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ON MONOTONE SOLUTIONS OF LINEAR ADVANCED EQUATIONS

(Reported on September 28, 1998)

In the present note we consider the equation

ul™ (1) = p(t)u(r(1)), (1)

where p : R4 — R4 is locally integrable and 7 : R4 — R4 is measurable with 7(t) > ¢
for t > 0.

A solution u of (1) is said to be proper if it is defined in a neighbourhood [tg, +oo[ of
+00 and

sup{lu(s)| : s >t} >0 for t>to.
We will treat the problem of existence of a proper solution w : [tg, +00[ = R satisfying
u®D@#) >0 for t>1tp (i=0,...,n—1). (2)

The problem of this kind is specific for advanced equations. It does not arise for
ordinary and delay equations since in that case every solution of (1) with positive initial
conditions is continuable up to infinity and satisfies (2).

The following two cases will be considered:

(1) tETOO(T(t) —t) =A< +oo with A >0; (3)
-— T t) .
(2) lim — =a <400 with a>1. (4)
t—+oo 1

R. Koplatadze in [1] has established sufficient conditions for (1) not to have a solution
satisfying (2). From Theorems 11.4 and 11.8 of [1] there follow the following results,
respectively.

1) if 7 =t + A with A € Ry and for any A €10, +o00[

t
liminfe*M/ e*p(s)ds > AV le A
0

t—+o00

then the equation (1) has no solution satisfying (2).
2) if 7 = at with @ > 1 and for any A\ €]n — 1, 4o00]

t n—2
liminf (2~ 1 / s p(s)ds < o™ | (A =19),
t—4o00 0 z];IO

then the equation (1) has no solution satisfying (2).
Theorems 1 and 2 below invert in a sense these results.
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Theorem 1. Let (3) be fulfilled and there exist Ao €]0,+o00[ such that
t
limsupe_kot/ erep(s)ds < Ag_le_on.
t— o0 0

Then the equation (1) has a solution satisfying (2).

Theorem 2. Let (4) be fulfilled and there exist Ao € n — 1, +00[ such that

¢ n—2
limsup ¢"~ Ao ~1 / 520p(s) ds < a™ N0 H(/\o —1).
t—+4o00 0 =0

Then the equation (1) has a solution satisfying (2).

The following below comparison theorem is a basic tool in establishing Theorems 1
and 2.
Along with (1), consider the equation

v™ 4 q(t)u(a(t) =0, (5)
where ¢ : Ry — Ry is locally integrable and o : R4 — R4 is measurable with o(t) > ¢
fort € Ry.

It will be assumed that
7(t) <o(t) for t€ R4. (6)
For the equation (5) the problem on existence of a solution v satisfying
v () >0 for ¢ >t (7)

will be likewise considered.

Theorem 3. Let (6) be fulfilled and the equation (5) have a proper solution v :
[to, +oo[— R satisfying (7). Let, moreover, there exist a continuous function ¢ :
[to, +00[—]0, +00[ such that v/¢ is nonincreasing and

t t
/W(U(S))p(S)dSS/ p(o(s))g(s)ds for t > to.

to to

Then the equation (1) has a solution u : [to, +00[— R satisfying (2).
Comparing, according to this theorem, the equation (6) with the equations
(n) - (n) 4 -
vV +qu(t+A)=0 and o™ + m v(at) =0,

where q; and g2 are appropriately chosen, we derive Theorems 1 and 2, respectively.
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