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EXISTENCE OF SOLUTIONS FOR SOME ELLIPTIC
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Abstract. In this paper, we study the existence of weak solutions for some quasilinear elliptic
problems with perturbed gradients under homogeneous Dirichlet boundary conditions. Using the
approximate Galerkin method and combining the convergence in terms of Young measure and the
theory of Sobolev spaces, we can prove that there is at least one weak solution u € VVO1 P(@) (Q;R™) to
the problem treated.
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1 Introduction

The main objective of this paper is to prove the existence of weak solutions for a class of quasilinear
elliptic problems of the following form:
—div(a(z, Du — O(u)) + ¢(v)) = v(z) + div f(z,u) + h(z,u, Du) in Q, (11)
u=0 on 012, '

where v belongs to W=7 @ (Q:R™), h : Q x R™ x M™*" — R™ f : R™ x M™*" — R™ and
a:Q x M™*" — M™*™ are the functions assumed to satisfy certain assumptions (see below).

In the last years, great attention has been devoted to the study of nonlinear problems, especially,
quasilinear elliptic problems. In fact, from the physical pint of view, problem (1.1) simulates a number
of natural phenomena that occur in the fields of oceanography, turbulent fluid flows, induction heating,
and electrochemical issues. As an illustration, we provide the following parabolic model: fluid flow
through porous media. This model is governed by the equation

00 _
o —div (\w(e) — K(0)e|"*(Vep() — K(9>e)) —0,
where 6 is the volumetric content of moisture, K () is the hydraulic conductivity, ¢(6) is the hydro-
static potential and e is the unit vector in the vertical direction. Then problem (1.1) is a generalization
of the following nonlinear problem:

—div®(Du — ©(u)) = h(z,u, Du) in Q,
u =0 on 01,

where

B(A) = |[AP2A VA e M,

This problem has been studied in [6] by E. Azroul and F. Balaadich, who proved the existence of
weak solutions by using Young’s measures without any Leray-Lions type growth conditions. In [17],
Hungerbiihler considered the following quasilinear elliptic system

—dive(x,u, Du) = f in (1.2)

under certain natural conditions on the function ¢ and got some existence result by using the tool of
Young’s measures and weak monotonicity over o. In [13], we showed that there is a weak solution
for quasilinear elliptic system under regularity, growth and coercivity conditions by using Galerkin’s
approximation and the theory of Young measures. Many papers were written to investigate the
existence of solutions to elliptic problems of type (1.2) by using classical monotone operator methods
(see [8,13,14,19,20,22] and the references therein). The goal of the present paper is to establish the
existence of solutions to problem (1.1) and extend the result of [6] by considering a general source
term. The Galerkin method is the main tool for developing approximation solutions and the theory
of Young’s measures is used to identify weak limits when approaching the limit.

2 Preliminaries

Let © be a bounded domain of RV with 0Q Lipschitz-continuous. For any Lebesgue-measurable
function p :  — [1,00), we define

p_ :=ess inf p(z), py = esssupp(x),
z€Q €N

and introduce the variable exponent Lebesgue space by

Lp(')(Q):{u:Q—HR| Pp(-) () ::/|u(x)|p(x)dx<oo}.
Q
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Equipped with the Luxembourg norm

. u
lullpc.y == 1nf{)\ >0: pp(,)(x> < 1}7
LP()(Q) becomes a Banach space. If
1<p- <py <00, (2.1)

LP()(Q) is separable and reflexive. The dual space of LP()(Q) is LP'(")(Q), where p/(z) is the
generalised Holder conjugate of p(x),

The next proposition shows that there is a gap between the modular and the norm in LP(") (Q).

Proposition 2.1 (see [16]). If (2.1) holds for u € LP(*)(2), then the following assertions hold:
mln{llqu( p el < ppcy (w) < max {Jlullyc, llullpf )
min { () (1) 7=, oy ()75} < Jully(.y < max {py(. ()=, oy (w) 5 },
lullpcy =1 < pp(y(w) < lullpf ) + 1.

Proposition 2.2 (Generalised Holder’s inequality) (see [18]).

— For any functions u € LPC)(Q) and v € LP'()(Q), we have

1 1

Jwvdn < (=4 =Yl ol < 2allollellc
Q

— For all p satisfying (2.1), we have the following continuous embedding:

LPC)(Q) — L7C)(Q) whenever p(x) > r(x) for a.e. z € Q.

In generalised Lebesgue spaces, a version of Young’s inequality

|u|P(®)

o(s |v]p’ (@)
@ O 0w

holds for some positive constant C(4) and any ¢ > 0.
We define also the generalized Sobolev space by

luv| <8

whr()(Q) = {u e L7 (Q): Vue LF)(Q)},

which is a Banach space with the norm
lullpey = llllpcy + 1 Vullpc)-
The space W1P(-)(Q) is separable and is reflexive when (2.1) is satisfied. We also have
whPC)(Q) s W) (Q) whenever p(z) > r(z) for ae. z € Q.

Now, we introduce the function space

WP Q) = {ue We'(Q): Vue LPO(Q)},
endowed with the following norm:

||u||W01’p(')(Q) = ”qu + HVUH;D(')'
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If p € C(Q), then the norm in Wol’p( ) () is equivalent to ||Vul|,¢.). When p is log-Holder continuous,
then C§°(Q) is dense in W, ” ( )(Q) Recall that a function p(-) is log-Holder continuous in  if

C 1
— Q, |z -yl <. 2.2
— Vo,y €Q, |z —yl <5 (2:2)

lz—y|

AC >0: |p(z) —ply)| <

If p is a measurable function in 2 satisfying 1 < p_ < p; < N and the Log-Hé6lder continuity property
(2.2), then

[ullpe(.y < CIVullpy Yue Wy (@),

for some positive constant C, where

Np(x) I
p@) = N —ple) TPEO<N
00 if p(z) > N.

On the other hand, if p satisfies (2.2) and p_ > N, then
lulloe < ClIVaully) YueWg? (@),

where C' is another positive constant.

Weak convergence is a basic tool of modern nonlinear analysis because it has the same compactness
properties as the convergence in finite-dimensional spaces. But this convergence sometimes does not
behave as one desire with respect to nonlinear functionals and operators. To overcome this difficulty,
one can use the technics of Young’s measures.

In the ensuing, we denote by J. the Dirac measure on R™ (n € N) and Cp(R™) denotes the closure
of the space of continuous functions satisfying |)\llim ©(A) = 0. Its dual space can be identified with

— 00

M(R™), the space of signed Radon measures with a finite mass. The related duality pairing is given by

<u@=/¢umww
R m

As in the introduction, the Young measure is the method we employ to show the intended result. We
recall some fundamental conceptions and properties for the reader who would be unfamiliar with this
notion (see [7] and [15]).

Lemma 2.1 ([15]). Let (zx)r be a bounded sequence in L™ (;R™). Then there exist a subsequence
(denoted again by (z1)) and a Borel probability measure v, on R™ for a.e. x € Q such that for each
¢ € Co(R™), we have

o(zi) =" @ weakly in L™ (Q;R™),

where @(x) = (vg, @) for a.e. x € Q.

Definition 2.1. We call v = {1, },cq the family of Young measures associated to (zx). In [7], it is
shown that if for all R > 0,

lim sup|{x € QN Br(0): |zk(x)| > LH =0,
L—00 keN

then the Young measure v, generated by zj is a probability measure, i.e., ||vz||m = 1 for a.e. z € Q.
The following properties build the basic tools used in the sequel.

Lemma 2.2 ([1]). If|Q] < 0o and v, is the Young measure generated by the (whole) sequence zj then
there holds:
2k — z N measure <= Uy = 0,(;) for a.e. x €.

If we choose z, = Dwy, for wy, : @ — R™, the above results remain valid.



106 Hasnae EI Hammar, Said Ait Temghart, Chakir Allalou, Said Melliani

Lemma 2.3 ([6]). Assume that Dwy, is bounded in LP (Q; M™*™), then the Young measure v, generated
by Dwy, satisfies:

(1) v, is a probability measure.
(2) The weak L*-limit of Dwy, is given by (v,,id).
(3) The identification (v,,id) = Dw(x) holds for a.e. x € (.
We conclude this section by recalling the following Fatou-type inequality.

Lemma 2.4 ([11]). Let ¢ : M™*™ — R be a continuous function and wy, : @ — R™ be a sequence of
measurable functions such that Dwy generates the Young measure v, with ||Vg|| pqqumxny = 1. Then

lkiminf/go(Dwk) dx 2/ / ©(A) dvg(A) dx
— 00
Q Q Mmxn
provided that the negative part of (Dwy) is equiintegrable.
In the sequel, we will need the following two technical lemmas.

Lemma 2.5 ([4]). For &,n € RY and 1 < p < oo, we have
1 1 _
— €[ — = [nfP < [E[P2E(E — ).
p p

Lemma 2.6. Fora>0,b>0 and 1 <p < oo, we have

(a+b)P® < 2p+71(ap(w) + by,

3 Assumptions and main results

Let Q be a bounded open domain of R?22 and M™*" be the set of m x n matrices with reduced R™”
topology, i.e., if 6 € M™*™  then |0] is the norm of § when regarded as a vector of R™". We provide

M™*" with the product
i

Throughout this paper, we suppose that the following hypotheses are required to state the main result:

(Ag) ¢:R™ — M™*" is linear and continuous and there exists a constant Sy such that
[¢(u)] < Bo-
(41) © :R™ — M™*™ is continuous such that
©(0) =0 and |8(z) - O(y)| < Celzr —y| Va,y cR™,
where Cg is a positive constant related to the exponent p and the diameter of 2 by

1

Co < gy (3)

(Az) a:Q x M™*" — M™*™ ig a Carathéodory function, that is, n — a(x,n) is continuous for a.e.
xz € Q, and x — a(z,n) is measurable for all n € M™*",

(As) a is strictly monotone, that is,

(a(m,n —0(s)) —a(z, & — @(s)))(n —¢&) >0 forall n,& e M™*", n#¢.
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(A4) As well as the growth and the coercivity assumptions
la(z,n — ©(s))| < bo(x) + [ — O(s)[P)
a(z,n—O(s)) : 1 = aly — O(s)P*) — by(x),
where by € LP'(Q), by € L*(Q2) and « is a positive constant.
Moreover, we assume that h and g satisfy the following assumptions:

(Hp) h: QxR™x M™"™ — R™ is a Carathéodory function (i.e., x — h(z,s,&) is measurable for
every (s,&) € R™ x M™*™ and (s,&) — h(z,s,§) is continuous for almost every x € Q).

(Hi) h satisfies one of the following conditions:
(a) There exist 0 < y(z) < p(x) — 1, 0 < p(x) < p(x) — 1, dy € LP' @) (Q) such that
(@, 5,)] < do(x) + |5 + [¢]#)

holds for a.e. z € Q and all (s,£) € R™ x M™*".

(b) The function h is independent of the third variable, or, for almost € Q and all s € R™,
the mapping £ — h(x, s, ) is linear.

(Fo) f:QxR™ — M™*" is a Carathéodory function.

(F}) There exist d; € LP @) and 0 < g(z) < p(x) — 1 such that

|f(z,u)| < dy () + [u]d®),

Remark. Hypothesis (A3) can be replaced by one of the following hypotheses:

(A3)" For all z € Q and all u € R™, the map & — a(x,& — O(u)) is a C-function and is monotone,
that is,
(a(, € — O(w) — alw,n — OW)) : (E—1) >0 Ve&,ne M=,

(A3)" There exists a function L : Q x M™*"™ — R such that

i = B(u) = g (1€ = Ow)) = DeL{z € ~ B(w)

and & — L(z,& — O(u)) is convex and C*-function for all x € Q and u € R™.
(A3)"”" The operator a is strictly quasimonotone, that is, there exists ¢y > 0 such that

/ (a(z, Du — O(u)) — a(z, Dv — O(u))) : (Du — Dv)dz > ¢ / |Du — Dv|P® da.
Q Q

Now, we give a definition of weak solutions for the elliptic problem (1.1) and state the main result.

Definition 3.1. A function u € Wol’p(z)(Q; R™) is said to be a weak solution of (1.1) if

/ (a(z, Du — O(u)) : Do + ¢(u) : Do) dz = (v, ¢) — /f(a:,u) : Dpdx +/h(x,u,Du) ~pdx
Q Q Q

holds for all ¢ € Wo ™ (Q;R™).

Theorem 3.1. Assume that (Ag)—(A4) and (Hy), (Hy), (Fo) and (Fy) hold. Then the Dirichlet
problem (1.1) has a weak solution in the sense of Definition 3.1.
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4 Galerkin approximation

The object of this section is to create approximating solutions by using the well-known Galerkin
approach. In order to construct the necessary estimates to support the desired results, the Holder
inequality and the consequent Poincaré inequality (see [17], Lemma 2.3) are important. There exists
a positive constant « such that

[ollpay < 5 1DVl ¥o € W™ (@ R™). (4.1)
Now, consider the mapping
T: WP (@ R™) — W@ (;R™)

given for arbitrary u € Wol’p(m)(Q; R™) and all ¢ € Wol’p(m)(Q; R™) by

(T(u),¢) = / (a(e, Du — O(w)) : D + d(u) : D) dir — (v, )
Q

+ [ f(z,u): Dodx — | h(z,u, Du) - @dz.
fromova-

Q

Lemma 4.1. T(u) is well defined, linear and bounded.

Proof. For arbitrary u € WO1 P (w)(Q;Rm), T'(u) is trivially linear and (without loss of generality, we
may assume that v(z) = p(z) = p(x) — 1) we can obtain,

n < / e, Du— ©(w)| [ D] d + / (6(]| D] do

/ bo(z)| Dyl do + / D~ O D|da + ol Dol

1
p/(x)
< ol o)1 Dl oy + ( [ 1pu—eu)re dx) 1DGle) + BoCol Do,
Q

wt-1 T T (P(I)
< [1Bolly @) |1 DPllpiay +2 7 (||D 1263+ 10@IEE)) ™ 1D¢llp) + BoColl Delpa
p(x)—1

et o1 z z)\ p@
= (ol +2 7 (IDulE) + 10@IEE) ™ YIDelpw) + HoColl Dellpiey

On the other hand, we have

z)—1 z)—1
|| < / iz, u, Du)l gl dz < (lldollyriay + ull2) ™ + DL ™) lellpie)-

By using the Holder inequality, we have

3] < (v, 0) < vll-1p @) |£llp(a)

From the growth condition (F}), we get
x)—1
L] = / |f (@, w)| | D] dz < [|dally ) 1D llpe) + ullfs) DGl
Since these expressions are finite by our assumptions, T'(u) is well defined. Finally, we have

(T (u), )| < ||+ [I2| + | I3] + [11] < C1l|Dollp@) + Call@llpz) < C3llDollpea)-
Thus T is well defined and bounded. O
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Lemma 4.2. The restriction of T to a finite linear subspace of Wol’p(w)(Q;]Rm) s continuous.

Proof. Let X be a finite subspace of Wol’p(x)(Q; R™) with dim X = r and let (z;);=1,... » be a basis
of X. We consider in X the sequence (ug = a};xi) which converges to u = a’z; in X. Hence u; — u
and Duy — Du almost everywhere for a subsequence still denoted by (ug)i. From the continuity of
a, ¢, h and f, one can obtain

a(x, Dup — O(ug)) : Do — a(z, Du— O(u)) : Dy, ¢(ug) : Do — ¢(u) : Dy,
h(x,uk, Dug)p — h(x,u, Du)p and f(z,u): Dp — f(x,u): Dy
almost everywhere in . Using the strong convergence of uj to u in X and Lemma 2.6, we can infer
that [|ug||pz) and |[[Dug||pz) are bounded. Now, in order to apply the Vitali Theorem, we need to
show the equi-integrability of the sequences (a(z, Duy — ©(ug)) : Do), (é(ug) : Dp), (f(z,ur) : D)
and (h(z,ug, Dug) - ¢). To do this, let E C Q be a measurable subset, then by the growth condition
in (Asg), we have

/ la(x, Dug — ©(ux)) : Dy|da

= (/ b0 () [P ™) + | Duy, — ©(uy,)|P™) dx) (/ | Dep|P() d:c)
B B

1 _1_
’ - @ 2\ 7@ . e
< (0@ 24) + 27" = (D12 +e” ua22))) ( / | DlP@) dx)
N———— N—_——
E

<c <c

and

1
. - N Fal
/‘h(m,uk,Duk).ﬂdx < O (ol oy + Nuell262) ™" + | Dus ) 1></|D¢|p< )dx> '

b <c <c

From the growth condition (F}), we deduce that

1
p a:) 1 () p(x)
|g z,un) : Dgldr < (il e + el Dl da
~ E
<c
Since [ |Dgp\p(1) dz is arbitrarily small if the measure of F is chosen small enough, we get the equi-

E
integrability of (a(z, Dur—0(ux)) : D), (9(z,ur) : D¢) and (h(z, ux, Dug)-¢). The equi-integrability
of (¢(ug) : Do) follows from the assumption (Ap). From Vitali’s Theorem, we conclude the continuity
of mapping T 0

Lemma 4.3. The operator T defined above is coercive.

Proof. Taking ¢ = u as a test function in the definition of T', we obtain

(T(u),u) = / (a(z, Du—O(u)) : Du+ ¢(u) : Du) dz — (v, u)

Q

+/f(x,u) : Dudx—!h(a:,u,Du)uda:.

Q
We have
@ 1 N
2p+ : | DuP®) = = ot O(u) + O (u)|P™
1
< opt—1 [2p+_1(|D“ - @(“)|p($) + |@(u)|p(1))}

A

|Du — ©(u) P +|©(w)[P).
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Then

I= / (a(z,, Du—O(u)) : Du+ ¢(u) : Du) dx

>oz/|Duf (u)|P@® dxf/bo()dx—ﬂo/|Du\dx

> 2p+ 1/|Du|p("’” dx—a/\@ |p$)dm—c—ﬁo/|Du|dac

Next, the generalized Holder inequality implies that

11T = (o, w)] < ol -1 @ ullpe) < Clloll-1p @) |1 Dl -
Using the Holder inequality, (4.1) and assumption (H;), we deduce that

IIIE/h(x,u,Du)udxS/do(x)|u|dx—|—/\u|”’(m)\u|dx—|—/|Du\“(:”)|u|dx
Q

< ol @) 1l ey + 1220 o 1ellpay + 1D o ety
« (07 ’Y+ m+1 :c+1
< S ol o 1Dl + (5) 10U 4+ S Dl

From (4.1) and assumption (F}), we get

[IV| = ’/f(x,u):Dudx < /dl(x)|Du\dm—|—/\u|q(””)\Du|dx
Q Q Q

< |ldy |Dullpy + CF | Dull 2

||P'(w)| p(;c)

From the above inequalities, (4.1) and the choice of the constant Cg in the assumption on ©, we

obtain
(T(u),u) =1 =11 =IIT+1V — 00 as ||ully p) — o0,

since
p+>max{1,q++1,7+—|—l,,u++1}. O

Let us fix some k and assume that X has the dimension r and ey, ..., e, is a basis of Xj.
We define the map _

B! (T'(Bei), e1)

B? (T'(B"€:), e2)

G:R"—-R", B .
/Br <T(ﬁi€i)7e7'>

Lemma 4.4. G is continuous and G(B) -8 — o< as ||B||gr — oo, where B = (BY,..., ")t and the dot
is the inner product of two vectors of R”.

Proof. Let u; = ﬁfei € Xy, up = fe; € Xi. Then |57|
equivalent to [|ugl|1 () and

e is equivalent to [|u;l|1 () and [|8°||r- is

G(B) - B = (T(u), u).
From Lemma 4.3, we get G(f) - 8 — o0 as ||B||gr — 0. O
Lemma 4.5. For all k € N, there exists uy € Xy, such that
(T(ug),¢) =0 forall ¢ € Xy, (4.2)
and there is a constant R > 0 such that

llukll1 pzy < R for all k€ N.
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Proof. From Lemma 4.4 follows the existence of a constant R > 0 such that for any 5 € dBr(0) C R",
we have G(f) - > 0 and the topological argument [21] gives that G(x) = 0 has a solution = € Bg(0).
Therefore, for each k € N, there exists ux € Xy such that (4.2) holds. O

5 Convergence result for functions a

Assertion 5.1. The sequence (uy) is uniformly bounded in Wol’p(l)(Q;Rm), thus a subsequence con-
verges weakly in Wol’p(z)(Q;Rm) to an element denoted by u.

Proof. We have
(T'(u),u) — 00 as ||ullyp) — oo

Hence there exists R > 0 with the property that (T'(u),u) > 1 whenever ||u|; p(,) > R. Consequently,
for the sequence of Galerkin approximations u, € X which satisfy (4.2) with ¢ replaced by ug, we

get that (uy) is uniformly bounded in Wol’p(x)(ﬂ; R™). O

Assertion 5.2. The sequence ay defined by ap := a(x,Dup — O(ux)) is uniformly bounded in
LP' (@) (Q;R™) and therefore equi-integrable on €.

Proof. Using the growth assumption (A4,4), we get

/ |la(z, Duy — @(uk))|p/(w) dx < /bo(x) dx + / | Duy, — ©(uz,)|P® da < oo,
Q Q Q

by the boundedness of (uz)x in WoP™) (Q;R™).
Hence ay(z) is uniformly bounded in LP'(®)(€; R™). O

Assertion 5.3. The sequence (ap(x) : Duy)™ is equi-integrable on Q. Moreover, there exists a
sequence (vy) such that vy, — u in Wol’p(m)(Q;Rm) and

/ak(x) : (Dug, — Dvg)dx — 0 as k — oo.
Q

Proof. For any measurable subset E of Q2 and by the coercivity assumption, we have

/ |min(a(x, Duy, — O(uy)) : Duy, O)| dz
Q
a
S

/|Duk|p("”) dx+a/|@(uk)|1’<w> dx+/|b0(x)|dx < o0.
E E E

Then (ax(x) : Dug)~ is equi-integrable.

We choose a subsequence v; which belongs to the same finite dimensional space X as wug such
that vy — u in Wol’p(z)(Q;Rm).

Taking up — vg as a test function in (4.2), we deduce that

Q

Q
+ [ h(x,ug, Dug)(ug, —vg)de — | ¢(ux) : (Dup — Duy) dz. (5.1)
/ /
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Since ug — v, — 0 in Wol’p(x)(ﬂ; R™), the first term on the right-hand side of (5.1) converges to zero.
From (F}), we have that |f(z,uz)|”® is bounded by an integrable function. Hence (Fy) and the
Dominated Convergence Theorem imply that

/f(%%) : (Dug — Duvy) dx
Q
<[ f(ur) = f()|lp @) | Dk — Dugllp(e) + ‘ /f(x,u) : (Dvg — Duy)dx| — 0
Q

as k tends to +00. For the third term on the right-hand side of (5.1), we have

/f(%uk,DUk)(uk — vg) dx
Q

< A, uk, Dug) ||y @) lluk — villp@) < Cllur — vkllp@) — 0 as k — +oo.

For the last term in (5.1), notice that since ¢ is linear and continuous and (ug) is bounded, ¢(uy) is
bounded. Then

/d)(uk) : (Dug, — Dvg) dx < C||Dvg — Dugll1 — 0 as k — 4o0.
Q

It follows that
/a(z,Duk — O(ug)) : (Dug, — Dvg)dz — 0 as k — oo. O
Q

Assertion 5.4. The following div-curl inequality holds:
/ / (a(z,A = O(uw)) — a(z, Du— O(u))) : (A — Du) dvy(\) dz < 0. (5.2)
Q MmXn

Proof. We define the sequence
Ji == (a(x, Duy — O(u)) — a(z, Du — O(u))) : (Duy, — Du)

= a(x, Dug, — ©(uw)) : (Dug, — Du) — a(z, Du — O(u)) : (Duy, — Du)
=: Jk,l + Jk72.

Using the growth condition in (Aj3), (A2) and the Poincaré inequality, we get

/|a(x,Du —OW)P'®dx < C+C / |DulP®) da < 0o
Q Q

for arbitrary u € Wol’p(x)(Q;Rm) hence a(z, Du — O(u)) € LP @) (Q; M™*"). According to the weak
convergence described in Lemma 2.3, one can obtain

k—o0

liminf/ Js da = !a(x,Du _ 6(u)) : ( / Ndvs(A) — Du) da =0,

MmXn

Next, from Assertion 5.1, there exits a subsequence uy such that uy — u in measure. Since O is
continuous, ©(ug) — O(u) almost everywhere in Q. In view of Lemma 2.4, one can conclude that

J = likminf/ Ji dx = hkminf/ Jp,1dx > / / a(z, A —0O(u)) : (A — Du)dv, () dx.
— 00 — 00
Q Q Q Mmxn
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Show (5.2) is equivalent to proving that J < 0. By virtue of Assertion 5.3, we deduce that

k—o0
Q

A =lim inf/a(x, Duy, — O(uyg)) : (Duy, — Du) dx

= liminf [ a(z, Dug — O(ug)) : (Dup — Dug) dx
Q
+ likminf/a(ac,Du;C — O(ug)) : (Dvg — Du) dx
—o0
Q

k—o0
Q

< liminf|||a(z, Dur — ©(uk))]
k—o0

= lim inf/a(x, Duy, — O(ug)) : (Dvg — Du) dx

|p’(x) ||vk - quvP(m) =0.

It follows that
/ / (a(z, A = O(u)) — a(z, Du — O(u))) : (A — Du) dvy(A) dz < 0.
Q Mmxn

Moreover, the monotonicity of the function a implies that the above integral must vanish with respect
to the product measure dv,(\) ® dz, hence

(a(z, A = O(u)) — a(z,Du — O(u))) : (A= Du) =0 on suppuv,. O
Assertion 5.5. The sequence aj, converges weakly in the space L*(£; M™*™) as k — +o0 to the weak
limit a given by
a(z) = a(z, Du — O(u))
and Duyg converges to Du in measure on £ as k — 4o00.

Proof. Using (5.2) and the strict monotonicity assumption (Fp), we deduce that
(a(z, A — O(u)) — a(z, Du—O(u))) : (A\—Du) =0 ae. z€Q, ARV

Then A = Du(x) a.e. x € Q with respect to the measure v, on RY. Therefore, the measure v, reduces
to the Dirac measure 6p,(,). By virtue of Lemma 2.2, we deduce that Duy — Du in measure, then
ur — w and Duy — Du almost everywhere (up to a subsequence) in 2. From the continuity of © and
a, one can deduce that

a(x, Dup — O(ug)) = alzx, Du — O(u)) a.e. x €L
From Assertion 5.2, ay is equi-integrable, then one can apply Vitali’s Theorem to get
a(x, Duy, — O(uy)) — a(z, Du — O(u)) in L*(Q;M™*"™). O
Lemma 5.1. The function u is a weak solution to problem (1.1).

At this point, we have everything we need to achieve the limit and demonstrate the main result.
From Assertion 5.5, we have

lim [ a(z, Duy — O(uy)) : Dpdx = /a(x,Du —0(u)): Dopdx V¢ U Xk
k—+o0 keN
Q Q

Since uy — u in measure when k — +o0o, we may extract a suitable subsequence (if necessary) for
which
up — u almost everywhere for k — 400,
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and
Duy, — Du almost everywhere for & — +o0.

Therefore, f(x,ur) — f(z,u) and ¢(ur) — ¢(u) almost everywhere by using the continuity of g and
¢. Since (f(z,ur) : Dy) and (¢(ux) : Dy) are equi-integrable, by the Vitali convergence Theorem we
get f(x,ug) : Do — f(x,u) : Do and ¢(uy) : Do — ¢(u) : Do in L'(Q). This implies that

lim /fxuk Dgodw—/fxu Dydx VQDUX]C

k—
+oe keN

and
klg_n@/(é(uk) : Dpdx = /(b(u) :Dpdx Vo U Xi.
Q Q

keN

Let us start with the case (Hy)(a). The continuity of f permits to deduce that
h(z, uy, Duy) - ¢ = h(z,u, Du) - ¢

for all ¢ € WyP(Q;R™). From the growth condition in (H;)(a), we deduce the equi-integrability
of (h(z,ur, Dug) - ¢(x)), which implies by Vitali Convergence Theorem that h(x,ug, Duy) - p(z) —
h(z,u, Du) - o(z) in L'(Q). Therefore,

lim [ h(x,ug, Dug) - @(z)dx = /h(ac,u,Du) cp(z)de Vee U X
k—><>oQ 2 keN
Next, we consider the case (Hp)(b). If the function A is independent of the third variable, then we
can obtain /

h(x,up) — h(z,u) in LP'*)(Q).
On the other hand, we assume that the mapping A — h(z,u, A) is linear for a.e. = € Q and all
u € R™. Since h(x,uy, Dug) is equi-integrable, we deduce that

h(z,ur, Dug) = (Vg h(z,u, -)) = / h(z,u, \) dvgy(X) = h(z,u, <)o / Advg(N) = h(z,u, Du)
Mm™m Xn MmXn
|
=:Du(x)
by the linearity of h.

It remains to show that (T'(u),p) = 0 for any ¢ € Wg’p(x)(Q;Rm) to complete the proof of
Theorem 3.1.

Let ¢ € Wy’ Pl (Q R™), the density of kUN X, in W, P (z)(Q; R™) implies the existence of a sequence
€

{vr} € U Xk such that ¢ — ¢ in I/Vol’p(x)(Q; R™) as k tends to +o00. We conclude that
keN

<T(uk)7 ‘pk> - <T(u)7 90>

= /a(x,Duk — O(uk)) : Dy dx — /a(a:,Du —0(u)) : Dpdx
Q Q

+ [ ¢(ug) : Do de — [ ¢(u) : Dodx — | f(x,ux) : Doy dx
/ [oorpe]

Q

—|—/f(x,u Dgodx—/h(x,uk,Duk)-cpkdx—i—/h(x,u,Du)-godx
Q Q

= /a(x, Duy, — O(ug)) : (Dpr — D) dx + / (a(z, Du, — ©(ux)) — a(z, Du — O(u))) : Dpdx
Q Q
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+/¢(uk) : (Dgok—D<p)dx+/(¢(uk)—¢(u)):D(pdx—/f(m,uk) Dk — D)
Q Q

Q

—/(f(m,uk)—f(x,u)) : D@dx—/h(x,uk,Duk)-(gok—ga) dx—/(h(a:,uk,Duk)—h(x,u,Du))-godx.
Q Q Q

We take the limit as k tends to +oo, it follows that

lim <T(Uk), SOk> = <T(U')7 <P>'

k—-+o00

From Lemma 4.5, we deduce that (T(u), @) = 0 for all ¢ € Wy P (Q;R™).
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