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Consider the !-periodi
 problem for the nonlinear system

dx(t) = dA(t) � f(t; x(t)); (1)

where ! is a positive number, A(t) = A

(1)

(t) � A

(2)

(t), A(t) = (a

ik

(t))

n

i;k=1

, A

(m)

=

(a

(m)

ik

)

n

i;k=1

2BV

!

(R;R

n�n

) (m=1; 2) are nonde
reasing on [0; !℄, f(t; x)=(f

k

(t; x))

n

k=1

,

the fun
tions f

k

: R�R

n

! R (k = 1; : : : ; n) are periodi
 with respe
t to the �rst variable

by period !, i.e., f

k

(t + !; x) � f

k

(t; x) (k = 1; : : : ; n), and their restri
tion on [0; !℄

belong to K([0; !℄� R

n

;R;a

ik

) for every i 2 f1; : : : ; ng.

The following notation and de�nitions will be used: R =℄�1;+1[, R

+

= [0;+1[,

[a; b℄ (a; b 2 R) is a 
losed segment, R

n�m

is the spa
e of all real n �m-matri
es X =

(x

ik

)

n;m

i;k=1

with the norm

kXk = max

k=1;:::;m

n

X

i=1

jx

ik

j;

R

n�m

+

= f(x

ik

)

n;m

i;k=1

: x

ik

� 0 (i = 1; : : : ; n; k = 1; : : : ;m)g;

R

n

= R

n�1

is the spa
e of all real 
olumn n-ve
tors x = (x

i

)

n

i=1

; R

n

+

= R

n�1

+

; Æ

ij

is the

Kroneker symbol, i.e., Æ

ij

= 1 if i = j, Æ

ij

= 0 if i 6= j.

BV([a; b℄;D), where D � R

n�m

, is the set of all matrix-fun
tions X = (x

ik

)

n;m

i;k=1

:

[a; b℄! R

n�m

su
h that every its 
omponent x

ik

has bounded total variation on [a; b℄.

s

k

: BV([a; b℄;R)! BV([a; b℄;R) (k = 0; 1; 2) are the operators de�ned by

s

1

(x)(a) = s

2

(x)(a) = 0; s

1

(x)(t) =

X

a<��t

d

1

x(�);

s

2

(x)(t) =

X

a��<t

d

2

x(�) for t 2℄a; b℄; s

0

(x)(t) � x(t) � s

1

(x)(t) � s

2

(x)(t):

BV

!

(R;R

n�m

) is the set of all matrix-fun
tions X : R! R

n�m

su
h that X(t+!) =

X(t)+X(!) for t 2 R, and its restri
tion on [0; !℄ belongs to BV([0; !℄;R

n�m

); X(t�) and

X(t+) are the left and the right limits of X at the point t 2 R; d

1

X(t) = X(t)�X(t�),

d

2

X(t) = X(t+) �X(t).
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If x 2 BV([0; !℄;R), 1 + (�1)

j

d

j

x(t) 6= 0 for t 2 [0; !℄ (j = 1; 2) and �(x)(!) 6= 1,

where

�(x)(t) = exp

�

s

0

(x)(t)

�

Y

0��<t

�

1 + d

2

x(�)

�Æ

Y

0<��t

�
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1
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�

; (2)

then

g

0

(x)(t; �) =

�

(1 � �(x)(!))

�1

�(x)(!) � �(x)(t)[�(x)(�)℄

�1

for 0 � t � � � !;

(1 � �(x)(!))

�1

� �(x)(t)[�(x)(�)℄

�1

for 0 � � < t � !;

(3)

g

j

(x)(t; �) = (1 + (�1)

j

d

j

x(�))

�1

g

0

(x)(t; �) for t 6= �; t; � 2 [0; !℄ (j = 1; 2) (4)

and

g

j

(x)(t; t) = (1 + (�1)

j

d

j

x(t))

�1

� �

j�2

(x)(!)g

0

(x)(t; t) for t 2 [0; !℄ (j = 1; 2): (5)

If g : [a; b℄! R is a nonde
reasing fun
tion, x : [a; b℄! R and a � s < t � b, then

t

Z

s

x(�)dg(�) =

Z

℄s;t[

x(�) dg

1

(�)�

Z

℄s;t[

x(�)dg

2

(�) +

X

s<��t

x(�)d

1

g(�)�

X

s��<t

x(�)d

2

g(�);

where g

k

: [a; b℄! R (k = 1; 2) are nonde
reasing fun
tions su
h that

g

1

(t) � g

2

(t) � s

0

(g)(t)

and

R

℄s;t[

x(�) dg

k

(�) is the Lebesgue{Stieltjes integral over the open interval ℄s; t[ with re-

spe
t to the measure �(g

k

), 
orresponding to the fun
tion g

k

(if s= t, then

R

t

s

x(�)dg(�)=

0); L([a; b℄;R; g) is the set of all �(g

k

)-measurable (i.e., measurable with respe
t to the

measures �(g

1

) and �(g

2

)) fun
tions x : [a; b℄! R su
h that

R

b

a

jx(t)jdg(t) < +1.

A matrix-fun
tion is said to be nonde
reasing if every its 
omponents are su
h.

If G = (g

ik

)

l;n

i;k=1

: [a; b℄! R

l�n

is a nonde
reasing matrix-fun
tion and D � R

n�m

,

then L([a; b℄;D;G) is the set of all matrix-fun
tions X = (x

kj

)

n;m

k;j=1

: [a; b℄ ! D su
h

that x

kj

2 L([a; b℄;R; g

ik

) (i = 1; : : : ; l; k = 1; : : : ; n; j = 1; : : : ;m);

t

Z

s

dG(�) �X(�) =

�

n

X

k=1

t

Z

s

x
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(�) dg

ik

(�)

�

l;m

i;j=1

for a � s � t � b:

If D

1

� R

n

and D

2

� R

n�m

, then K

�

[a; b℄ �D

1

;D

2

;G

�

is the Caratheodory 
lass,

i.e., the set of all mappings F = (f

kj

)

n;m

k;j=1

: [a; b℄ � D

1

! D

2

su
h that for ea
h

i 2 f1; : : : ; lg, j 2 f1; : : : ;mg, and k 2 f1; : : : ; ng: (a) the fun
tion f

kj

(�; x) : [a; b℄! D

2

is �(g

ik

)-measurable for every x 2 D

1

; (b) the fun
tion f

kj

(t; �) : D

1

! D

2

is 
ontinuous

for �(g

ik

)-almost all t 2 [a; b℄, and

sup

�

jf

kj

(�; x)j : x 2 D

0

	

2 L

�

[a; b℄;R; g

ik

�

for every 
ompa
t D

0

� D

1

.

If G

j

: [a; b℄! R

l�n

(j = 1; 2) are nonde
reasing matrix-fun
tions, G = G

1

�G

2

and

X : [a; b℄! R

n�m

, then

t

Z

s

dG(�) �X(�) =

t

Z

s

dG

1

(�) �X(�) �

t

Z

s

dG

2

(�) �X(�) for a � s � t � b:

Inequalities between both ve
tors and matri
es are understood 
omponentwise.
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A ve
tor-fun
tion x : R! R

n

is said to be a solution of the system (1) (of the system

os generalized ordinary di�erential inequalities dx(t) � dA(t) � f(t; x(t)) if its restri
tion

on [s; t℄ belongs to BV([s; t℄;R

n

)) and

x(t) � x(s)�

t

Z

s

dA(�) � f(�; x(t)) = 0 (� 0) for s < t (s; t 2 R):

If �

i

2 f�1; 1g, then t

i

=

1��

i
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!, j

i

=

3+�

i

2

, and I

�

i

!

= [0; !℄nft

i

g.

De�nition 1. Let �

i

2 f�1; 1g (i = 1; : : : ; n). We shall say that a matrix-fun
tion

C = (


il

)

n

i;l=1

: R ! R

n�n

belongs to the set U

�

1

;:::;�

n

!
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il
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!

(R;R) (i; l =

1; : : : ; n), the fun
tions 


il

(i 6= l; i; l = 1; : : : ; n) are nonde
reasing on [0; !℄ and 
ontin-

uous at the point t

i

,

d

j




ii

(t

i

) � 0 (j = 1; 2; i = 1; : : : ; n); (6)

kd

j

C(t)k < 1 for t 2 [0; !℄ (j = 1; 2) (7)

and the system

�

i
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i

(t) �

n

X

l=1

y

l

(t)d


il

(t) (i = 1; : : : ; n)

has no nontrivial nonnegative !-periodi
 solution.

Theorem 1. Let the 
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)

�
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(m)
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) � 0

(j = 1; 2; i; k = 1; : : : ; n) (9)
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n
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i
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2 R, (p
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)
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2
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k

)

n
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) (i; l = 1; : : : ; n); (11)

where C = (


il

)
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;:::;�
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: Then the system (1) has at least one !-periodi


solution.
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Corollary 1. Let the 
onditions (6){(11) and

�

i

�(�

i




ii

)(!) < 1 (i = 1; : : : ; n)

be ful�lled on R

n

for every m 2 f1; 2g, where �

i

2 f�1; 1g, �

mikl

2 R, (p

mikl

)

n

k;l=1

2

L([0; !℄;R

n�n

;A

(m)

), q = (q

k

)

n
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2 L([0; !℄;R

n

+
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)

n

i;l=1
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!

(R;R

n�n

),

the fun
tions 


il

(i 6= l) are nonde
reasing on [0; !℄ and 
ontinuous at the point t

i

, the

fun
tion �(�

i




ii

) is de�ned by (2). Let, moreover, the module of every 
hara
teristi


value of the matrix S = (s

il

)

n

i;l=1

be less than 1, where

s

ii

= 0; s

il

= sup

n

2

X

j=0

!

Z

0

�

i

g
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ii

)(t; �)ds

j

(


il

)(�) : t 2 [0; !℄

o

(i 6= l; i; l = 1; : : : ; n);

g

j

(j = 0; 1; 2) are operators de�ned by (3){(5). Then the 
on
lusion of Theorem 1 is

true.

Corollary 2. Let the 
onditions (8){(11),




il

(t) = �
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�

i

(t) for t 2 R (i; l = 1; : : : ; n)

and

�
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ii
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n
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l6=i;l=1

�

il

�

d

j

�

i

(t) < 1 for t 2 [0; !℄ (j = 1; 2; i = 1; : : : ; n)

be ful�lled on R

n

for every m 2 f1; 2g, where �

i

2 f�1; 1g, �

mikl

2 R, (p

mikl

)

n

k;l=1

2

L([0; !℄;R

n�n
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(m)

), q = (q

k

)

n
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n

+

;A), �

ii

2 R, �

il

2 R

+

(i 6= l), �

i

2
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!

(R;R) is nonde
reasing on [0; !℄ and 
ontinuous at the point t

i

, �

i

(!) 6= 0. Let,

moreover, the real part of every 
hara
teristi
 value of the matrix H = (�

il

)

n

i;l=1

be

negative. Then the 
on
lusion of Theorem 1 is true.

Corollary 3. Let the 
onditions (6), (7), and (8){(11) be ful�lled on R

n

for every

m 2 f1; 2g, where �

1

= � � � = �

n

= �

0

, �

0

2 f�1; 1g, �

mikl

2 R, (p

mikl

)

n
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2
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n�n
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), q = (q

k

)

n

k=1

2 L([0; !℄;R

n

+

;A), C = (


il

)

n

i;l=1
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!

(R;R

n�n

),

the fun
tions 


il

(i 6= l) are nonde
reasing on [0; !℄ and 
ontinuous at the point t

i

. Let,

moreover, the module of every multipli
ator of the system dy(t) = dC

�

0

(t) � y(t), where

C

�

0

(t) = �

0

C(�

0

t+

1��

0

2

!), be less than 1. Then the 
on
lusion of Theorem 1 is true.

A
knowledgement

This paper was supported by INTAS Grant 96-1060.

Referen
es

1. I. T. Kiguradze, Boundary value problems for systems of ordinary di�erential

equations. (Russian) Current Problems in Mathemati
s. Newest results, vol. 30, 3{103;

Itogi Nauki i Tekhniki, Akad. Nauk SSSR, Vsesoyuzn. Inst. Nau
hn. i Tekhn. Inform.,

Mos
ow, 1987.

Author's address:

A. Razmadze Mathemati
al Institute

Georgian A
ademy of S
ien
es

1, M. Aleksidze St., Tbilisi 380093

Georgia


