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THE BOUNDARY VALUE PROBLEMS
FOR THE BI-LAPLACE-BELTRAMI EQUATION



Abstract. The purpose of the present paper is to investigate the boundary value problems for the
bi-Laplace-Beltrami equation AZ ¢ = f on a smooth hypersurface ¢ with the boundary I' = 9¢". The
unique solvability of the BVP is proved on the basis of Green’s formula and Lax—Milgram Lemma.

We also prove the invertibility of the perturbed operator in the Bessel potential spaces A?g + 1 :
H;” (&) — H;_2(5’ ) for a smooth closed hypersurface . without boundary for arbitrary 1 < p < oo
and —oo < s < 00, provided J# is a smooth function, has non-negative real part Re .2 (t) > 0 for all
t € . and non-trivial support messupp Re 77 # 0.
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1 Introduction
Let € C . be a smooth subsurface of a closed hypersurface . in the Euclidean space R" (see
Section 2 for details) and I' = 0% # @ be its smooth boundary. Let &, := 0; —v;0,, j =1,...,n, be
Giinter’s tangential derivatives, and A? := > @f 27 be the bi-Laplace-Beltrami operator restricted
J,k=1
to the surface %.
The purpose of the present paper is to investigate the boundary value problems (BVPs) for the

bi-Laplace—Beltrami equation
AZu(t) = f(t),  te,

(Bou)*(s) = g(s), onT, (L.1)
(Biu)*(s) = h(s), onT,

where the boundary operators can be chosen as follows:

By=1 and By =0,., or By = A,

(1.2)
B() = 8VF and B1 = A<g, or B1 = 8,,FA<5.
The BVP
AZu(t) = f(t), tev,
ut (1) =0, (Byru)t(r)=0, 7T€T,
is called a clamped surface equation and is considered in the weak classical setting
ueHX(%), feH%(%).
The BVP
AZu(t) = £(1), e,
ut(r) =g(1), (Agu)t +ad,.u)™(7)=h(r), 7e€Tl,
with Steklov Boundary Conditions is considered in the weak classical setting
ue (%), feHr3(%), geHY*), heH?I).
Here a is a real-valued constant.
The BVP
AZu(t) = f(1), tev,
ut(r) =g(1), (Agu)t =h(r), 7€l
with Navier Boundary Conditions is considered in the weak classical setting
uwe (%), feHp2(¢), geHY*(), heH Y2(D).
First we consider in detail the case
A?u(t) = f(1), te?,
(Ouru)(s) = g(s), onT, (1.3)
(OurAgu)t(s) =h(s), onT,
in the weak classical setting
uweHX(%), feHp?¢), ge HYXI), heH ¥2(I), (1.4)

where

Hr2(@) = {f e B2Q)| (f,9)a@ =0, 9 CR@)}. (15)
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Remark 1.1. Let us comment on the condition f € HqIEQ(‘K) in (1.4).

As is shown in [13, p. 196], the condition f € ﬁ_g(‘ﬁ) does not ensure the uniqueness of a solution
to the BVP (1.3). The right-hand side f needs additional constraint that it belongs to the subspace
]HI (Q) C H~2(2) which is the orthogonal complement to the subspace ]ﬁl{ 2(Q2) of those distributions
from H~2(Q) which are supported only on the boundary I' = 9 of the domain (see (1.5)).

Another cases in (1.2) are considered analogously.

We will prove the unique solvability of the BVP (1.3) in the classical setting (1.4) by applying the
Lax—Milgram Lemma.

We also consider the following BVP with the mixed boundary conditions: Let ¥ C . be a smooth
subsurface of a closed hypersurface . in the Euclidean space R™ (see Section 2 for details) and its
smooth boundary 04 =T =T1'; UTl's # @ be decomposed into two non-intersecting connected parts.
Consider the mixed BVP for the bi-Laplase-Beltrami equation

Au(t) = f(t), ted,
(W) (s) = g1(s), on I'y,
(Ouru)*(s) = g2(s), on Iy, (1.6)
(Agu)*(s) = hi(s), on I'y,
(OurAgu)t(s) = ha(s), on Ty,

in the weak classical setting
ueHX(%), feHr%(%), g1 € HY?(I1), go € HY2(Ty), hy e H-Y2(Iy), hy € H32(Iy). (1.7)

The following are the main theorems of the present paper. The proofs are exposed in Sections 3
and 4, below.

Prior formulating the theorems let us introduce the Hilbert spaces with detached constants
HZ () = H*() \ {const}. Another description of the space HZ () is that it consists of all

functions ¢ € H?(”), which have the zero mean value, (¢,1).» = 0.

Theorem 1.1. The boundary value problem (1.3) in the weak classical setting (1.4) has a unique
solution in the space H(%).

Theorem 1.2. The mized type boundary value problem (1.6) in the weak classical setting (1.7) has a
unique solution in the space H2 2(6).

The Bi-Laplace-Beltrami operator A2 = A x A is a model of a fourth-order operator. The BVPs
on hypersurfaces arise in a variety of situations and have many practical applications. They appear
in various problems of linear elasticity, for example, when looking for small displacements of a plate,
whereas the Laplacian describes the behavior of a membrane.

A hypersurface . in R™ has the natural structure of an (n — 1)-dimensional Riemannian mani-
fold and the aforementioned partial differential equations (PDEs) are not the immediate analogues
of the ones corresponding to the flat, Euclidean case, since they have to take into consideration geo-
metric characteristics of . such as curvature. Inherently, these PDEs are originally written in local
coordinates, intrinsic to the manifold structure of .%.

Another problem we encounter in considering BVPs (1.1) is the existence of a fundamental solution
for the bi-Laplace-Beltrami operator. An essential difference between the differential operators on
hypersurfaces and the Euclidean space R™ lies in the existence of the fundamental solution: In R™,
a fundamental solution exists for all partial differential operators with constant coefficients if it is
not trivially zero. On a hypersurface, the bi-Laplace-Beltrami operator has no fundamental solution
because it has a non-trivial kernel, constants, in all Bessel potential spaces. Therefore we consider the
bi-Laplace-Beltrami operator in the Hilbert spaces with detached constants A% : HZ, (-7) — H™?(%)
and prove that it is an invertible operator. The established invertibility implies the existence of a
certain fundamental solution, which can be used to define the volume (Newtonian), single layer and
double layer potentials.
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2 Auxiliary material

We commence with the definition of a hypersurface. There exist other equivalent definitions, but they

are most convenient for us. Equivalence of these definitions and some other properties of hypersurfaces

are discussed, e.g., in [7,8].

Definition 2.1. A subset . C R" of the Euclidean space is said to be a hypersurface if it has a
M

covering . = ; and coordinate mappings
Jj=1

0, w; — L =0;(wj) CR", w; CR"™ j=1,..., M, (2.1)
such that the corresponding differentials
DOj(p) := matr [81@j ()., 0n-16; (p)]
have the full rank
rank DO;(p) =n—1, VpeY;, k=1,...,n, j=1,..., M,

i.e., all points of w; are regular for ©; for all j =1,..., M.
Such a mapping is called an immersion as well.

Here and in what follows, matr[zy,..., x| refers to the matrix with the listed vectors x1, ...,z
as columns.

A hypersurface is called smooth if the corresponding coordinate diffeomorphisms ©; in (2.1) are
smooth (C°°-smooth). Similarly is defined a p-smooth hypersurface.

The next definition of a hypersurface is called implicit.

Definition 2.2. Let & > 1 and w C R™ be a compact domain. An implicit C*-smooth hypersurface
in R™ is defined as the set
S ={2cw: Vy(z)=0},

where ¥ o : w — R is a C*-mapping, which has the non-vanishing gradient ¥V ¥(2') # 0.

The most important role in the calculus of tangential differential operators that we are going to
apply belongs to the unit normal vector field v(y), ¢ € €. The unit normal vector field to the
surface €, known also as the Gaufl mapping, is defined by the vector product of the covariant basis

LGN Ag, (X))
V(J_‘f) .—i|gl(%)A...Agn_1(%)‘ ’

VA S

The system of tangential vectors {g,}}_] to € is, by the definition, linearly independent and is
known as the covariant basis. There exists the unique system {gk}Z;ll biorthogonal to it, i.e., the
contravariant basis

<gj7gk> = Ojk, j?k = 1a"'7n_ 1.
The contravariant basis is defined by the formula

k

g N NGe a ANVAGa Ao NGy, B=1,...,n—1,

T detG, N
where
Go(2)=[(9s(2),9(2))], _1un_1» PES,

is the Gram matrix.
Giinter’s derivatives are the simplest examples of tangential differential operators

.@j = 6]' - I/jay = 8]‘ —Vj Zukék.

k=1
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The surface divergence div &~ and the surface gradient V & are defined as follows:

divyU=> 0k, Vop:=(Z1¢,....%¢n)", U:=(U,....Up)",
k=1

and the surface Laplace-Beltrami operator A & is their superposition

Agt=dive V=Y 7. (2.2)

Jj=1

In contrast to the classical differential geometry, the surface gradient, the surface divergence
and the surface Laplace—Beltrami operator A are defined by Giinter’s derivatives much simpler,
with the help of only normal vector field v, while definitions in the classical differential geometry are

based on the Christoffel symbols I'} . the covariant and the contravariant G~1 := [¢/*] Riemann

metric tensors and are rather complicated.
It is well known that div  is the negative dual to the surface gradient

(dive V., f) == —(V,Vaf), YV e ¥ (), VfeC ().

Let .# be a non-trivial, mes .# # @, smooth closed hypersurface, s € R and 1 < p < oo. For the
definitions of Bessel’s potential H(.#) and Sobolev-Slobodeckii W3 (.#) spaces for a closed smooth
manifold .# we refer to [22] (see also [6,12,13]). For p = 2, the Sobolev—Slobodetski W*(.#) :=
W5 () and the Bessel potential H*(.#) := H$(.#) spaces coincide (i.e., the norms are equivalent).

Let ¢ be a subsurface of a smooth closed surface .#, ¢ C .#, with the smooth boundary
[' := 0¢. The space H} (%) is defined as the subspace of those functions ¢ € H(.#), which are
supported in the closure of the subsurface, supp ¢ C &, whereas H;,(%) denotes the quotient space
H (%) = HZ(//)/@; (€°) and €° := .4 \ € is the complementary subsurface to 4. The space H (%)
can be identified with the space of distributions ¢ on 4 which have an extension to a distribution
b € H (). Therefore roHS (#) = H; (%), where r4 denotes the restriction operator of functions
(distributions) from the surface .# to the subsurface €.

The spaces Wz(%) and W5 (%) are defined similarly (see [22] and also [6,12,13]).

By X5(%’) we denote one of the spaces: H (%) or W5 (%), and by X;(%) one of the spaces: ﬁ;(%)

and W;(‘K) (if € is open).
The bi-Laplace-Beltrami operator has the finite dimensional kernel dim Ker A¢ < oo, and its
kernel consists only of constants. Hence the space X*(%") decomposes into the direct sum

X5 (€) =X}, 4(€) + {const},

where
X5 4(€) = {0 €X5(%) : (p,1) =0} (2.3)

is the space without constants.

Lemma 2.1. The bi-Laplace-Beltrami operator A% = (divyVg)2p : HX() — H () is
elliptic, self-adjoint (A%)* = A2, non-negative

2
(A%, 0) = (Arp, Avp) = |[AzpLa(L)]|” =0, ¢ € H(S)
and the homogenous equation has only a constant solution
(A% p, ) =0, only for ¢ = const. (2.4)

Proof. A%, is elliptic and self-adjoint since A is elliptic and self-adjoint (see [7]).
Due to (2.2) and (2.4), we get

0= (A%, ¢) = (Arp, Arp) = |Azp|La()

which gives A »¢ = 0 and, consequently, ¢ = const (see [7]).

I
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Corollary 2.1. The space X*(€) decomposes into the direct sum
X*(€) = X (€) + {const},

where Xs#(%) is the space with detached constants and the operator AQy is invertible between the spaces
with detached constants (see (2.3))

A% XGP(S) — X2(S). (2.5)

Therefore AQy; has the fundamental solution in the setting (2.5).

Proof. The boundedness in (2.5) follows from that of the operator
Ay : XU — X5 1)

proved in [10].
Since A%, has the trivial kernel in the setting (2.5) and is self-adjoint (see the foregoing Lemma 2.1),
it has the trivial co-kernel as well and is invertible. O

Corollary 2.2. For the bi-Laplace-Beltrami operator AZ, on the open hypersurface € the following
I and IT Green’s formulae are valid:

(Agg<ﬂa¢)<€ - (ACK§07 A%’w)ﬁf = _((8UFA‘€¢)+7w+)F + ((A%”SD)J'_? (al/r¢)+)rv (26)
(A% 0, ) + ((Bur Aw )T, 91 )0 = (Awp) ™, (Bur®) )r
= (907 Az‘(a”w)% + (<P+’ (aVFA%w)Jr)F - ((6VF<)0)+’ (A%w)Jr)F

for arbitrary ¢, € X2(%) (see [4]).

Lemma 2.2 (see [14] (Lax—Milgram)). Let B be a Banach space, A(p, ) be a continuous, bilinear
form

A(-,): B xB —R
and positive definite
Ap,¢) > Cle|B|*, Yo eB, C>0.

Let L(-) : B — R be a continuous linear functional.
A linear equation

Alp, ) = L(¢)

has a unique solution ¢ € B for an arbitrary b € B.

3 The solvability of BVPs for the bi-Laplace—Beltrami
equation

Let again ¥ C .’ be a smooth subsurface of a closed hypersurface . and I' = 0% # @ be its smooth
boundary.

To prove the forthcoming theorem about the unique solvability we will need more properties of
the trace operators (called retractions) and their inverses, called co-retractions (see [22, § 2.7]).

To keep the exposition simpler we recall a very particular case of Lemma 4.8 from [6], which we
apply to the present investigation.

Lemma 3.1. Let s > 0, s € N, p = 2, B(D) be a normal differential operator of the third order
defined in the vicinity of the boundary T' = 0% and A(D) be a normal differential operator of the
fourth order defined on the surface €. Then there exists a continuous linear operator

2B o B (1) @ B (D) @ B () — B 3 (%)
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such that
(B®)" =0, (B1(D)BD)t =1, (B2(D)B)" = s,

(Bs(D)#®)t = 3, A(D)B® c H*T3(%)

for an arbitrary quadruple of the functions ® = (o, @1, 02, 03) ", where po € H ('), 1 € H~Y(T),
2 € H*72(T) and o3 € H*73(T).

Corollary 3.1. Let u be a solution of the equation A2u = f. Then it has the traces u* € H%,
(Bypu)T € H2, (Agu)T € H™2, (8, . Agu)t € HS.

Proof. The existence of the traces u™ € H%, (Opru)T € H? is a direct consequence of the general trace
theorem (see [22] for details). Let us prove the existence of the rest traces. Concerning the existence
of the trace (O,.A%p)T in (1.3) for a solution u € H?(%) is not guaranteed by the general trace
theorem, but, according to Lemma 3.1, there exists a function ¢ € H?(%) such that (9,.1)" = 0.
Then the first Green’s formula (2.6) ensures the existence of the trace. Indeed, by setting ¢ = u and
inserting the data AZ¢ = f(¢) into the first Green’s formula (2.6), we get

—((Bur Agu) )0 = (f, )6 — (Agu, Agd)e. (3.1)

The scalar product (Agu, Ag) in the right-hand side of equality (3.1) is correctly defined and defines
correct duality in the left-hand side of the equality. Since ¢+ € H3/?(I") is arbitrary, by the duality
argument this implies that (9,.A«u)t should be in the dual space, i.e., in H—3/2(I).

Let us now prove the existence of the trace (A¢p)*. Taking an arbitrary 1 € H?(%) and rewriting
the first Green’s formula (2.6) in the form

(Agu)™, (Dur ) )0 = (f,¥) e — (Agu, Agh)e + ((Bur Agu)t, ), (3.2)

we note that the right-hand side of equality (3.2) is correctly determined and defines correct duality
in the left-hand side. Since (9,.1)* € HY2(T') is arbitrary, by the duality argument this implies that
(Agu)t should be in the dual space, i.e., in H~/2(T). O

Proof of Theorem 1.1. We commence with the reduction of the BVP (1.3) to an equivalent one with
the homogeneous condition and apply Lemma 3.1: there exists a function ® € H?*(%) such that

(B ®)T(t) = g(t) for t € T and AZ® € Hy%(%).
For a new unknown function v := u— ® we have the following equivalent reformulation of the BVP
(1.3):
AZv(t) = fol(t), te?,
(Opv)T(s) =0, onT, (3.3)
(Oup Agv)t(s)) = ho(s), onT,

where
foi=f+ALD € Hy%(6), ho:=h+ (8, Ae®)t e H32(T), ot e HY?(I).

By inserting the data from the reformulated boundary value problem (3.3) into the first Green’s
identity (2.6), where ¢ = 1 = v, we get

(Agv, Agv)g = (A%, v)¢ + (O Aev) T, v7)r = (Ag) ¥, (Durv) e = (fo,v)% + (ho,vF)r. (3.4)
In the left-hand side of equality (3.4) we have a symmetric bilinear form, which is positive definite:
2
(Arp,Azp) = [|[Azp | Lo(S)|" 20, ¢ € HL(S).

(ho,v")r and (fo,v)« from equality (3.4) are the correctly defined continuous functionals, since hq €
H-3/2(T"), fo € H%(%), while their counterparts in the functional belong to the dual spaces v+ €
H3/2(T) and v € H2(I', %) C H2(%).

The Lax—Milgram Lemma 2.2 accomplishes the proof. O
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4 The solvability of mixed BVPs for the bi-Laplace—Beltrami
equation

Proof of Theorem 1.2. We commence with the reduction of the BVP (1.6) to an equivalent one with
the homogeneous conditions. Towards this end, we extend the boundary data g; € H3/2(I'y), go €

HY/2(Ty) and hy € H-Y/2(';) up to some functions g; € H3/2(T), gz € HY?(T') and hy € H~/2(T") on
the entire boundary I' and apply Lemma 3.1: there exists a function ® € H?(¢) such that

Ot = g1, (0, 0)" =G, (Ag®)" =hy, and AZ® e H;2(7).

For a new unknown function v := u — ® we have the following equivalent reformulation of the
BVP (1.6):
A2%0(t) = fo(t), teéd,
(v)*(s) =0, onI'y,
(aurv)+(8) = Oa on FZ; (41)
(ACKU)JF(S) = 07 on Fla
(Our Agv)*(s) = ho(s), on Ty,

where B
fo:=f+ A28 c Hy%(€), ho:=hy+ (8, Ae®)T € H™3/2(Iy),

. ~ - 4.2
vt e HY2(D,), (9,.0)F e HY2(I), (Agv)T e HV2(Dy) (4.2)

To justify the last inclusion v € H32(T';), (d,,v)" € HY2(Iy) and (Agv)t € HY/2(Ty),
note that, due to our construction, the traces of a solution vanish: v+ |p,= 0, (9p.v)" |r,= 0 and
(Agv)™ |p,= 0. By inserting the data from the reformulated boundary value problem (4.1) into the
first Green’s identity (2.6), where ¢ = ¢ = v, we get

(Agv, Agv)e = (A%, v)¢ + (Our Agv) T, v)r, + (8 Agv) T, v ),
— ((Ag0)™, (Burv) ), = ((Ag0) ™, (Burv))r, = (fo,v)% + (ho, v ),  (4.3)

In the left-hand side of equality (4.3) we have a symmetric bilinear form, which is positive definite:
(Arp. Azg) = [|Azp | Lo(S)|* 20, ¢ € HL(S),

(ho,v")r, and (fo,v)¢ from equality (4.3) are the correctly defined continuous functionals, since
ho € H™3/2(T'y), fo € ﬁ_Q(%), while their counterparts in the functional belong to the dual spaces
vt € H3/2(Iy) and v € HX(T', %) C H2(%).

The Lax—Milgram Lemma 2.2 accomplishes the proof. O
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