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M. ASHORDIA

ON EXISTENCE OF SOLUTIONS OF THE PERIODIC
BOUNDARY VALUE PROBLEM FOR NONLINEAR SYSTEM
OF GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

(Reported on October 5, 1998)

Consider the w-periodic problem for the nonlinear system

da(t) = dA(L) - f(t, =(1)), ()

where w is a positive number, A(t) = AN (t) — A1), A(t) = (az(t)F) ;> AT =

(ag;cn))?,kzl EBV(R,R™*™) (m=1,2) are nondecreasing on [0, w], f(t,z)=(fr(t,2))}_,
the functions f; : RxR™ — R (k = 1,...,n) are periodic with respect to the first variable
by period w, i.e., fx(t + w,z) = fr(t,z) (k =1,...,n), and their restriction on [0, w]
belong to K([0,w] X R™,R;a;) for every i € {1,...,n}.

The following notation and definitions will be used: R =] — 00, +00[, Ry = [0, 400,
[a,b] (a,b € R) is a closed segment, R"*"™ is the space of all real n X m-matrices X =
(x,k)zkyil with the norm

n
X)) = max 3 jal;
k=1,....m
i=1

Rixm = {(mlk)?,knll txie >0 (i=1,...,n; k=1,...,m)};
R™ = R"*! is the space of all real column n-vectors z = (z;)"_;; R} = RiXI; d;; is the
Kroneker symbol, i.e., 0;; = 1 if i = j, §;; =0 if i # 5.
BV([a,b], D), where D C R**™_ is the set of all matrix-functions X = (mlk):‘,kyil :
[a,b] — R™X™ guch that every its component z;; has bounded total variation on [a, b].
st + BV([a,b],R) — BV([a,b],R) (k = 0,1,2) are the operators defined by

s1(2)(@) = s2(2)(a) =0, s1(@)() = Y dia(r),

sa(z)(t) = Z doxz(t) for t€la,bl; so(z)(t) = z(t) — s1(x)(t) — s2(x)(t).

a<ltT<t

BV, (R,R™*X™) is the set of all matrix-functions X : R — R™*"™ such that X (t+w) =
X (t)+X(w) for t € R, and its restriction on [0, w] belongs to BV([0, w], R®*"™); X (t—) and
X (t+) are the left and the right limits of X at the point ¢ € R; d1 X (t) = X(t) — X (t—),
d2 X (t) = X (t+) — X (¢).
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If £ € BV([0,w],R), 1+ (—1)7d;z(t) # 0 for t € [0,w] (j = 1,2) and A(z)(w) # 1,
where

Az)(t) = exp (so(2) (1)) H (1+ daz(r)) / H (1 - diz(r)), ()
o< <t o< <t
then
ao(o)(r) — {(1 ~MOE)A@@) NDON@]™ for0<t<T < g
(1 =A@) (W)™ - Az) (O (=@)(7)] for0 <7 <t <wj
1

i (@)(t,7) = (1 + (=1) djz(7)) "~

and
9;(@)(t,t) = (1L + (=1 djz(t)) ™" - ¥ 72 (@) (w)go(2)(t,t) for t € [0,0] (j = 1,2). (5)

If g : [a,b] — R is a nondecreasing function, z : [a,b] &> R and a < s < t < b, then

/x(T)dg(T)z /x(r)dgl(T)—/x(T)d@(T)Jr D a(ndig(r) = Y a(r)dag(r),

s 1ot 1ot s<1<t s<t<t

go(z)(t,7) for t #£7, t,7 € [0,w] (j =1,2) (4)

where gy, : [a,b] = R (k = 1,2) are nondecreasing functions such that

91(t) — g2(t) = so(g)(t)
and jis i x(7) dgi (7) is the Lebesgue—Stieltjes integral over the open interval |s, ¢[ with re-

spect to the measure u(gy), corresponding to the function gy, (if s=t, then f: z(7)dg(T)=
0); L([a,b],R;g) is the set of all u(gy)-measurable (i.e., measurable with respect to the
measures 1(g1) and u(g2)) functions z : [a,b] — R such that fab |z(t)|dg(t) < +o0.

A matrix-function is said to be nondecreasing if every its components are such.

If G = (gik)i’zzl : [a,b] — RIX™ is a nondecreasing matrix-function and D C R**™,
then L([a,b],D;,G) is the set of all matrix-functions X = (IkJ)ZJm=1 : [a,b] = D such
that zp; € L([a,b],R;95%) (i =1,..., k=1,...,n;j=1,...,m);

t
I,m

t
/dG(T)~X(T) = (Z/mk](ﬂ dgik(T)) for a<s<t<b.
k=1

i,j=1
s

If Dy C R™ and Dy C R"X™, then K ([a,b] x D1, D2;G) is the Caratheodory class,
i.e., the set of all mappings F = (fk])z,]m:1 : [a,b] X D1 — Dy such that for each
ie{l,...,1},j€{l,...,m},and k € {1,...,n}: (a) the function f3;(-,z) : [a,b] = D2
is p1(g;x )-measurable for every x € Dj; (b) the function f;(t,-) : D1 — D2 is continuous
for p(g;x)-almost all ¢ € [a, b], and

sup {|fj (- 2)| : 2 € Do} € L([a,b],R; gy,

for every compact Do C D;.
If G : [a,b] — RYX™ (j = 1,2) are nondecreasing matrix-functions, G = G1 — G2 and
X :[a,b] - R™"X™ then

¢ ¢ ¢
/dG(T)-X(T):/dGl(T)-X(T)f/dGQ(T)-X(T) fora <s<t<b.

Inequalities between both vectors and matrices are understood componentwise.
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A vector-function z : R — R” is said to be a solution of the system (1) (of the system
os generalized ordinary differential inequalities dz(t) < dA(t) - f(t, z(t)) if its restriction
on [s,t] belongs to BV([s,t],R™)) and

t
z(t) — z(s) — / dA(T) - f(r,2(t)) =0 (<0) for s <t(s,t€R).

s

If o € {—1,1}, then t; = 57w, j; = 242 and 17 = [0,w]\{t;}.

Definition 1. Let 0; € {—1,1} (¢ = 1,...,n). We shall say that a matrix-function
C = (cil)?,lzl : R — R™X7™ belongs to the set UJ 7™ if ¢;; € BV, (R,R) (i,1 =
1,...,n), the functions ¢;; (i #1; 4,0l = 1,...,n) are nondecreasing on [0,w] and contin-
uous at the point t;,

djc“-(ti)zo (G=12; i=1,...,n), (6)
lCWl <1 for te0u] (G=1,2) %

and the system
n
oidyi(t) < witdea(t) (i=1,...,n)
=1

has no nontrivial nonnegative w-periodic solution.

Theorem 1. Let the conditions

(=)o fi(t, w1, wn) signm; < meikl(t)\le + qx(t)
=1
for u(ag;cn))— almost all t €I (i,k=1,...,n) (8)
and
n
[(—1)m+laifk<ti,x1, e mn)sign@; = Y amikgelai] — ai(t)] djp ol (t) < 0

1=1

(=12 i,k=1,...,n) (9)

be fulfilled on R™ for every m € {1,2}, where o; € {—1,1}, amiri € R, (Pmirt)y ;—; €
L([0,w], R> 7 A(M)Y g = (qx)p=y € L([0,w],R%Y; A). Let, moreover,

2 n t
N / Pt (T)dal (7) <eq(t) = ca(s) fors <t s,t € 120 (il = 1,...,n) (10)

m=1 k=1
s

and

2 n
Z Zamikldjial(]:.n)(ti) <dadjci(ti) (4,0=1,...,n), (11)

m=1 k=1

where C = (cy)?,_, € U™, Then the system (1) has at least one w-periodic
solution.
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Corollary 1. Let the conditions (6)—(11) and
Ui/\(aicii)(w) <1 (Z =1,..., n)
be fulfilled on R™ for every m € {1,2}, where o; € {—1,1}, amir € R, (Pmikl)z,hl €
L([0,w], R**™5 A(™), g = (qi)p_; € L([0,w],R7; A), C = (can)}j_; € BVu(R,R**"),
the functions c;; (i # 1) are nondecreasing on [0,w] and continuous at the point t;, the
function X(ojci;) is defined by (2). Let, moreover, the module of every characteristic
value of the matriz S = (s;),_, be less than 1, where

, w
si; =0, s; =sup { jz_;/mgj(aicz'i)(t: T)dsj(cit)(7) : t € [O:W]}
-0

(E#L4,l=1,...,n),

g; (j = 0,1,2) are operators defined by (3)—~(5). Then the conclusion of Theorem 1 is
true.

Corollary 2. Let the conditions (8)—(11),
cit(t) = ngai(t) for teR (i,l=1,...,n)

and

n
(\Tml + Z Th'l)djai(t) <1l for te[0,w] (j=1,2i=1,...,n)
I#4,l=1
be fulfilled on R™ for every m € {1,2}, where o; € {—1,1}, mirt ER, (Pmirt)} =1 €
L([0,w], RP*™; A g = (q)7_, € L([0,w],R%; A), mii € R, myg € Ry (i # 1), i €
BV, (R,R) is nondecreasing on [0,w] and continuous at the point t;, a;(w) # 0. Let,
moreover, the real part of every characteristic value of the matriz H = (n;) be
negative. Then the conclusion of Theorem 1 is true.

n
i,l=1

Corollary 3. Let the conditions (6), (7), and (8)—(11) be fulfilled on R™ for every
m € {1,2}, where 01 = -+ = on = 00, 00 € {=1,1}, amirs € R, Pmirt)} =, €
L([O’w]aRnxn;A(m))7 q = (Qk)zzl € L([O’w]aRi;A)’ ¢ = (Cil)?,lzl € BV, (R,R"*"),
the functions c;; (i # 1) are nondecreasing on [0,w] and continuous at the point t;. Let,
moreover, the module of every multiplicator of the system dy(t) = dCx(t) - y(t), where
Coo(t) = 00C(o0t + 1_2‘70 w), be less than 1. Then the conclusion of Theorem 1 is true.
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