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ON THE SOLVABILITY OF A NON-LOCAL PROBLEM
WITH INTEGRAL BOUNDARY CONDITION
FOR A SECOND ORDER PARABOLIC EQUATION



Abstract. In this paper, the existence and uniqueness of a strong solution of a second order parabolic
equation with integral boundary condition is proved. First, we establish a priori estimate and prove
that the range of the operator generated by the considered problem is dense. The technique of deriving
the a priori estimate is based on the construction of a suitable multiplicator. From the resulted energy
estimate, it is possible to establish the solvability of the linear problem.
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1 Introduction and statement of the problem

Some problems related to physical and technical issues can be effectively described in terms of nonlocal
problems with integral conditions in partial differential equations. These nonlocal conditions arise
mainly when the values on the boundary cannot be measured directly, but their average values are
known. Therefore, the investigation of these problems requires a separate study. The importance
of problems with integral conditions has been pointed out by Samarskii [20]. These mathematical
models are encountered in many engineering models such as heat conduction [2,3], plasma physics [20],
thermoelasticity [21], electrochemistry [4], chemical diffusion [5] and underground water flow [16,23].
The first paper devoted to second-order partial differential equations with nonlocal integral conditions
goes back to Cannon [3]. This type of boundary value problems, which are combined with Dirichlet or
Newmann condition and integral condition, or with purely integral conditions, have been investigated
for parabolic equations in [1-4,6,9,10,12-14, 24], for hyperbolic equations in [1,18,19], for mixed type
equations in [7,8], and elliptic equations with nonlocal conditions were considered by Gushchin and
Mikhailov [11], A. L. Skubachevski [22] and Peneiah [17].

In this paper, we prove the existence and uniqueness of a strong solution of a class of nonlocal
mixed second order parabolic problems in which nonlocal boundary conditions with integral conditions
given only on parts of the boundary are combined. This problem is stated as follows: Let us consider
the rectangular domain 2 =)0, 1[ x ]0,T[ with T' < 400, then the problem is to find a solution u(z,t)
of the following non-classical boundary value problem:

Lu= % - % (a(x,t) %) = f(x,t) for (z,t) € Q=10,1[x]0,T] (1.1)
with the initial condition
lu=u(z,0) = ¢(z), Va e 0,1], (1.2)
the nonlocal boundary condition
% (0,t) = % (1,t), Vtelo,T], (1.3)
and the integral condition
@
/u(a:,t) dr =0, Vt€]0,T], where 0 <« < 1. (1.4)

0

It is worth mentioning that in [15], the authors proved the existence, uniqueness and continuous
dependence of a strong solution in weighted Sobolev spaces to the problem

ou 0 ( ou
ot Ox

a£> = f(z,t)

with the initial condition
lu=u(z,0) =p(x), Yo el0,1],

the boundary condition
ou(0,t)  Ou(l,t)
= vte |0, T
Ox or € 0.7},

and the integral condition

/u(:mt) dz =mf(t), Vte0,T)].
0

In addition, we assume that the function a(z,t) and its derivatives satisfy the conditions

0 5] _
0 <ap <a(z,t) <a, azﬁa—jéaa, %‘Sb, V(x,t) € Q,
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where the functions ¢(z), f(z,t) are given, and we assume that the following matching conditions are
satisfied:

(63

[
ox

0=, [ewde=o.

0

In the present paper, the motivation is to study and find a solution to the stated problem (1.1)-
(1.4) without imposing any condition on the constant « in the interval [0,1]. In addition, the linear
problem of the parabolic equation with integral condition defined on one part of the boundary is
solved.

First, an a priori estimate is established for the linear problem and, using the functional analysis
method, the density of the operator range generated by the problem under consideration is proved.
The given problem can be considered as finding a solution of the operator equation given by

Lu = (Lu,lu) = (f,p) = F,

where the operator L has a domain of definition D(L) consisting of functions u € L?(Q) such that

Gu du Tu ¢ [2(Q), gwgt € L*(Q) and satisfying conditions (1.3) and (1.4).

The operator L is defined on F into F, where E is the Banach space of functions u € L?(Q) with
the finite norm

8u 0%u 8u
HuHE_/H [ at * 8%2’ ] dxdt+021:£T</9 oz d:v+/|u2dx>

F is the Hilbert space of functions F = (f,¢), f € L*(Q), ¢ € H'(0,1) with the finite norm

T 1 1 )
175 = [ [o@isean+ [o) (%[ +1o7) da
0 0 0

where )
%, € (0,a),
O(z) = )
8:32, z € (a,1).

Then we show that the operator L has a closure L and later on, in Section 2, we establish an energy
inequality of the type
lulle < k[ Lul #- (1.5)

It can be proved in a standard way that the operator L : ' — F'is closable. Let L be the closure of
this operator with the domain of definition D(L).

Definition. A solution of the operator equation Lu = F is called a strong solution of problem
(1.1)—(1.4).
The a priori estimate (1.5) can be extended to the strong solution, that is, we have the inequality
l|ullg < k|| Lu|lp, Yu € D(L).
This last inequality implies the following corollaries.

Corollary 1.1. If a strong solution of (1.1)—(1.4) exists, it is unique and depends continuously on

=(f, o).
Corollary 1.2. The range R(L) of L is closed in F and R(L) = R(L).

Corollary 1.2 shows that to prove that problem (1.1)—(1.4) has a strong solution for arbitrary F,
it suffices to prove that the set R(L) is dense in F.



On the Solvability of a Non-Local Problem with Integral Boundary Condition 5

2 Uniqueness and continuous dependence

In this section, we establish an a priori estimate and deduce the uniqueness and continuous dependence
of the solution considering the initial statement.

Theorem 2.1. There exists a positive constant k such that for each function v € D(L), we have

ulle < K[| Lul|p.

Proof. Let
A2 Qu Az, 01 o A o, B(1=C) 7¢
2z o~ a2 00 (5 g ) e
A x
Mu — e (a—a2)ex JLaeP I I, € [0,0],

a(l — a)?a’(0,t)
A
(1—a)?a(1,t)

Mz —1)2 u A1 -
21— ) ot (1—a)?

s (502 )Jzae? = ISu, € fa1),

where .
ou
mu= | S t)d
Tru= [ Tic.dc
and
A >0,
- 1 ap (1 —a)? 1 ag A 1
< T In 20
e (G g =) oy (=) §0— )+ =gy /)
—16Xe%a? 1 1\2 a?
AN o - ) A
oL < a’(l—a) b (ao al) a’(l—a)’
A

We consider the quadratic form obtained by multiplying equation (1.1) by exp(—ct)Mu in L?(Q*)
with Q° =[0,1] x [0, s] and ¢ > 0. Taking the real part, we have

O(u,u) = Re/exp(—ct)f(m,t)m dx dt
Qs

= —Re/exp( ct) (‘32 ( (, t)g )Mu dxdt—i—Re/exp(—ct) %mdmdt. (2.1)

Qs Qs

Mu by its expression in the right-hand side of (2.1), integrating by parts with respect to  and to t,
and using conditions (1.2)—(1.4), we obtain

s 1
Re//efdfm dx dt
0 0
// 2 7ct
T 22

=

2
“‘ da dt

)\ S
Sdwdt+ —2 [ (1= p)zeet
v +2(1—04)2// z)

Ou |2 day _.
9z dr dt + 1_a2//1—x ca — 375)6

Q

ou |2

—| dxdt
ox v
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- % // (ca- %) (% B (%xz + M)W)a(x,t)eﬁ(l‘m))e‘“uﬁ dz dt
0 0

x

é _ )2 A _ B(l1—z) 7ct/ _@ 2
+(2(1 ) +(1_a)2@(l’t))(am Ba)e e (ca 8t)|u| d¢ dx dt
[ (A (6, A R /au
+//(2a2 (290 +(1_a)2a(07t)>ae | dCdut
0 0
[ 5 A
(% _ (1~ a)
+/(2(17a)2 (50— ) t)) ala, the /‘/ s
0
s 1
+// —5(1—2)a(z, )P0~ f>+(5(1 2y ) (ag—fa)e? / / " dwdi
’ 2 (1— a) a(1, )"
0 «
N[ Du |2 i
- i —ct 7“ 7ct
+4a2 2 83@‘ dxt 1—a / ‘ de s
0
1 i i_ A 571 2 B(l—x) —ct|,,|2
+2/<a2 ((1—a)2a(0,t) + 5% )a(x,t)e ae”“|ul d:ct
0 =s
1] 5 A r
+ 5/ [—6(1—33)@66(1_‘”)4—(2 (1—x)2+(1_0)2a(1,t))(az—ﬁa)eﬁ(l_w)] e_°"5/a|u|2 dx dt
«@ o t=s

[0

1
A 22 dy|? A 9 dy |2
Ta?/?a(“)’@\ T /““”) (w0 32| da

0 a

/ [(1 ~ - (1= a)A o " G- x>2)“(x’0)eﬂ(lz)]“(x’o)w "
a2 8a 1 a —xz)—ct
B UNTR I ——

L Aagi (1LY) (D ) A da]

2 -(1- 2 @ \== (1—z)—ct|, |2

2//{ 1—a a2 1 t) (2 (1 ac) + (1—a)2a(1,t)> 8Jae |u| dzx dt
0

=41 Re//xe—ct/au d¢ J%aeP1=9 JSu d¢ du dt

+ 20 //xefiCt/ da:Jlae - I)Jmu d¢dx dt
—a)
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+(5Re//1—x —Ct/atdc/ Pl </ d¢ dz dt

Re//xa ot Ou /aeﬁ(l_l')Jgfud( dx dt
1 —)? o

0 0 0

i //@e_“tum dwdt—Re//51xae_6t@/aeﬁ(1_C)J§Ud§ dx di

xT

1
/ga 7CtuJ°‘udxdt—5Re// (1 —2)a(z,t)e gx/ Pl Cqudgdsrjdt

S

A
4—7(1_0[)2 Re/
0

x
r A Oa _
_ - B(l—=z)—ct T
Re//(élma + (1—a) a0, t))(2 B Ba )> uJEu dx dt
0 0
P 5 A 9
_ _ O N2, AN oa 5 2\ | B(l—-z)—ct, 7C, .
Re//{ (1 —1x)a +(2(1 x) +(1—o¢)2a(1,t)>(2aﬁx Ba )}e uJgu dndt
«
A\ s 1 P 1
—ct 7“ B(l—()T 2.9
+ 1= a2a(lD) Re/e / tdm/ae Jau dz dt. (2.2)
0 a «@
Using the fact that
S (03 Eau 2 S « au
//e*d /8— dl‘dt§4\//1’2€76t ’ dx dt,
0 0 o 0
s 1 xa 2 s 1 a
//efcf /ﬁ dxdt§4// )%t “‘ da dt,
ot
0 « «@ a
s 1 s 1 P
//6_0t|u|2dxdt§4// )2ect “‘ dz dt
ox
0 « e

2(1 - 8

a // 2¢—ct “ Y dwdr 4 21— // —ot|y)? da dt
and the e-inequalities in the last twelve terms in (2.2), we get
A s « w2 s 1
2 —ct 7“‘ 1_ 2 7ct
64a2//xe ot dxdt+1281—a // z)
+<——fm1 //2’“ u da:dt+<cf——m2 // z)%e ¢
oz

A ,

+ el (cap — az) — max{mg,m4,m5}//e_°t|u\2 dx dt
a

00

1 z
/\ —ct 2
+ 4(1*0&)2 (Cao—ag,)(—,@ao—b)//e ‘u| dx dt

’ddt

2
“’ da dt
.T
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s 1

+0/ / (‘5(1‘”0)@(%%)6‘3“‘”*(2 =0+ (g (0 B L)) _Ct/ ‘/ ot
22//_&/871: ddt+ 1,a //_Ct/@

1 1
/—a et —i—/l—x ‘8 ‘ dm /|u|2dx /|u\2da:

[

d:v dt

dx dt

au‘ dx

t=s

s s 1 1
SRe//ethMudxdtRe/(l /a?dx/aeﬁl *) Jzy, da dt
—a)
0 0 0 a a
A / dp |2
‘“ i
— dx —| d
42 ‘d ’ Jr 2/ z) o e

1 A )\aoeﬁ (51 2 _B(1— a) 2
+2(042_((104)2‘(11+2“1ae /"pl dz
0
L — 2, Ao pa-a) 2
—|—2 ((1_a)2—(2a1(1—a) +(1—a)2a1€ ) /|<p| dzx. (2.3)

Substituting Mwu by its expression in the first term in the right-hand side of (2.3), integrating with
respect to x and using the e-inequalities, we have

s 1
Re//e_dfm dx dt
00
10A 2 4 2 o (—0107 A 2 5\ 2Pz [ 7 2 —ct) £|2
< -
< <a2 +(3251a aj + 16« ( 2 + (1—04)2a0> a1> y //x e f|* dedt
00

s 1
16(1—a)%6%a? 32 5 A\ 18A
+<(‘;‘>“1+ = (1-a)% (|2|(1 )+ )+ 2)//(x—1)26“|f|2dxdt
0 o

(I1—a)2ag (1—a)

s « s 1
ou|? A ou
—et| T g dt 7// 712*Ct—‘ddt
t 1 a2// at’ T 61— a)? (@ =1 5| de
0 0 «
SA [ [ .| [oul? ™[ [ oul?
DN dedt+ —2 —et| [ 24 gt
T3z ) )¢ or| +32(1—0¢)2//e /at !
0 0 «
o ¢

+<1_Aa)2/s ct< (/f / x) /fd:z:)/aeﬁ(l <>/% dndcdt. (2.4)

0 a o"

Using (1.1) and (1.3), the last term in the previous inequality can be expressed as follows:

s 1 1 « 1

i [l [ o) ) o [

0 a a 0 « a
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¢
2 et du ﬁ(u)/@
- ((1t a(0, %) / / / dl’/a6 g Mt

(I - a)?a?
2 r 1 1 ou u
et _ ou B-¢) [ U
+ i—a) Re/ (a(O,t) a(l,t))/xa xdx/ae / dndt
0 0 a «
A r 1 N / e
N —ct _ 2 B-¢) [ U
1—-a)2a? Re/e (a(O,t) a(l,t))/x fdm/“e /at dn dt-
0 0 le' «@
From the last equality and (2.4), (2.3) becomes
i 0
2 —ct 2 —ct u‘
128a2// 8t’ dmdt+2561foz2// du dt
0 «
@ dx dt

1 1 2 A
—|—<c—a3—m1—512(— 3‘” )// ect
ao ag Qi al—a
1 S
- )// LY
ag a1 ox
0 «

ao

2
’ da dt

e}

A 2
+ 102 (cag — asz) — max{ms, ma, ms} / / |u|® dz dt
00

s 1 T
)\ t
+m(cao — az)(—Pao —b)//e‘c'/m\2 dz dt

+/sect 1(—5(1—3:)@(1‘,2?)6( ) (2(1 D+ a) T t))(% Ba)eP0- I>)/’/
+32);42/8/: “ 1?91; ddeM 1—a) // - /%

00 o
Aag A /
—|— —2 e*Ct|u|2dx + %/e*cﬂu\zd:ﬂ
s 20 s (1—a) J

0

dx dt

/\ 2 —ct
dx dt+F
0

8u‘ de

+ _Ado /(1 —x)%e ¢ %

T

t=s

‘d:c

10X 1 1\2 Aat
< (22 512(777) _ 2N 395204
- ( e! i apg a1/ a3(l—a) + 320{0’a

—5,02 A 2 e28(1-) /
2 2 2 _—ct) £2
+ 16a ( 5 + (1701)2&0) ay — /x e~ f* dxdt
0
s 1
16(1—)%0%a2 32 5 A2 18/\ B
+<( )\) 1+7(1—a)2af(|2|(1 a)2+(1—a)2a0> ) /a: 2™ f|? da dt
Aay [ A / di |2
Ady ® a1 _ 2‘£‘
da? ‘d ’ de +4(1—04)2/(1 gl
0 a

1 )\ )\a/()eﬂ _61 2 ,6(1— ) /a 9

il AR A% T a d

3 (a2 + ((1 “a)a, 2 M ) ll” dx
0
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1 A - 2 )\ao B(1—a) / 2
+2((1a)2+( g =)+ g ) [l de.

If we take
> max { do? A L Lo
c max-< mi, ma, )\a() ms, )\ao My, )\a/() ms ao )
where
ol -a) \a? ap
mp = 3 [(1 mpyE: k(a) a—o} max (|az|, |as)
Ae2a2ale2f(1-a) 0204 5205 qte2B1—a)
64— —— +128 ! 81—
+ A1 — )2ad * a1l —a)ad * Aag
32a(1 — )3 9 2 1 1\2  Aaf
il Sl iy R 6 [ () (26 — 12(—-—) 24
+ Aag [ =90 —a)ai + kle) fa)]” +5 (ao a1> ad(l—a)’
a? 1-a)?a 52a2(1 — )8
Moy = 2[(71)) + k(a) % ﬂ max (|azl, |ag|) + 16 1)(\27%)
0
64(1— ) [, k(a)(2b— Bay))?
Nag [—5a1+ 1—-a) } ’
2510&2(1% —51 2 )\ao eﬁ(l a) 2
= |26 - 2a(—RLa?y 290
ms {b 7 + oz( 5 & +(1—a)2a1)( — Bag) ——— vk
5(1—a)ia? ) 2 — :
m4{8( a)2a1+(746(1fa)%a1+ S0 )( ”Bal)],
Val (1 —a)ag va
(1 2(1—a) a2 —01 o A B(1—a)
mo= (54 2 e (0 g o o e b))
and
k)= (-2t )
V=7 “ (1 - a)?ag
we deduce
s 1 o2 1 8 )
du WP e
// ’ ’ dzdtJr//H(x) 895’ dzdt+/ ax‘ + Juf )dxtzs
00 0
o T 1 1
SMecT[//Q |f\2da:dt+/ ‘ +|<p|)d4 (2.5)
00 0
where
10X 1 1\2 af 9 42 o [ —0102 A 2, e28(=a)
C_{(Jzz+512<ao_a1) a3( —a)+3251a a1 + 16a ( 2 +(1—o¢)2a0) aTNT
16(1 — 0)%62a2 32 5 o710l ) A 2 18A
i Sl 2 e I S T A
) ty (-a) a1(2( @) +(1—a)2ao) Ta e
1 )\aoeﬁ —51 2 (1—a) 1 5 2 /\Cl() _ )\(11 /\a1
e e o a1 — 0 B(lma)) 2L AL
2((1—a)2a1+ g M )e 2(2 ai(l —a) +(1—a)2a16 )’4@2’4(1—04)2
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1 1\2 Adf 1 12
Aag, ¢ — a my — 512(— - —) L, (c— a mo — 64(— - —) a‘ll)\) e T,
ao ap a1/ a3(l—a) ao ap a1

Let us now make use of the fact that the choice of s is arbitrary, then (2.5) becomes

s 1 s 1 1
ou|? ou|?
//0(:5)’&’ d:r,dtJr//é)(x)’%’ dxdtJrOiltlET/ ‘ +|u\)
00 00 =0
T 1 1
<& //9 |f\2dmdt+/ ‘ + | )dw (2.6)
M
00 0

From (1.1) and (2.6) it follows that

1

T 1

0u |2 9
//9 8352 ‘ )dxdt+O§?ET/(9(x) %‘ + |yl )dx
0 0

(=)

where (« ) ) )
4b* +4) + 2 C
2 _
K 7( a? JrM)'

3 Solvability of problem (1.1)—(1.4)

To prove the solvability of problem (1.1)-(1.4), it suffices to show that R(L) is dense in F. The proof
is based on the following

Lemma 3.1. Suppose that the function a and its derivatives are bounded and a(0,t) # a(1,t). Let
u € Do(L) = {u € D(L),u(z,0) = 0}. If for u € Do(L) and some functions w € L?(2) we have

/G(x)fw dxdt =0, (3.1)
Q
where
22
?7 T e (O,Q),
O(x) = )
oo we @,

then w vanishes almost everywhere in €.

Proof. Equality (3.1) can be written as follows:

/ gu pdxdt= /A(t)uﬁ dx dt, (3.2)
Q Q
where
p=0(x)w
and
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We introduce the smoothing operators

Jot= (I - s%)_l and (J7')* = (I—i—s%)_l

in the space H'(0,T) with respect to ¢, then these operators provide the solution of the problems

ua(t) — e 3;: —u(t), u.(0)=0,
. ov: . B
vZ(t) 5 = u(t), vi(T)=0.

We also have the following properties: if g € D(L), then J-'g € D(L), and we have

lim|[J g — gllr20) =0 as € =0,
lim [(J7)*g = gl 2(0.r) = 0 as € = 0.

Replaicing the function u in (3.2) by the smoothing function u. and using the relation

A(t)yue = J-PA(t)u — eJ P Be(t)ue,

where " , .
t a Ou.
Bty = =5, ue = 5o (00) 7 57 )
we obtain -
_/uaapte dzdt:/(A(t)u—eBg(t)ug)?; dz dt. (3.3)
Q Q

Since the operator A(t) has a continuous inverse in L?(0,1) defined by

x

wton= [ (e [oman)+2 [ 52 (s [aoan) o,
0 0 0 0

where C1(t) = ;500 12)(0 ) fg ) dn and
— 0
K(x) — z a7 ( ) a)’
0, (o, 1),
then we have f A7 (t)udz = 0. Hence, the function J 'u = u. can be represented in the form

ue = JPATH() A(t)u,

and then
C i d C i d
t) + t) +
(t) 92a 1 1( ) Ofg(li) n 9a 9 -t gi 1( ) bfg(n) n
\b)g otoxr ¢ a ot ¢ a at ¢ a a

Consequently, equality (3.3) can be written as

/ e dz dt = /A(t)uhi dzx dt, where h. = pf —eBI(t)p}, (3.4)
Q
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and

1
. 1y, 0a 1, 4,0 , 1 0a da
Bi =4 U Gp o [ (U Gt =2 e O Gt ) de

T
1

2a . 1 Oa oa
—aOt/ Ie 8t8< ?a?u R at'%)dx

0

The left-hand side of (3.4) is a continuous linear functional of u, hence the function h. has the

derivatives 2 aaxh; € L?(Q2) and the following conditions are satisfied:

a(0,1)he(0,t) = a(1,t)h.(1,1),

Oh, _ Oh, B
S (0.0) = Z= (1,6) =0,

—1\* da
For a sufficiently small €, the operator I — e% has a bounded inverse in L?(2), so we deduce

that %p;, 8@;)‘ € L?(9) and the conditions
(0, 0)65(0,2) = (1, )02 (1,1,
Ope Op: (3.5)
< (0, < (1,t
5a (0:0) = 5= (1,1) =0

are satisfied. We introduce the function v such that

x

vzmw—i—/wd{, z € (0,a),

[

(1—x)?
v = mw, x € (a, 1),
then .
2 1
T w=2u- f/vdgﬂ z € (0,a),
! o o
plz) = , o
E _Z;Zw:v, z € (a,1),
and 5 5
v v
. (0,t) = B (1,t) =0 and wv(1,t) =0.
From (3.5), we have
x
—, TE (O,CY),
? = K(x) g—v, where K(z)= @
x r 1, ze€(al).
Putting
t x [
A
u = /exp(CT) ()\1 /av d€dt + v + 2 /xav df) dr (3.6)
a
0 a 0
n (3.2), integrating with respect to « and ¢, using (3.5) and (3.6), we obtain
_ -1 [ K(x) day _.|0u|?
/A(t)updacdt—);/ 5 (ca—a)e %’ dz dt
Q Q

1
1 K(CE) —ct )‘1 / 2 —ct au =
)\2/ 5 ae ’ dx . + " K(z)a“e e dedt (3.7)

0 Q
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and
T oza \ T o
//%ﬁdmd —2//60%\1)\2 dx dt
o

0 0 0

\ T a T A\ T « «

—l——l Ct/xvd{/avd{—i——l/eCt/xde/xade7
o
0 0 o 0 0 0

T 1a T 1
//%ﬁdwdt:)\g//ecqvﬁ da dt
0 « 0 «

T 1 T T «
A
—l——l/eCt/v/cwd(dxdt /e /de/xavdgdscdt.
a
0 [} «@

Using elementary inequalities, then (3.7), becomes

Ky _ ol ojoup
[ K (2) Bu |2 Ao T [
i € —ctl 72_7 _g ct 2
+)\2/ 5 ae (‘h) dx t:T(a 2a1/\1 2)//6 x|v|” dx dt
0 0

T 1
1 1-—
+<)\2—2—)\1a1(( ) )//ec’5|v|2 dxdt <0,
0

(03

we choose
/\1 > O7
1 l1-a) 1\ /Ta o?
)\2 > max (2+>\1a1( /2 _2)7(2a1)\1+2)),
442
c> G + &
ao)\g [}
then, we get
/exp(ct)K(z)|v|2 dx dt <0,
Q
hence v = 0 a.e., which implies w = 0. O

Theorem 3.1. The range R(L) of the operator L is dense in F.
Proof. Since F is a Hilbert space, we have R(L) = F if and only if the relation

1
/9 )f7 dxdt+/9 y du d“" da:+/lu¢dx=o. (3.8)

for arbitrary v € D(L) and (g, ¢) € F, implies that g = 0 and ¢ = 0.
Putting v € Dy(L) in (3.8), we conclude from Lemma 3.1 that g = w = 0, then g = 0.
Taking u € D(L) in (3.8) yields

1

1
dlu dgp _
/6‘ dx dm /lugodx—O, (3.9)
0 0
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Since the two terms in the previous equality vanish independently and since the range of the trace
operator L is everywhere dense in Hilbert space with the norm

o _

1
d 2
o) 2| o+ / o] da,
0

hence, ¢ = 0. Thus R(A) = F. O
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