found in [3] and [6].

We can consider problem (P) as the discrete counterpart of the following functional differential
equation:

2 20,(4) 112 7 d2u 2 2,
% (al(t)‘ ddtgt) (ddtgt) )) + % (O‘Q(t)’ddtgt)
w(0) = u(1) = w’(0) = u"(1) = 0.

p2—2<dzc;gt)>) = f(t,u(t)), t€(0,1),

A particular equation of the above equation is

{u(“) (t) = f(t,u(t)), t€(0,1),
w(0) = u(1) = u"(0) = u"(1) = 0,

which is used to model deformations of elastic beams and image processing [7,11]. Also, for the
continuous counterpart of the fourth order discrete problems, one can see [16].

In this paper, we are inspired by the results in [10] where the authors study the existence and
multiplicity of a Dirichlet boundary value problem by means of the critical point theorems with variable
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exponent, in fact, we are trying to prove some of the results with different boundary conditions, of
course, with necessary modifications.

The rest of this paper is structured as follows. In Section 2, we introduce some basic properties
and provide several auxiliary inequalities useful for our approach. After variational framework, in
Section 3, we state and prove our main results.

2 Preliminaries

In this section, we recall some notations, definitions and properties.
Let E be a real finite-dimensional space and ®,G : E — R be two continuously Géteaux differen-
tiable mappings with derivatives ¢, g : E — E*. We consider the following equation:

¢(u) =g(u), uekE. (2.1)

We give the functional J : E — R defined by

Proposition 2.1 (see [9]). Assume that G and ® are convex on E and W C E contains at least two
points. Let there exist ug € E and v € W satisfying o(v) = g(ug) such that J(ug) < in‘fV J(z). Then
e

ug is a critical point to J, so ug is a solution of (2.1). Moreover, if J is anti-coercive, then (2.1) has
another solution, different from uyg.

In the present paper, solutions to (P) will be investigated in the Banach space
E = {u LT 42 o R: w0)=u(-1) =uw(T +1) = u(T +2) = o},

and we define the norm

T+2 1/pe
lu|l- = (Z ai(k—2)|A2u(k—2)|p )1/ .

=1 k=1

Let us also introduce other equivalent norms, namely,

Jull = (fj

[[floo

Il
=
5
i
=
Z

fuly = (> |u(k)|p)1/p for all p>1

k=1
and the Luxemburg norm defined by

2 T42

- A2u(k — 2) pi(k=2)
||u|p(_):mf{ﬂ>o: 33 a2 Sl}.
i=1 k=1 K
Moreover, we note that there exists a constant M > 0 satisfying
l[ull - < Mlullp.)- (2.2)

In the next lemma we present some auxiliary inequalities that we will use later.
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Lemma 2.1. For all u € E, we have

T+2 T+2

(A1) Z‘AQ ’p<3p L(2P +2) Z|u )P for any p > 1,
k=1 k=1

(A.2) lull— < (T +2)7 7% (207 C,) 7 Julys with C, = 37 ~1(2P +2),

(A.3) lully < (T +2)ay) 7o [lull-,

(A4) ||u||oo§ C - ||uH, with C = (T + 2)o

Proof. To obtain relation (A.1), we use a similar argument as in [12,13].
Note that the function x — |z|P is convex on R for any p > 1, then, by Jensen’s inequality, we
have
a1 + az + az|” <377 (|a1 [P + |az|” + [ag|?) for any p > 1,

where a1, as and a3 are the real numbers. Thus

T+2 T+2
Z|A2u(i— Z|u —2uz—1)+u(z—2)|
i=1
T+2 T+42 T42 T2

< 301 ( Z ()P + 27 Z lu(i —1)|P + Z lu(i — 2)|p> <3P1(2F +2) Z lu ()
i=1 i=1 i=1 =1

So, (A.1) holds.
By (A.1), we get (A.2) as follows:

T+2 T+2
lul” <2at Z (|A%u(i —2)P ) < (20737 ~1(2P +2)) Z lu(i)[P" . (2.3)

By the Hoélder inequality, we get

T+2 - T+2

S @) < (T+2) L+<Z|u |P) (2.4)

i=1

[
+\

We combine (2.3) and (2.4) and obtain (A.2).
By similar arguments as in [11], we obtain relation (A.3). In fact, by the Holder inequality, we
observe that

+ p_— 2 T+2 _. 2t p_—pT
luf?” < ¢ (Zzaz (k — 2)|A2u(k — 2)|" )r <O
i=1 k=1

To prove (A.4), for all w € E and k € [-1,T + 2]z, we have

|_‘ZAM—1‘ Z|Au(i—1)|

and
T+2 T+2

(k)|:‘ S Au(¢—1))g S |Au(i - 1)).

i=k+1 i=k+1
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Combining the above inequalities and adding the left- and right-hand sides, we can see that

T+2

2u(k)| < Z |[Au(i — 1)

i=1
Since u(—1) =0, for any k € [—1,T + 2], we get

1 T+2

k)| < = Z|Auz—1 (2.5)
Arguing similarly, for any k& € [1,T + 2], we obtain
1 T2

|Au(k —1)| < = Z\Az (i —2)| (2.6)

Note that for i = 1,2 we have «;(k) > 1 for any k € [—1,T + 2]z, then, by (2.5) and (2.6), we get

2 T+2
1
EZZ i(J — 2)|Au(j —1)| for any k€ [-1,T + 2]z
and
1T+2
[Au(k —1)] < 5 Za(i —2)|A%u(i — 2)| for any k€ [1,T + 2.
i=1

So, for any k € [—1,T + 2]z, by the Holder inequality, we get

1 T2
k)<= Au(k —1 i(J—2
lu(k)] < 5 ker[lll%“)iﬂ' u( )|ZO¢ (j—2)
1 T+2 1 2 T+2
<1 (T+2) Yy Y ai(j —2)|A%(j - 2)] < g(T+2)a+ZZai(j—2)|A2u(j—2)|
J=1 i=1 j=1
2 T+2 1 _
1 2p~ —1 ) ) -\ = 1 2p T —1
< < (T+2ay) 7 (ZZ ai(j = 2)[A%u( —2)[" )" =50 full-.
Thus the proof of Lemma 2.1 is complete. O

Let v : E— R be the functional given by the formula

2 T+2
=35 ailk - 2)|A%u(k - 2)[" Y,
i=1 k=1
Then we have the following inequalities (see [4]):
- +
ullp(-) > 1= llully.) < P(w) < fluly - (2.7)
() ()

Lemma 2.2. For allu € E, we have

b(w) < O ul? + 20+ (T 4+ 2). (2.8)
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Proof. By a similar argument as in [13], for ¢ = 1,2 and for any u € F, we have

T+2
3 ik - 2)|A%u(k — 2)[
k=1
< > ai(k — 2)|A%u(k — 2)["
ke[, T+2)z: {|A2u(k—2)|<1}
.
+ > a;(k —2)|A%u(k —2)|”
kE[L,T+2)z: {|A2u(k—2)|>1}
T+2 n
=Y ai(k—2)|A%u(k - 2)["
k=1
+ 3 ik —2) (|A%utk - 2" - |A2u(k72)|p+)
ke[1,T+2)z: |A2u(k—2)|<1}
T+2 i
< ik —2)|A%u(k —2)[" + o (T +2).
k=1
So,
2 T+2 i 2 T+2 :
S5 ailk - 2)|A%k - 2) T < ST ik - 2)[A%u(k — 2)|" + 20t (T +2).
=1 k=1 1=1 k=1
Therefore, in view of (A.4), we deduce inequality (2.8). O

3 Variational framework

Let u € E. We put

Bu) =Y (g((’; )| A%u(k — 2) ) (3.1)
i=1 k=1 v
and .
G(u) =Y F(k,u(k)), (3.2)
k=1
where

F(k,r) = /f(k,s) ds for all (k,r) € [1,T + 2]z xR.
0

Let A € (0,400) be a positive parameter and Jy : E — R be the functional defined by

2 T+2

Ja(u) = ®(u) =-> 3 (O‘l (k= W — 9|t 2)) )\ZF (k, u(
=1 k=1
The derivative of G reads as
T+2
G'(u)(v) = Y fk,u(k))v(k)
k=1

for all w,v € E. For the functional ®, by considering the boundary values and summing by parts
twice, we can observe that

()(v) = 32 3" A% (ailk = 26,002 (A%u(k - 2)) )u(k)
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for all u,v € E. In fact, it is easy to see that

2 TH+2

' (w)(v) =YY ailk —2)y, (k—2) (A%u(k — 2)) A0 (k — 2).
=1 k=1

Let u,v € E, we take into account the boundary conditions, then for i = 1,2 we have

2
;i (k = 2)p, (1—2) (A%u(k — 2)) A*v(k — 2)

~
+

=
Il
—

T+1

= a;(T) ¢y, () (A%u(T + > ik = 2)yp, (c—2) (Au(k — 2)) A%v(k — 2)
k=1
[

))A%u(T)
))A%u(T)

T+2
= ai(T)bp, ) (A*U(T)AW(T) + [s(k = D)y, () (A%ulk = 2)) Ao(k - 2)|
T+1
=3 Afai(k = 2)¢p,n-2) (A%u(k — 2))) Av(k — 1)
k=1
T+1
_ ZA(% 2) by, b2y (A2ulk — 2)))Av(k— 1)

T+2

- [A (ai(k — 2)¢p, (k-2 (A%u(k — 2))>U(k B D}
T+1

+3 A’ (ai(k — )¢, (52 (A2u(k — 2)))v(k)
k=1

1

T42

= A% (ai(k — 2)dp, (h—2) (A%u(k — 2)))v(k).

k=1

Hence, for all u,v € E, we have

V()(0) = 32 D A ek — gy (Aulk — 2)) Jo (k).

It is obvious that ® and G are of the class C' on E. Then .Jy is also of the class C' on E.
Lemma 3.1. The function uw € E is a solution of problem (P) if and only if u is a critical point of
Jyin B.

Proof. Let u be a critical point of Jy in E. Then for all v € E, J{(a)(v) = 0 and Au(—1) =
Au(T +1) =u(—1) = u(T +2) = 0. Thus, for every v € E, taking twice summation by parts formula
and also v(—1) =v(0) =v(T + 1) = v(T + 2) = 0, we have

2 T+2 T42
0= =33 (A2 ik — 2) by, (52 (A%(k 2))))v(k) A F(k (k)0 (k).
i=1 k=1 k=1

Since v € F is arbitrary, we get

3o a2 (ozi(k — 2)| A%k — 2)

i=1

pi(k—2)—2

A%k — 2)) = Af(k, @(k)) (3.3)

for all k € [1,T]z. Therefore, u is a solution of (P). We deduce that any critical point of Jy in E is a
solution of problem (P). O

Remark 3.1. From Lemma 3.1, we conclude that finding the solutions to problem (P) is equivalent
to finding the critical points of the functional Jy.
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Lemma 3.2. The functional ® is coercive, i.e., ®y(u) = 400 as ||ul|- = +o0.

Proof. Note that ||ul|~ — +oo implies [ul[,.) — +o00, so, for |lu||— large enough, by (2.2) and (2.7),
we get

2 T2 -
I B ) B L=
i=1 k=1 k—2) TPt T ptMe

We conclude that ®(u) — 400 as ||u||- — +00, so, the functional ® is coercive. O

Now, we state the following assumptions.
(H.1) 2 — F(k,x) is convex on R for all k£ € [1,T + 2]z, and

F
F*®:= min limsup (k, )

>0
ke[1,T+2]z z—+oc0 |5C‘p

(H.2)

k
Fy:= max liminf F(k,z)
ke[1,T+2); x—0 |z|P~+1

We put the notations

p *P+
* o, P
A= — o
pFe(2at +C,) b (T+2) 5
and
1-2p—
4C »-

*%

T+ D)E M2
Lemma 3.3. Suppose that (H.1) holds. Then for any A > \*, the functional Jy is anti-coercive, i.e.,
Ix(u) = —o0 as |jul|- — +o0.

Proof. Take A > A*. Since lim sup T(f f) > F*°, there exists € > 0 such that

T—+00
F(k,z) > F‘X’|:1c|p+

for all k € [1,T + 2]z and « € R with |z] > .
For ||lul|— large enough, by (A.3), we get

T+2 i
“AG(u) < —\F™ Z (B[P < —AF™ (207 C,) "5 (T + 25 [l (3.4)
and by (2.8), we have
() < LW < i(oi’"?”+ Jul?" + 2T +2)a*) (3.5)
Y - ' '

2
_ @ 2 pi(k—2)
_;;(m(k o A%utk—2) )- )\ZFk:u
zf p+ pt
gpi_ Ol 4+ 2T + 200t )~ AF¥(20* )7 F (T +2)' 5 ul?
2 ot

T 1 Nat 1 _p--pt Pl o
:MN*C =l = AP (20 Cy) T (T 4+ 2) 7 ) Jul?”

(T+2) 2t

p+
+ F®(20tC,) v (T +2) 7 (A = N)|Jull” .

We conclude that Jy(u) = —oo as ||u||= — +oo because F>° > 0 and A > \*. O
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4 Main results

Our main results are the following.

Theorem 4.1. Assume that assumption (H.2) holds. Then, for any X € (0, \**) problem (P) has at
least one nontrivial solution.

Proof. From (H.2), one can conclude that for all |z| < M and all k € [1,T + 2]z,
F(k,2) < (7 + D Folal?”, (4.1)
where M > 0 is defined in (2.2). Let us take the set W C E defined by

In order to apply Proposition 2.1, we start by recalling that for any A € (0, \**) is fixed. The
functional Jy is continuous and the subset W is closed and bounded, therefore there exists a minimum
of Jy over W, which we denote by ug, moreover,

uollp(.) < M. (4.2)

Now, on the space E, we consider the following boundary value problem connected to (P):

AQ(Zai(k — 2)¢y, b2y (A2uk — 2))) = M (k,uo(k)), k€ [1,T]z,

u(~1) = u(0) = u(T +1) = u(T +2) = 0.

(4.3)

Note that the functionals ® and G are convex and of the class C! on E. Then, from Lemma 3.2, the
functional J : E — R corresponding to (4.3) defined by

J(x) = ®(x) — AG(ug)

is O coercive and strictly convex on E, so there exists v € E that solves problem (4.3).
Next, we prove that v € W. Consider the following cases.

Case 1. Suppose that ||v]|- > 1. Multiplying

A?(zaz 2)6p,k—2) (A%0(k = 2)) ) = Af (K, uo ()

by v and summing from 1 to T+ 2, we have

2 T+2 T+2
ZZAQ(O‘Z = 2)0p, (k- 2)(A v(k —2 ) —)\kauo (k).
i=1 k=1

By taking twice the summation by parts and taking into account that v(—1) = v(0) = v(T + 1) =

v(T +2) =0, we get
T2

b(v) =AY fk,uo(k))o(k).

k=1
Moreover, in view of (2.7), we have
Il < (o).
Then, from (2.2), (4.1) and (4.2), we obtain

T+2 T+2 ~ T+2 ~
A" F(kuo(R)o(k) <A (07 + DFoluo(R)P v(k) < (07 + DAR[lo]loe Y fuol”
= k=1 k=1
< (p + DARMY uuonpi)nvnoo < (P + DARM 0]
1 1 i
< 307 HDARALY O ol < 3 (07 4 DARM® T ol
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So,

1

2p—
P

<= (p” + L)AFRM* TIC [0llpc-)

and thus
2p” —1

(p~ + DAFRM? T1C %

-1
ollp 5 <

Hence, for any 0 < A < A\**, we obtain
p—1 1 _ 2p— 41 221 .
||UHp(.) < 1 (p~ + DAFRM™ TC »= < MP .

Therefore, v € W.

Case 2. If ||v||- < 1, the conclusion is immediate.
Finally, applying Proposition 2.1, we prove that problem (P) has at least one nontrivial soluti-
on. O

Theorem 4.2. Assume that assumption (H.1) is satisfied. Then, for any A > \*, problem (P) has at
least one nontrivial solution.

Proof. The functional Jy is of the class C' on E, moreover, in view of Lemma 3.3, for any A €
(\*, 400), Jy is anti-coercive in a finite-dimensional space, so. it has obviously at least one maximizer,
therefore it has a critical point.

Thus, by Lemma 3.1, problem (P) has at least one nontrivial solution. O

Remark 4.1. If \* < A**, combining the results of Theorems 4.1 and 4.2, we conclude that for any
parameter A such that A* < A < A**, problem (P) has at least two nontrivial solutions.
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