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LIMIT CYCLES FOR A CLASS
OF KUKLES TYPE DIFFERENTIAL SYSTEMS



Abstract. In this work, we study the number of limit cycles which can bifurcate from periodic orbits
of the linear center ẋ = −y, ẏ = x of generalized polynomial Kukles systems of the form

ẋ = −y + l(x) y2α, ẏ = x− f(x) y2α − g(x) y2α+1 − h(x) y2α+2 − d0 y
2α+3,

where

l(x) = ϵl1(x) + ϵ2l2(x), f(x) = ϵf1(x) + ϵ2f2(x),

g(x) = ϵg1(x) + ϵ2g2(x), h(x) = ϵh1(x) + ϵ2h2(x) and d0 = ϵd10 + ϵ2d20.

lk(x), fk(x), gk(x) and hk(x) have degree m, n1, n2 and n3, respectively, dk0 ̸= 0 is a real number for
each k = 1, 2, α is a positive integer and ϵ is a small parameter. The main tool of this study is the
averaging method of the first and second order.

2010 Mathematics Subject Classification. 34C29, 34C25, 47H11.

Key words and phrases. Limit cycle, averaging theory, Kukles systems.

ÒÄÆÉÖÌÄ. ÍÀÛÒÏÌÛÉ ÛÄÓßÀÅËÉËÉÀ ÆÙÅÒÖËÉ ÝÉÊËÄÁÉÓ ÒÀÏÃÄÍÏÁÀ, ÒÏÌËÄÁÉÝ ÛÄÉÞËÄÁÀ
ÂÀÍÛÔÏÅÃÄÓ ßÒ×ÉÅÉ ẋ = −y, ẏ = x ÝÄÍÔÒÉÓ ÐÄÒÉÏÃÖËÉ ÏÒÁÉÔÄÁÉÃÀÍ ÛÄÌÃÄÂÉ ÓÀáÉÓ ÂÀÍ-
ÆÏÂÀÃÄÁÖËÉ ÐÏËÉÍÏÌÉÀËÖÒÉ ÊÖÊËÄÓÉÓ ÓÉÓÔÄÌÉÓÈÅÉÓ

ẋ = −y + l(x) y2α, ẏ = x− f(x) y2α − g(x) y2α+1 − (x) y2α+2 − d0 y
2α+3,

ÓÀÃÀÝ

l(x) = ϵl1(x) + ϵ2l2(x), f(x) = ϵf1(x) + ϵ2f2(x),

g(x) = ϵg1(x) + ϵ2g2(x), h(x) = ϵh1(x) + ϵ2h2(x) ÃÀ d0 = ϵd10 + ϵ2d20,

lk(x), fk(x), gk(x) ÃÀ hk(x) ÀÒÉÓ m, n1, n2 ÃÀ n3 ÒÉÂÉÓ ÐÏËÉÍÏÌÄÁÉ, ÛÄÓÀÁÀÌÉÓÀÃ,
dk0 ̸= 0 ÍÀÌÃÅÉËÉ ÒÉÝáÅÉÀ ÚÏÅÄËÉ k = 1, 2-ÈÅÉÓ, α ÃÀÃÄÁÉÈÉ ÌÈÄËÉ ÒÉÝáÅÉÀ ÃÀ ϵ −
ÌÝÉÒÄ ÐÀÒÀÌÄÔÒÉ. ÊÅËÄÅÉÓ ÌÈÀÅÀÒ ÉÍÓÔÒÖÌÄÍÔÓ ßÀÒÌÏÀÃÂÄÍÓ ÐÉÒÅÄËÉ ÃÀ ÌÄÏÒÄ ÒÉÂÉÓ
ÂÀÓÀÛÖÀËÏÄÁÉÓ ÌÄÈÏÃÉ.



Limit Cycles for a Class of Kukles Type Differential Systems 33

1 Introduction and main results
The main open problem in the qualitative theory of real planar differential systems is the determination
of limit cycles which is related to the second part of the 16th Hilbert problem [8]. Recall that a limit
cycle is an isolated closed orbit defined by Poincaré [16, 17]. The knowledge of the existence or the
absence of periodic solutions is very important for understanding the dynamics of the differential
systems. A classical way to obtain limit cycles is perturbing a system which has a center. In this
case, the perturbed system displays limit cycles that can bifurcate either from the center, or from
some of the periodic orbits around the center [18]. The number of limit cycles which bifurcate from
periodic orbits of a differential system with a center (linear or not) has been studied by using many
distinct tools, the first method is the inverse integral factor [11], the second method is the Lyapunov
constants [12], the third method is the Melnikov function [9,21], and the last method is the averaging
theory (see, e.g., [3, 4, 6] and the references therein).

In different works, the limit cycles problem and the center problem are concentrated on specific
classes of systems; for instance, we refer to the classical Kukles system{

ẋ = −y,

ẏ = x+ a0y + a1x
2 + a2xy + a3y

2 + a4x
3 + a5x

2y + a6xy
2 + a7y

3.
(1.1)

In [10], Kukles examined the conditions under which the origin of system (1.1) is a center. In [5], it
was shown that at most five limit cycles bifurcate from the origin of system (1.1). In [19], Sadovskii
solved the center focus problem for systems (1.1) when a2a7 ̸= 0 and proved that the system can have
seven limit cycles.

In [14], Llibre et al., using the averaging theory of the first and second order, studied the generalized
Kukles system {

ẋ = y,

ẏ = −x− f(x)− g(x)y − h(x)y2 − d0y
3.

Another class of generalized Kukles system which can be written as{
ẋ = −y + l(x),

ẏ = x− f(x)− g(x)y − h(x)y2 − d0y
3,

(1.2)

where l(x), f(x), g(x) and h(x) have degrees m, n1, n2 and n3, respectively, d0 ̸= 0 is a real number,
was studied in [15].

Limit cycles of several generalisations of the Kukles system have been also obtained using averaging
theory (see, e.g., [1, 2] and the references therein).

In the present paper, using the averaging theory, we study the maximum number of limit cycles
which can bifurcate from the periodic orbits of a linear center ẋ = −y, ẏ = x of the more generalized
Kukles system {

ẋ = −y + l(x) y2α,

ẏ = x− f(x) y2α − g(x) y2α+1 − h(x) y2α+2 − d0 y
2α+3,

(1.3)

where

f(x) = εf1(x) + ε2f2(x), g(x) = εg1(x) + ε2g2(x),

h(x) = εh1(x) + ε2h2(x), l(x) = εl1(x) + ε2l2(x) and d0 = ϵd10 + ϵ2d20,

fk(x), gk(x), hk(x) and lk(x) have degree n1, n2, n3 and m, respectively, dk0 ̸= 0 is a real number for
each k = 1, 2, α ∈ N and ε is a small parameter. Note that system (1.3) was studied in [15] when
α = 0.

The main result of this paper is the following statement.

Theorem 1.1. For |ϵ| ̸= 0 sufficiently small, the maximum number of limit cycles of the generalized
Kukles polynomial differential system (1.3) bifurcating from the periodic orbits of the linear center
ẋ = −y, ẏ = x using the averaging theory
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(a) of the first order is
λ1 = max

{[m− 1

2

]
,
[n2

2

]
, 1
}
,

(b) of the second order is
λ = max{Λ1,Λ2 + 1,Λ3 + 2},

where

Λ1 = max
{[n1

2

]
+
[n2 − 1

2

]
+ α,

[n1

2

]
+
[m
2

]
− 1 + α,

[n3

2

]
+

[m
2

]
+ α,

[n2

2

]
,[m− 1

2

]
,
[n1 − 1

2

]
+ µ+ α, 1

}
,

Λ2 = max
{[n1 − 1

2

]
+ α,

[n2 − 1

2

]
+

[n3

2

]
+ α,

[n3 − 1

2

]
+ µ+ α

}
,

Λ3 =
[n3 − 1

2

]
+ α,

and
µ = min

{[m− 1

2

]
,
[n2

2

]}
.

The proofs of statements (a) and (b) of Theorem 1.1 are given in Sections 3 and 4, respectively.
In [15], it was shown that there exists a generalized Kukles system (1.3) with α = 0 having at least

λ2 = max
{[n1

2

]
+

[n2 − 1

2

]
,
[n1

2

]
+
[m
2

]
− 1,

[n1 + 1

2

]
,
[n3 + 3

2

]
,
[n3

2

]
+
[m
2

]
,[n2 + 1

2

]
+
[n3

2

]
,
[n2

2

]
,
[m− 1

2

]
,
[n1 − 1

2

]
+ µ,

[n3 + 1

2

]
+ µ, 1

}
limit cycles. The result in Theorem 1.1 improves this lower estimate (λ > λ2 for all n1 ≥ 1, n2 ≥ 2,
n3 ≥ 1, m ≥ 2 and α ≥ 1). For each fixed n1 ≥ 1, n2 ≥ 2, n3 ≥ 1 and m ≥ 2, there exists α0 ≥ 1 such
that λ > λ2 for all α ≥ α0.

In Section 2, we introduce the averaging theory of the first and second order.

2 Averaging theory of the first and second order
In this section, we summarize the main results of the averaging theory of the first and second order
for computing limit cycles of the generalized Kukles polynomial differential system (1.3).

Consider the differential system

ẋ(t) = εF1(t, x) + ε2F2(t, x) + ε3R(t, x, ε), (2.1)

where F1, F2 : R × D → R, R : R × D × (−εf , εf ) → R are continuous functions, T -periodic in the
first variable, and D is an open subset of R. Assume that the following conditions hold:
(i) F1(t, x) ∈ C2(D), F2(t, x) ∈ C1(D) for all t ∈ R, F1, F2, R, DxF1 are locally Lipschitz with

respect to x and R is twice differentiable with respect to ε. We define Fk0 : D → R for k = 1, 2 as

F10(z) =
1

T

T∫
0

F1(s, z) ds,

F20(z) =
1

T

T∫
0

[
DxF1(s, z)y1(s, z) + F2(s, z)

]
ds,

where

y1(s, z) =

s∫
0

F1(t, z) dt,
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(ii) For V ⊂ D, an open and bounded set, and for each ε ∈ (−εf , εf ) \ {0}, there exists aε ∈ V such
that

F10(aε) + εF20(aε) = 0 and dB(F10 + εF20, V, aε) ̸= 0.

Then for |ε| > 0 sufficiently small, there exists a T -periodic solution φ(t, ε) of system (2.1) such
that φ(0, ε) → aε as ε → 0. The expression dB(F10 + εF20, V, aε) ̸= 0 means that the Brouwer degree
of the function F10 + εF20 : V → R at the fixed point aε is not zero. A sufficient condition for this
inequality to be true is that the Jacobian of the function F10 + εF20 at aε is not zero.

If F10 is not identically zero, then the zeros of F10+εF20 are mainly the zeros of F10 for ϵ sufficiently
small. In this case, the previous result provides the averaging theory of the first order.

If F10 is identically zero and F20 is not identically zero, then the zeros of F10 + εF20 are mainly
the zeros of F20 for ε sufficiently small. In this case, the previous result provides the averaging theory
of the second order.

For a general introduction to the averaging theory, see [13,20].

3 Proof of statement (a) of Theorem 1.1
In order to apply the first order averaging method, we write system (1.3) with k = 1 in polar coordi-
nates (θ, r), where x = r cos θ, y = r sin θ and r > 0. In this context, we take

f1(x) =

n1∑
i=0

aix
i, g1(x) =

n2∑
i=0

bix
i, h1(x) =

n3∑
i=0

cix
i and l1(x) =

m∑
i=0

eix
i, (3.1)

then system (1.3) can be written as
ṙ = ϵ

(
r2α cos θ sin2α θ

m∑
i=0

eiBi,0(θ) r
i − r2α sin2α+1 θ P1(θ, r)

)
,

θ̇ = 1− ϵ

r

(
r2α sin2α+1 θ

m∑
i=0

eiBi,0(θ) r
i + r2α sin2α θ cos θ P1(θ, r)

)
,

(3.2)

where

P1(θ, r) =

n1∑
i=0

aiBi,0(θ) r
i +

n2∑
i=0

biBi,1(θ) r
i+1 +

n3∑
i=0

ciBi,2(θ)r
i+2 + d10 r

3B0,3(θ)

and
Bi,j(θ) = cosi θ sinj θ.

Now, taking θ as the new independent variable, system (3.2) becomes

dr

dθ
= ϵ

(
r2α cos θ sin2α θ

m∑
i=0

eiBi,0(θ) r
i − r2α sin2α+1 θ P1(θ, r)

)
+O(ϵ2)

= ϵF1(θ, r) +O(ϵ2).

Therefore, based on Section 2 we must study the simple positive zeros of the function

2πF10(r) =

m∑
i=0

eiAi+1,2α(2π) r
i+2α −

n1∑
i=0

aiAi,2α+1(2π) r
i+2α −

n2∑
i=0

biAi,2α+2(2π)r
i+2α+1

−
n3∑
i=0

ciAi,2α+3(2π)r
i+2α+2 − d10 r

2α+3A0,2α+4(2π), (3.3)

where

Ai,j(2π) =

2π∫
0

Bi,j(θ) dθ.

In the next proposition, we obtain the exact expression of F10(r).
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Proposition 3.1. F10(r) is a polynomial in r given by

F10(r) =
r2α+1

4

( [m−1
2 ]∑

i=0

2i+ 1

i+ α+ 1
e2i+1r

2iσ2i,2α

−
[
n2
2 ]∑

i=0

2α+ 1

i+ α+ 1
b2ir

2iσ2i,2α − d0
(2α+ 3)(2α+ 1)

(2α+ 4)(α+ 1)
r2σ0,2α

)
, (3.4)

where

σ2i,2α =
(2α− 1)(2α− 3) · · · 1

(2α+ 2i)(2α+ 2i− 4) · · · (2i+ 2)

( 1

22i−1

)(2i
i

)
.

Proof. From (3.3) and for simplifying the expression of F10(r), we use the following integrals

Ai,j(2π) =

0 if i is odd or j is odd,
(j − 1)(j − 3) · · · 1

(j + i)(j + i− 2) · · · (i+ 2)

1

2i−1

(
i

i/2

)
π if i and j are even

(3.5)

and

θ∫
0

cosi t sinα t dt = −cosi−1 θ sinα+1 θ

i+ α
+

i− 1

i+ α

θ∫
0

cosi−2 t sinα t dt

= −cosi+1 θ sinα−1 θ

i+ α
+

α− 1

i+ α

θ∫
0

cosi t sinα−2 t dt (3.6)

(for more details see [7]). We obtain

F10(r) =
r2α+1

2π

( [m−1
2 ]∑

i=0

e2i+1r
2iA2i+2,2α(2π)−

[
n2
2 ]∑

i=0

b2ir
2iA2i,2α+2(2π)− d0 r

2A0,2α+4(2π)

)

=
r2α+1

4π

( [m−1
2 ]∑

i=0

2i+ 1

i+ α+ 1
e2i+1r

2iA2i,2α(2π)

−
[
n2
2 ]∑

i=0

2α+ 1

i+ α+ 1
b2ir

2iA2i,2α(2π)− d0
(2α+ 3)(2α+ 1)

(2α+ 4)(α+ 1)
r2A0,2α(2π)

)
.

This completes the proof of Proposition 3.1.

From Proposition 3.1, the polynomial F10(r) has at most {[m−1
2 ], [n2

2 ], 1} positive roots.
Hence statement (a) of Theorem 1.1 is proved.

4 Proof of statement (b) of Theorem 1.1
We write f1(x), g1(x), h1(x) and l1(x) as in (3.1), and

f2(x) =

n1∑
i=0

pix
i, g2(x) =

n2∑
i=0

qix
i, h2(x) =

n3∑
i=0

six
i, l2(x) =

m∑
i=0

vix
i.
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System (1.3) in the polar coordinates (r, θ) with r > 0 becomes



ṙ = ϵ
(
r2α cos θ sin2α θ

m∑
i=0

eiBi,0(θ) r
i − r2α sin2α+1 θ P1(θ, r)

)
+ϵ2

(
r2α cos θ sin2α θ

m∑
i=0

viBi,0(θ) r
i − r2α sin2α+1 θ P2(θ, r)

)
,

θ̇ = 1− ϵ

r

(
r2α sin2α+1 θ

m∑
i=0

eiBi,0(θ) r
i + r2α sin2α θ cos θ P1(θ, r)

)
−ϵ2

r

(
r2α sin2α+1 θ

m∑
i=0

viBi,0(θ) r
i + r2α sin2α θ cos θ P2(θ, r)

)
,

(4.1)

where

P2(θ, r) =

n1∑
i=0

piBi,0(θ) r
i +

n2∑
i=0

qiBi,1(θ) r
i+1 +

n3∑
i=0

siBi,2(θ)r
i+2 + d20 r

3B0,3(θ).

Taking θ as the new independent variable, system (4.1) becomes

dr

dθ
= ϵF1(θ, r) + ϵ2F2(r, θ) +O(ϵ3),

where

F1(θ, r) = r2α cos θ sin2α θ

m∑
i=0

eiBi,0(θ) r
i − r2α sin2α+1 θ P1(θ, r), (4.2)

F2(r, θ) = I(r, θ) + II(r, θ), (4.3)

with

I(r, θ) = r2α cos θ sin2α θ

m∑
i=0

viBi,0(θ) r
i − r2α sin2α+1 θ P2(θ, r), (4.4)

II(r, θ) =
1

r

(
r2α cos θ sin2α θ

m∑
i=0

eiBi,0(θ) r
i − r2α sin2α+1 θ P1(θ, r)

)
×
(
r2α sin2α+1 θ

m∑
i=0

eiBi,0(θ) r
i + r2α sin2α θ cos θ P1(θ, r)

)
. (4.5)

In order to compute F20(r), we need F10(r) to be identically zero. From (3.4), F10 ≡ 0 if and only
if 

e2i+1 =
2α+ 1

2i+ 1
b2i, 0 ≤ i ≤ µ and i ̸= 1,

b2 =
3

2α+ 1
e3 − d0(2α+ 3), i = 1,

b2i = e2i+1 = 0, µ+ 1 ≤ i ≤ λ1,

(4.6)

where

µ = min
{[m− 1

2

]
,
[n2

2

]}
, λ1 = max

{[m− 1

2

]
,
[n2

2

]
, 1
}
.
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First, using (4.6) and by substituting in (4.2), we have

F1(θ, r) =

[m2 ]∑
i=0

e2i r
2i+2αB2i+1,2α(θ) + e3r

2α+3B4,2α(θ)

−
n1∑
i=0

aiBi,2α+1(θ) r
i+2α −

[
n2−1

2 ]∑
i=0

b2i+1 r
2i+2α+2B2i+1,2α+2(θ)

−
n3∑
i=0

cir
i+2α+2Bi,2α+3(θ)− b2 r

2α+3B2,2α+2(θ)− d10 r
2α+3B0,2α+4(θ)

−
µ∑

i=0

b2i r
2i+2α+1B2i,2α(θ) +

µ∑
i=0

2i+ 2α+ 2

2i+ 1
b2i r

2i+2α+1B2i+2,2α(θ). (4.7)

Then

dF1(r, θ)

dr
=

[m2 ]∑
i=0

(2i+ 2α)e2i r
2i+2α−1B2i+1,2α(θ) + (2α+ 3)e3r

2α+2B4,2α(θ)

−
n1∑
i=0

(i+ 2α)ai r
i+2α−1Bi,2α+1(θ)−

[
n2−1

2 ]∑
i=0

(2i+ 2α+ 2)b2i+1 r
2i+2α+1B2i+1,2α+2(θ)

−
n3∑
i=0

(i+ 2α+ 2)cir
i+2α+1Bi,2α+3(θ)− (2α+ 3)b2r

2α+2B2,2α+2(θ)− (2α+ 3)d10 r
2α+2B0,2α+4(θ)

−
µ∑

i=0

2i+ 2α+ 1

2i+ 1
b2ir

2i+2α
(
(2i+ 1)B2i,2α+2(θ)− (2α+ 1)B2i+2,2α(θ)

)
. (4.8)

In the next proposition we obtain

y(r, θ) =

θ∫
0

F1(s, r) ds.

Proposition 4.1.

y(r, θ) =

[m2 ]∑
i=0

e2i r
2i+2αA2i+1,2α(θ)−

n1∑
i=0

aiAi,2α+1(θ) r
i+2α

−
[
n2−1

2 ]∑
i=0

b2i+1r
2i+2α+2A2i+1,2α+2(θ)−

n3∑
i=0

cir
i+2α+2Ai,2α+3(θ)

−
µ∑

i=0

b2ir
2i+2α+1Ti(θ) + e3r

2α+3S(θ) + d10r
2α+3R(θ), (4.9)

where

Ti(θ) = − 1

2α+ 2i

(
B2i+1,2α−1(θ) +

α−1∑
l=1

γ2i,2αB2i+1,2α−2l−1(θ)
)

+
δ2i,2α
2i

(
B2i−1,1(θ) +

i−1∑
l=1

η2i,0B2i−2l−1,1(θ)
)

+
1

2i+ 1

(
B2i+3,2α−1(θ) +

α−1∑
l=1

γ2i+2,2αB2i+3,2α−2l−1(θ)
)
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− α+ i+ 1

(2i+ 1)(i+ 1)
δ2i+2,2α

(
B2i+1,1(θ) +

i∑
l=1

η2i+2,0B2i−2l+1,1(θ)
)
,

S(θ) =
3

(2α+ 1)(2α+ 4)

(
B3,2α−1(θ) +

α∑
l=1

γ2,2α+2B3,2α−2l−1(θ)
)

− 3

2(2α+ 1)
B1,1(θ)−

1

(2α+ 4)

(
B5,2α−1(θ) +

α−1∑
l=1

γ4,2αB5,2α−2l−1(θ)
)

+
δ4,2α
2

(
B1,1(θ) +

1

4
(B3,1(θ)−B1,3(θ))

)
,

R(θ) = (2α+ 3)

[
− 1

(2α+ 4)

(
B3,2α−1(θ) +

α∑
l=1

γ2,2α+2B3,2α−2l−1(θ)
)
+

δ2,2α+2

2
B1,1(θ)

]

− 1

(2α+ 4)

(
B1,2α+3(θ) +

α+1∑
l=1

γ0,2α+4B1,2α−2l+3(θ)
)
,

with

γi,2α =
(2α− 1)(2α− 3) · · · (2α− 2l + 1)

(2α+ i− 2)(2α+ i− 4) · · · (2α+ i− 2l)
,

δi,2α =
(2α− 1)(2α− 3) · · · 1

(2α+ i)(2α+ i− 2) · · · (i+ 2)
,

η2i,0 =
(2i− 1)(2i− 3) · · · (2i− 2l + 1)

2l(i− 1)(i− 2) · · · (i− l)
.

Proof. We have

Ti(θ) = A2i,2α(θ)−
2i+ 2α+ 2

2i+ 1
A2i+2,2α(θ), S(θ) = A4,2α(θ)−

3

2α+ 1
A2,2α+2(θ)

and
R(θ) = (2α+ 3)A2,2α+2(θ)−A0,2α+4(θ).

Take into account that

δ2i,2α
1

2i

(
2i

i

)
θ − 2i+ 2α+ 2

2i+ 1
δ2i+2,2α = 0, − 3

2α+ 3
δ2,2α+2

(1
2
θ
)
+ δ4,2α

(1
2
θ
)
= 0

and
2α+ 3

2
δ2,2α+2θ −

(2α+ 3)!!

2α+2(α+ 2)!
θ = 0.

Thus Proposition 4.1 follows.

Now, we determine the corresponding function

F20(r) = F 1
20(r) + F 2

20(r)

with

F 1
20(r) =

1

2π

2π∫
0

∂

∂r
F1(θ, r)y(θ, r) dθ and F 2

20(r) =
1

2π

2π∫
0

F2(θ, r) dθ.

In order to obtain F 1
20(r), it is necessary to evaluate the integrals of the form

2π∫
0

Bp,q(θ)Ai,j(θ) dθ.

In the following lemma, we compute these integrals.
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Lemma 4.1. Let

Φi,j
p,q(2π) =

2π∫
0

Bp,q(θ)Ai,j(θ) dθ.

Then the following equalities hold:

(a) The integral Φ2j+1,2α
p,q (2π) is zero if p is odd or q is even and it is equal to

− 1

2α+ 2j + 1

(
Ap+2j+2,q+2α−1(2π)+

α−1∑
l=1

γ2j+1,2αAp+2j+2,q+2α−2l−1(2π)
)
+δ2j+1,2αΦ

2j+1,0
p,q (2π),

where

Φ2j+1,0
p,q (2π)

=
1

2j + 1

(
Ap+2j,q+1(2π) +

j−1∑
l=1

2l+1j(j − 1) · · · (j − l)

(2j − 1)(2j − 3) · · · (2j − 2l − 1)
Ap+2j−2l−2,q+1(2π)

)
,

if p is even and q is odd.

(b) The integral Φ2j,2α+1
p,q (2π) is zero if p is even or q is odd and it is equal to

− 1

2α+ 2j + 1

(
Ap+2j+1,q+2α(2π) +

α−1∑
l=1

β2j,2α+1Ap+2j+1,q+2α−2l(2π)
)
,

where
β2j,2α+1 =

2lα(α− 1) · · · (α− l + 1)

(2α+ 2j − 1)(2α+ 2j − 3) · · · (2α+ 2j − 2l + 1)
,

if p is odd and q is even.

(c) The integral Φ2j+1,2α+1
p,q (2π) is zero if p is even or q is odd and it is equal to

− 1

2α+ 2j + 2

(
Ap+2j+2,q+2α(2π) +

α−1∑
l=1

β2j+1,2α+1Ap+2j+2,q+2α+q−2l(2π)
)
,

where
β2j+1,2α+1 =

2lα(α− 1) · · · (α− l + 1)

(2α+ 2j)(2α+ 2j − 2) · · · (2α+ 2j − 2l + 2)
,

if p and q are both even.

(f) The integral

Sj,α
p,q (2π) =

2π∫
0

Bp,q(θ)Tj(θ) dθ = Φ2j,2α
p,q (2π)− 2j + 2α+ 2

2j + 1
Φ2j+2,2α

p,q (2π)

is zero if either p or q is even and it is equal to

− 1

2α+ 2j

(
Ap+2j+1,q+2α−1(2π) +

α−1∑
l=1

γ2j,2αAp+2j+1,q+2α−2l−1(2π)
)

+
δ2j,2α
2j

(
Ap+2j−1,q+1(2π) +

j−1∑
l=1

η2j,0Ap+2j−2l−1,q+1(2π)
)
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+
1

2j + 1

(
Ap+2j+3,q+2α−1(2π) +

α−1∑
l=1

γ2j+2,2αAp+2j+3,q+2α−2l−1(2π)
)

− α+ j + 1

(2j + 1)(j + 1)
δ2j+2,2α

(
Ap+2j+1,q+1(2π) +

j∑
l=1

η2j+2,0Ap+2j−2l−1,q+1(2π)
)

if p and q are both odd.

(g) The integral

Tα
p,q(2π) =

2π∫
0

Bp,q(θ)S(θ) dθ = Φ4,2α
p,q (2π)− 3

2α+ 1
Φ2α+2,2α

p,q (2π)

is zero if either p or q is even and it is equal to

3

(2α+ 1)(2α+ 4)

(
Ap+3,q+2α−1(2π) +

α∑
l=1

γ2,2α+2Ap+3,q+2α−2l−1(2π)
)

− 3

2(2α+ 1)
Ap+1,q+1(2π)−

1

(2α+ 4)

(
Ap+5,q+2α−1(2π) +

α−1∑
l=1

γ4,2αAp+5,q+2α−1(2π)
)

+
δ4,2α
2

(
Ap+1,q+1(2π) +

1

4
(Ap+3,q+1(2π)−Ap+1,q+3(2π))

)
if p and q are both odd.

(h) The integral

Uα
p,q(2π) =

2π∫
0

Bp,q(θ)R(θ) dθ = (2α+ 3)Φ2,2α+2
p,q (2π)− Φ0,2α+4

p,q (2π)

is zero if either p or q is even and it is equal to

(2α+ 3)

[
− 1

(2α+ 4)

(
Ap+3,q+2α+1(2π)

+

α∑
l=1

γ2,2α+2Ap+3,q+2α−2l+1(2π)
)
+

δ2,2α+2

2
Ap+1,q+1(2π)

]

− 1

(2α+ 4)

(
Ap+1,q+2α+3(2π) +

α+1∑
l=1

γ0,2α+4Ap+1,q+2α−2l+3(2π)
)

if p and q are both odd.

Proof. The six equalities are easily deduced by direct calculation (for more details see [7]).

Lemma 4.2. The integral F 1
20(r) is given by

2πF 1
20(r) =

[
n1
2 ]∑

i=0

[m2 ]∑
j=0

H1
i,j,α(2π)r

2i+2j+4α−1 +

[
n3
2 ]∑

i=0

[m2 ]∑
j=0

H2
i,j,α(2π)r

2i+2j+4α+1

+

[
n1−1

2 ]∑
i=0

H1
i,α(2π)r

2i+4α+3 +

[
n3−1

2 ]∑
i=0

H2
i,α(2π)r

2i+4α+5

+

[
n1
2 ]∑

i=0

[
n2−1

2 ]∑
j=0

H3
i,j,α(2π)r

2i+2j+4α+1 +

[
n1−1

2 ]∑
i=0

µ∑
j=0

H4
i,j,α(2π)r

2i+2j+4α+1
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+

[
n2−1

2 ]∑
i=0

[
n3
2 ]∑

j=0

H5
i,j,α(2π)r

2i+2j+4α+3 +

[
n3−1

2 ]∑
i=1

µ∑
j=0

H6
i,j,α(2π)r

2i+2j+4α+3, (4.10)

where

H1
i,j,α(2π) = a2ie2j

(
− (2i+ 2α)ϕ2j+1,2α

2i,2α+1 (2π)− (2j + 2α)ϕ2i,2α+1
2j+1,2α(2π)

)
,

H2
i,j,α(2π) = c2ie2j

(
− (2i+ 2α+ 2)ϕ2j+1,2α

2i,2α+3 (2π)− (2j + 2α)ϕ2i,2α+3
2j+1,2α(2π)

)
,

H1
i,α(2π) = a2i+1

[
(2α+ 3)

(
d10
(
ϕ2i+1,2α+1
0,2α+4 (2π)− (2α+ 3)ϕ2i+1,2α+1

2,2α+2 (2π)
)

+ e3
(
ϕ2i+1,2α+1
4,2α (2π)− 3

2α+ 1
ϕ2i+1,2α+1
2,2α+2 (2π)

))
+ (2i+ 2α+ 1)

(
d10U

α
2i+1,2α+1(2π)− e3T

α
2i+1,2α+1(2π)

)]
,

H2
i,α(2π) = c2i+1

[
(2α+ 3)

(
d10
(
ϕ2i+1,2α+3
0,2α+4 (2π)− (2α+ 3)ϕ2i+1,2α+3

2,2α+2 (2π)
)

+ e3
(
ϕ2i+1,2α+3
4,2α (2π)− 3

2α+ 1
ϕ2i+1,2α+3
2,2α+2 (2π)

))
+ (2i+ 2α+ 3)

(
d10U

α
2i+1,2α+3(2π)− e3T

α
2i+1,2α+3(2π)

)]
,

H3
i,j,α(2π) = a2ib2j+1

(
(2i+ 2α)ϕ2j+1,2α+2

2i,2α+1 (2π) + (2j + 2α+ 2)ϕ2i,2α+1
2j+1,2α+2(2π)

)
,

H4
i,j,α(2π) = a2i+1b2j

(
(2i+ 2α+ 1)Sj,α

2i+1,2α+1(2π)

+
2j + 2α+ 1

2j + 1

(
(2j + 1)ϕ2i+1,2α+1

2j,2α+2 (2π)− (2α+ 1)ϕ2i+1,2α+1
2j+2,2α (2π)

))
,

H5
i,j,α(2π) = b2i+1c2j

(
(2i+ 2α+ 2)ϕ2j,2α+3

2i+1,2α+2(2π) + (2j + 2α+ 2)ϕ2i+1,2α+2
2j,2α+3 (2π)

)
,

H6
i,j,α(2π) = c2i+1b2j

(
(2i+ 2α+ 3)Sj,α

2i+1,2α+3(2π)

+
2j + 2α+ 1

2j + 1

(
(2j + 1)ϕ2i+1,2α+3

2j,2α+2 (2π)− (2α+ 1)ϕ2i+1,2α+3
2j+2,2α (2π)

))
,

Proof. From (4.8) and (4.9), we have

2πF 1
20(r) = M1(r) +M2(r) +M3(r) +M4(r) +M5(r) +M6(r) +M7(r),

where

M1(r) =

2π∫
0

[m2 ]∑
i=0

(2i+ 2α)e2ir
2i+2α−1B2i+1,2α(θ)y(θ, r) dθ,

M2(r) =

2π∫
0

(2α+ 3)e3r
2α+2

(
B4,2α(θ)−

3

2α+ 1

)
B2,2α+2(θ)y(θ, r) dθ,

M3(r) =

2π∫
0

−
n1∑
i=0

(i+ 2α)air
i+2α−1Bi,2α+1(θ)y(θ, r) dθ,

M4(r) =

2π∫
0

−
[
n2−1

2 ]∑
i=0

(2i+ 2α+ 2)b2i+1r
2i+2α+1B2i+1,2α+2(θ)y(θ, r) dθ,

M5(r) =

2π∫
0

−
n3∑
i=0

(i+ 2α+ 2)cir
i+2α+1Bi,2α+3(θ)y(θ, r) dθ,
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M6(r) =

2π∫
0

−(2α+ 3)d10r
2α+2

(
B0,2α+4(θ)− (2α+ 3)B2,2α+2(θ)

)
y(θ, r) dθ,

and

M7(r) =

2π∫
0

−
µ∑

i=0

2i+ 2α+ 1

2i+ 1
b2ir

2i+2α
(
(2i+ 1)B2i,2α+2(θ)− (2α+ 1)B2i+2,2α(θ)

)
y(θ, r) dθ.

By using Lemma 4.1, we find that from the 49 products between the different sums only 20 will not
be zero after the integration with respect to θ between 0 and 2π. So, the sum of all these terms gives
us polynomial (4.10). Hence Lemma 4.2 is proved.

Lemma 4.3. The integral F 2
20(r) is given by

2πF 2
20(r) =

[m−1
2 ]∑

i=0

M1
i,α(2π)r

2i+2α+1 −
[
n2
2 ]∑

i=0

M2
i,α(2π)r

2i+2α+1 +M3
α(2π)r

2α+3

+

[
n1
2 ]∑

i=0

[m2 ]∑
j=0

M1
i,j,α(2π)r

2i+2j+4α−1 +

[
n3
2 ]∑

i=0

[m2 ]∑
j=0

M2
i,j,α(2π)r

2i+2j+4α+1

+

[
n1−1

2 ]∑
i=0

M4
i,α(2π)r

2i+4α+3 +

[
n3−1

2 ]∑
i=0

M5
i,α(2π)r

2i+4α+5

+

[
n1
2 ]∑

i=0

[
n2−1

2 ]∑
j=0

M3
i,j,α(2π)r

2i+2j+4α+1 +

[
n1−1

2 ]∑
i=0

µ∑
j=0

M4
i,j,α(2π)r

2i+2j+4α+1

+

[
n2−1

2 ]∑
i=0

[
n3
2 ]∑

j=0

M5
i,j,α(2π)r

2i+2j+4α+3 +

[
n3−1

2 ]∑
i=1

µ∑
j=0

M6
i,j,α(2π)r

2i+2j+4α+3, (4.11)

where

M1
i,α(2π) =

2i+ 1

i+ α+ 1
v2i+1A2i,2α(2π),

M2
i,α(2π) = − 2α+ 1

i+ α+ 1
q2iA2i,2α(2π),

M3
α(2π) = −d20

(2α+ 3)(2α+ 1)

(2α+ 4)(α+ 1)
A0,2α(2π),

M1
i,j,α(2π) = a2ie2j

i+ j − 2α

i+ j + 2α+ 1
A2i+2j,4α(2π)

M2
i,j,α(2π) = c2ie2j

i+ j − 2α− 1

i+ j + 2α+ 2
A2i+2j,4α+2(2π),

M3
i,j,α(2π) = −2a2ib2j+1A2i+2j+2,4α+2(2π)

M4
i,j,α(2π) = a2i+1b2j

(6jα+ j + 4α2 + 4α− 2αi− i

i+ j + 2α+ 2
A2i+2j+2,4α(2π)

)
,

M5
i,j,α(2π) = −2b2i+1c2jA2i+2j+2,4α+4(2π),

M4
i,α(2π) = a2i+1

[
2d10

(2iα+ 3i+ α+ 3

i+ 2α+ 3
A2i+2,4α+2(2π)

)
+ e3

(2iα+ i− 10α− 4α2 − 1

(2α+ 1)(i+ 2α+ 3)
A2i+4,4α(2π)

)]
,

M5
i,α(2π) = c2i+1

[
2d10

(2iα+ 3i+ α+ 2

i+ 2α+ 4
A2i+2,4α+4(2π)

)
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+ e3

(2iα+ i− 12α− 4α2 − 8

(2α+ 1)(i+ 2α+ 4)
A2i+4,4α+2(2π)

)]
,

M6
i,j,α(2π) = c2i+1b2j

(6jα+ 5j + 4α2 + 6α− 2αi− i+ 3

i+ j + 2α+ 2
A2i+2j+2,4α+2(2π)

)
.

Proof. First, we calculate
2π∫
0

I(r, θ) dθ:

2π∫
0

I(r, θ) dθ =

[m−1
2 ]∑

i=0

v2i+1 r
2i+2α+1

2π∫
0

B2i+2,2α(θ)

−
[
n2
2 ]∑

i=0

q2i r
2i+2α+1

2π∫
0

Bi,2α+2(θ)− d20 r
2α+3

2π∫
0

B0,2α+4 dθ

=

[m−1
2 ]∑

i=0

2i+ 1

2i+ 2α+ 2
v2i+1r

2i+2α+1A2i,2α(2π)

−
[
n2
2 ]∑

i=0

2α+ 1

2i+ 2α+ 2
q2ir

2i+2α+1A2i,2α(2π)− d20
(2α+ 3)(2α+ 1)

(2α+ 4)(2α+ 2)
r2α+3A0,2α(2π).

For an explicit expression of the
2π∫
0

II(r, θ) dθ, using first (4.6) and substituting in (4.5), we have

II(r, θ) =

( [m2 ]∑
i=0

e2ir
2i+2α−1B2i+1,2α(θ) + e3r

2α+2B4,2α(θ)

−
n1∑
i=0

ai r
i+2α−1Bi,2α+1(θ)−

[
n2−1

2 ]∑
i=0

b2i+1 r
2i+2α+1B2i+1,2α+2(θ)

−
n3∑
i=0

cir
i+2α+1Bi,2α+3(θ)−

( 3

2α+ 1
e3 − d10(2α+ 3)

)
r2α+2B2,2α+2 − d10r

2α+2B0,2α+4

−
µ∑

i=0

b2i
2i+ 1

r2i+2α((2i+ 1)B2i,2α+2(θ)− (2α+ 1)B2i+2,2α(θ))

)

×
( [m2 ]∑

i=0

e2ir
2i+2αB2i,2α+1(θ) +

µ∑
i=0

e2i+1r
2i+2α+1B2i+1,2α+1(θ) + e3r

2α+3B3,2α+1

+

n1∑
i=0

air
i+2αBi+1,2α(θ) +

µ∑
i=0

b2ir
2i+2α+1B2i+1,2α+1(θ) +

n3∑
i=0

cir
i+2α+2Bi+1,2α+2(θ)

+

[
n2−1

2 ]∑
i=0

e2ir
2i+2αB2i,2α+1(θ) + b2 r

2α+3B3,2α+1(θ) + d10 r
2α+3B1,2α+3

)
.

From the 42 products between the different sums only 18 will not be zero after the integration

with respect to θ between 0 and 2π. So, the terms of
2π∫
0

II(r, θ) dθ which will contribute to F 2
20(r) are

(b1) =

2π∫
0

( [m2 ]∑
i=0

e2ir
2i+2α−1B2i+1,2α(θ)

)( n1∑
j=0

ajr
j+2αBj+1,2α(θ)

)
dθ
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=

[m2 ]∑
i=0

[
n1
2 ]∑

j=0

e2ia2jr
2i+2j+4α−1A2i+2j+2,4α(2π),

(b2) =

2π∫
0

( [m2 ]∑
i=0

e2ir
2i+2α−1B2i+1,2α(θ)

)( n3∑
j=0

cjr
j+2α+2Bj+1,2α+2(θ)

)
dθ

=

[m2 ]∑
i=0

[
n3
2 ]∑

j=0

e2ic2jr
2i+2j+4α+1A2i+2j+2,4α+2(2π),

(b3) =

2π∫
0

(
e3r

2α+2
(
B4,2α(θ)−

3

2α+ 1
B2,2α+2(θ)

))( n1∑
j=0

ajr
j+2αBj+1,2α(θ)

)
dθ

=

[
n1−1

2 ]∑
j=0

e3a2j+1r
2j+4α+3

(
A2j+6,4α(2π)−

3

2α+ 1
A2j+4,4α+2(2π)

)
,

(b4) =

2π∫
0

(
e3r

2α+2
(
B4,2α(θ)−

3

2α+ 1
B2,2α+2(θ)

))( n3∑
j=0

cjr
j+2α+2Bj+1,2α+2(θ)

)
dθ

=

[
n3−1

2 ]∑
j=0

e3c2j+1r
2j+4α+5

(
A2j+6,4α+2(2π)−

3

2α+ 1
A2j+4,4α+4(2π)

)
,

(b5) =

2π∫
0

(
−

n1∑
i=0

air
i+2α−1Bi,2α+1(θ)

)( [m2 ]∑
j=0

e2jr
2j+2αB2j,2α+1(θ)

)
dθ

= −
[
n1
2 ]∑

i=0

[m2 ]∑
j=0

a2ie2jr
2i+2j+4α−1A2i+2j,4α+2(2π),

(b6) =

2π∫
0

(
−

n1∑
i=0

air
i+2α−1Bi,2α+1(θ)

)( [
n2−1

2 ]∑
j=0

b2j+1r
2j+2α+2B2j+2,2α+1(θ)

)
dθ

= −
[
n1
2 ]∑

i=0

[
n2−1

2 ]∑
j=0

a2ib2j+1r
2i+2j+4α+1A2i+2j+2,4α+2(2π),

(b7) =

2π∫
0

(
−

[
n1
2 ]∑

i=0

air
i+2α−1Bi,2α+1(θ)

)( µ∑
j=0

2j + 2α+ 2

2j + 1
b2jr

2j+2α+1B2j+1,2α+1(θ)
)
dθ

= −
[
n1−1

2 ]∑
i=0

µ∑
j=0

2j + 2α+ 2

2j + 1
a2i+1b2jr

2i+2j+4α+1A2i+2j+2,4α+2(2π),

(b8) =
(
−

n1∑
i=0

air
i+2α−1Bi,2α+1(θ)

)
×
((2α+ 4

2α+ 1

)
e3B3,2α+1(θ) + d10

(
B1,2α+3(θ)− (2α+ 3)B3,2α+1(θ)

)
r2α+3

)
= −

[
n1−1

2 ]∑
i=0

a2i+1r
2i+4α+3

[((2α+ 4

2α+ 1

)
e3 − d10(2α+ 3)

)
A2i+4,4α+2(2π) + d10A2i+2,4α+4(2π)

]
,

(b9) =

2π∫
0

(
−

n3∑
i=0

cir
i+2α+1Bi,2α+3(θ)

)( [m2 ]∑
j=0

e2jr
2j+2αB2j,2α+1(θ)

)
dθ



46 Nassima Debz, Amel Boulfoul, Abdelhak Berkane

= −
[
n3
2 ]∑

i=0

[m2 ]∑
j=0

c2ie2jr
2i+2j+4α+1A2i+2j,4α+4(2π),

(b10) =

2π∫
0

(
−

n3∑
i=0

cir
i+2α+1Bi,2α+3(θ)

)( [
n2−1

2 ]∑
j=0

b2j+1r
2j+2α+2B2j+2,2α+1(θ)

)
dθ

= −
[
n3
2 ]∑

i=0

[
n2−1

2 ]∑
j=0

c2ib2j+1r
2i+2j+4α+3A2i+2j+2,4α+4(2π),

(b11) =

2π∫
0

(
−

n3∑
i=0

cir
i+2α+1Bi,2α+3(θ)

)( µ∑
j=0

2j + 2α+ 2

2j + 1
b2jr

2j+2α+1B2j+1,2α+1(θ)
)
dθ

= −
[
n3−1

2 ]∑
i=0

µ∑
j=0

2j + 2α+ 2

2j + 1
c2i+1b2jr

2i+2j+4α+1A2i+2j+2,4α+4(2π),

(b12) =

2π∫
0

(
−

n3∑
i=0

cir
i+2α+1Bi,2α+3(θ)

)
×
((2α+ 4

2α+ 1

)
e3B3,2α+1(θ) + d10

(
B1,2α+3(θ)− (2α+ 3)B3,2α+1(θ)

)
r2α+3

)
dθ

= −
[
n3−1

2 ]∑
i=0

c2i+1r
2i+4α+5

[((2α+ 4

2α+ 1

)
e3 − d10(2α+ 3)

)
A2i+4,4α+4(2π) + d10A2i+2,4α+6(2π)

]
,

(b13) =

2π∫
0

( [
n2−1

2 ]∑
i=0

b2i+1r
2i+2α+1B2i+1,2α+2(θ)

)( n1∑
j=0

ajr
j+2αBj+1,2α(θ)

)
dθ

=

[
n2−1

2 ]∑
i=0

[
n1
2 ]∑

j=0

b2i+1a2jr
2i+2j+4α+1A2i+2j+2,4α+2(2π),

(b14) =

2π∫
0

( [
n2−1

2 ]∑
i=0

b2i+1r
2i+2α+1B2i+1,2α+2(θ)

)( n3∑
j=0

cjr
j+2α+2Bj+1,2α+2(θ)

)
dθ

=

[
n2−1

2 ]∑
i=0

[
n3
2 ]∑

j=0

b2i+1c2jr
2i+2j+4α+3A2i+2j+2,4α+4(2π),

(b15) =

2π∫
0

(
d01r

2α+2
(
−B0,2α+4(θ) + (2α+ 3)B0,2α+4(θ)

)) ( n1∑
j=0

ajr
j+2αBj+1,2α(θ)

)
dθ

=

[
n1−1

2 ]∑
j=0

d10a2j+1r
2j+4α+3

(
−A2j+2,4α+4(2π) + (2α+ 3)A2j+4,4α+2(2π)

)
,

(b16) =

2π∫
0

(
d01r

2α+2
(
−B0,2α+4(θ) + (2α+ 3)B0,2α+4(θ)

)) ( n3∑
j=0

cjr
j+2α+2Bj+1,2α+2(θ)

)
dθ

=

[
n3−1

2 ]∑
j=0

d10c2j+1r
2j+4α+5

(
−A2j+2,4α+6(2π) + (2α+ 3)A2j+4,4α+4(θ)

)
,
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(b17) =

2π∫
0

(
−

µ∑
i=0

b2i
2i+ 1

r2i+2α+1
(
(2i+ 1)B2i,2α+2(θ)− (2α+ 1)B2i+2,2α(θ)

))

×
( n1∑

j=0

ajr
j+2αBj+1,2α(θ)

)
dθ

= −
µ∑

j=0

[
n1−1

2 ]∑
j=0

b2i
2i+ 1

a2j+1r
2j+4α+1

(
(2i+ 1)A2i+2j+2,4α+2(2π)− (2α+ 1)A2i+2j+4,4α(θ)

)
,

(b18) =

2π∫
0

(
−

µ∑
i=0

b2i
2i+ 1

r2i+2α+1
(
(2i+ 1)B2i,2α+2(θ)− (2α+ 1)B2i+2,2α(θ)

))

×
( n3∑

j=0

cjr
j+2α+2Bj+1,2α+2(θ)

)
dθ

= −
µ∑

j=0

[
n1−1

2 ]∑
j=0

b2i
2i+ 1

c2j+1r
2j+4α+3

(
(2i+ 1)A2i+2j+2,4α+4(2π)− (2α+ 1)A2i+2j+4,4α+2(θ)

)
.

We have that the sum of the integral
2π∫
0

I(r, θ) dθ and the integrals from (b1) to (b18) is the polynomial

(4.11). Hence Lemma 4.3 is proved.

Finally, we obtain that F20(r) is a polynomial in the variable r2 of the form

2πF20(r) = r2α+1
[
P1(r

2) + r2P2(r
2) + r4P3(r

2)
]
,

where P1(r
2), P2(r

2) and P3(r
2) are polynomials in the variable r2 of degree, respectively,

Λ1 = max
{[n1

2

]
+
[n2 − 1

2

]
+ α,

[n1

2

]
+
[m
2

]
− 1 + α,

[n3

2

]
+
[m
2

]
+ α,

[n2

2

]
,[m− 1

2

]
,
[n1 − 1

2

]
+ µ+ α, 1

}
,

Λ2 = max
{[n1 − 1

2

]
+ α,

[n2 − 1

2

]
+

[n3

2

]
+ α,

[n3 − 1

2

]
+ µ+ α

}
,

Λ3 =
[n3 − 1

2

]
+ α.

Then to find the real positive roots of F20(r) we have to find the zeros of a polynomial in r2 of degree

λ = max
{
Λ1,Λ2 + 1,Λ3 + 2

}
.

We conclude that F20(r) has at most λ positive roots. Hence statement (b) of Theorem 1.1 follows.

Example

The computations of the following example have been obtained by using Maple.
We have m = 2, n2 = 2, n1 = 1 and n3 = 1.
If α = 1, we consider system (1.3), where

l1(x) = 1 + 3x+ x3, f1(x) = 1 +
373

189
x, g1(x) = 1 + x− 5x2, h1(x) =

3

189
− 64

63
x, d10 = 1,

l2(x) = x+ x2, f2(x) = x, g2(x) = −3 +
2090

189
x2, h2(x) = x, d20 = 1.
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We have that F10 is identically zero, so, to look for the limit cycles, we have to solve the equation
F20(r) = 0 which is equivalent to

F20(r) =
r3

36
(r6 − 14r4 + 49r2 − 36).

This equation has exactly three positive zeros.
If α = 2, we consider system (1.3), where

l1(x) =
5

9
+ 5x+

9005

594
x2, f1(x) = 2− 1312

2097
x, g1(x) = 1 + x− 7x2, h1(x) =

32

297
x, d10 = 1,

l2(x) = 11x+ x2, f2(x) = x, g2(x) = −1 + 24x2, h2(x) = x, d20 =
8

9
.

An easy computation shows that F10 ≡ 0 and

F20(r) =
r5

576
(r8 − 30r6 + 273r4 − 820r2 + 576).

This equation has exactly four positive zeros.
In [15], this system for α = 0 has at most two positive zeros using the averaging theory of the

second order.
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