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Abstract. The aim of this paper is to determine an upper bound of number of limit cycles that can
bifurcate from a uniform isochronous center of a cubic homogeneous planar polynomial differential
system when we perturb it inside the class of all quintic polynomial differential systems. We prove
that at most 5 limit cycles can bifurcate from the period annulus by using the averaging theory of
first order and at most 19 limit cycles by applying the second order averaging method. This study
needs many calculations that have been verified by Maple and Mathematica.
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1 Introduction
The main problem in the qualitative theory of the planar polynomial differential systems is the de-
termination of the limit cycles. Recall that in the phase plan, a limit cycle of a planar polynomial
differential system is an isolated periodic solution in the set of all its periodic solutions, isolated means
that the surrounding trajectories are not closed.

The study of limit cycles has a long history, it was started by the works of Poincaré [15]. In 1900,
at the international congress of mathematics in Paris, 23 problems [9] were posed by David Hilbert.
One of them concerned the number of limit cycles that a real planar polynomial differential system
may have: the second part of the 16th Hilbert problem. It has been one of the main problems in the
qualitative theory of planar differential systems in the last century which remains open until now (see,
e.g., [7, 8, 12] and the references therein). To attack the second part of 16th Hilbert problem, many
researchers investigated the number of limit cycles of various planar polynomial differential systems.
Among them is the problem of a number of limit cycles obtained by perturbing polynomial differential
systems with centers, through of which limit cycles can bifurcate from the periodic solutions of these
centers (see [7, 8, 12]). In order to study limit cycles, some methods have been developed and based
on the Poincaré map such as the Poincaré–Pontryagin–Melnikov functions [2, 16], inverse integrating
factor [19] and the averaging method [5, 17,18].

The averaging method is a useful tool in dynamical systems to determine a number of limit cy-
cles that a periodic differential system can have. The idea of averaging method is to approximate
the periodic solutions of a non-autonomous periodic differential system by the solutions of its aver-
aged differential system which is autonomous. In particular, it gives a quantitative relation between
the hyperbolic equilibrium point of the averaged differential system and the limit cycles of the non-
autonomous differential system (see, e.g., [5, 17, 18]) which makes the study more flexible. In other
words, under some assumptions, the averaging method transforms the problem of studying the limit
cycles of periodic differential system into a problem of zeros of the so-called averaged function asso-
ciated to this system.

Isochronous differential systems constitute a large class of polynomial differential systems with
interesting properties which arise in many applications. During the past three decades, wide studies
on the bifurcation of limit cycles for planar differential systems with uniform isochronous centers
have been published (see, e.g., [4, 10, 12, 13]). Recall that a center is isochronous if all the periodic
solutions in a neighborhood of this center have the same period T ∈ R∗. Moreover, the system
ẋ = P (x, y), ẏ = Q(x, y), with P (x, y) and Q(x, y) as real polynomials, has a uniform isochronous
center if xẏ − yẋ = k(x2 + y2), k ∈ R − {0}. In the polar coordinates x = r cos θ, y = r sin θ,
isochronous means that θ̇ = k, k ∈ R− {0} (for more details, see [6]).

In this paper, we consider the following planar polynomial differential system:

ẋ = −y + x2y + εp(x, y),

ẏ = x+ xy2 + εq(x, y),
(1.1)

where
p(x, y) =

∑
0≤i+j≤n

ai,jx
iyj and q(x, y) =

∑
0≤i+j≤n

bi,jx
iyj .

System (1.1)ε=0 has a center O at the origin. It is clear that the center O is a uniform isochronous
center because of xẏ − yẋ = x2 + y2. Note that system (1.1) has the rational first integral H(x, y) =
x2+y2

1−x2 with the integrating factor µ(x, y) = 2
(1−x2)2 .

The authors in [13] prove that for n = 3 and ε ̸= 0, a real parameter sufficiently small, system (1.1)
can have at most three limit cycles bifurcating from the center O by using the first order averaging
method. In [12], the authors confirm the result of [13] and prove that there are perturbations of
(1.1)n=3 with only 0, 1, . . . , 8 limit cycles by using the second order averaging method.

Motivated by the above paper, in this work, using averaging method, we study the bifurcation of
limit cycles of system (1.1)ε=0 under any small quintic homogeneous perturbations. In other words,
by using averaging theory of first and second order, our objective is to determine a maximum number
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of limit cycles that bifurcate from the isochronous center (1.1)ε=0 of the differential system

ẋ = −y + x2y + ε
∑

0≤i+j≤5

ai,jx
iyj = P (x, y) + εp(x, y),

ẏ = x+ xy2 + ε
∑

0≤i+j≤5

bi,jx
iyj = Q(x, y) + εq(x, y),

(1.2)

where ε ̸= 0 is a real positive parameter, sufficiently small, and p(x, y), q(x, y) are two real polynomials.
The following theorem represents the main results of this paper.

Theorem 1.1. For ε ̸= 0, a real parameter sufficiently small,

(a) System (1.2) can have up to 5 limit cycles that bifurcate from the isochronous center (1.2)ε=0 by
using the averaging method of the first order.

(b) By using the averaging method of the second order, the polynomial differential system (1.2) has
at most 19 limit cycles bifurcating from the isochronous center (1.2)ε=0.

Remark 1.1. Note that the result in statement (a) improves the ones of Proposition 1 of [12] and
Theorem 1.1 of [13] by providing 2 more limit cycles, and statement (b) provides 11 more limit cycles
than the ones in [12] under the perturbation of system (1.1)n=3.

This paper is organised as follows: Theorem 1.1 is proved in Section 3. Its proof is based on the
averaging theory of the first and second order (see Section 2).

2 Preliminaries
To prove our main result, we introduce some tools that we have used. The proof is based on the
averaging method of the first and second order.

2.1 Averaging theory of the first order
Theorem 2.1. Consider the following two initial value problems:

ẋ = εf(t, x) + ε2h(t, x, ε), x(0) = x0, (2.1)

and
ẏ = εf0(y), y(0) = x0, (2.2)

where x, y, x0 ∈ D, D is an open interval of R, t ∈ [0,+∞), f and h are T -periodic in the variable t,
and f0(y) is the averaged function of f(t, x) with respect to t, i.e.,

f0(y) =
1

T

T∫
0

f(t, y) dt. (2.3)

Suppose:

(1) f , ∂f
∂x , ∂2f

∂x2 , h and ∂h
∂x are defined, continuous and bounded by a constant independent of ε in

[0,+∞)×D and ε ∈ (0, ε0].

(2) T is a constant independent of ε.

(3) y(t) belongs to D on the timescale 1/ε.

Then the following statements hold:

(1) On the timescale 1/ε, we have

|x(t)− y(t)| = o(ε) as ε → 0.
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(2) If p is an equilibrium point of the averaged system (2.2) such that

∂f0

∂y

∣∣∣
y=p

̸= 0, (2.4)

then system (2.1) has a T−periodic solution Φ(t, ε) → p as ε → 0.

(3) If (2.4) is negative, then the corresponding periodic solution Φ(t, ε) of (2.1) in the space (t, x)
is assympotically stable for ε sufficiently small. If (2.4) is positive, then it is unstable.

2.2 Averaging theory of the second order
Theorem 2.2. Consider the following two initial value problems:

ẋ = εf(t, x) + ε2g(t, x) + ε3h(t, x, ε), x(0) = x0, (2.5)

and
ẏ = εf0(y) + ε2(f10(y) + g0(y)), y(0) = x0, (2.6)

D is an open subset of R, f , g and h are periodic of period T in t, and

f1(t, x) =
∂f

∂x
y1(t, x)− ∂y1

∂x
f0(t, x),

where

y1(t, x) =

t∫
0

(
f(s, x)− f0(x)

)
ds+ z(x),

with z(x) ∈ C1 such that the averaging of y1(θ, r) is zero. Besides, f0, f10, g0 denote the averaging
functions of f , f1 and g, respectively, defined as in (2.3). Suppose that:

(1) ∂f
∂x is Lipschitz in x and all these functions are continuous on their domain of definition.

(2) |h(t, x, ε| is bounded by a constant uniformly in [0, L/ε)×D × (0, ε0].

(3) T is a constant independent of ε, and y(t) belongs to D on the timescale 1/ε.
Then the following statements hold:

(1) On the timescale 1/ε, we have

x(t) = y(t) + εy1(t, y(t)) +O(ε2) as ε → 0.

If, in addition, f0(y) ≡ 0, then:

(2) If p is an equilibrium point of the averaged system (2.6) such that
∂

∂y
(f10(y) + g0(y))

∣∣∣
y=p

̸= 0, (2.7)

then there exists a T -periodic solution Φ(t, ε) of (2.5) which is close to p such that Φ(t, ε) → p
as ε → 0.

(3) If (2.7) is negative, then the corresponding periodic solution Φ(t, ε) of (2.5) in the space (t, x)
is asymptotically stable for ε sufficiently small. If ε is positive, then it is unstable.

For details about the Theorems 2.1 and 2.2 see the references [17,18].
Now, we recall the Descartes Theorem about the determination of a number of zeros of a real

polynomial (for a proof, see, e.g., [3]).
Theorem 2.3 (Descartes Theorem). Consider the polynomial p(y) = ai1y

i1 + ai2y
i2 + · · · + ainy

in

with 0 ≤ i1 < i2 < · · · < in and the real constant aik ̸= 0 ∀ k ∈ {1, 2, . . . , n}. When aikaik+1
< 0, we

say that aik and aik+1
have a variation of sign. If the number of the variation is m ∈ N, then p(y)

has at most m positive real roots. Moreover, it is always possible to choose the coefficient of p(y) in
such a way that p(y) has exactly n− 1 positive real roots.
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3 Proof of Theorem 1.1

3.1 Proof of statement (a) of Theorem 1.1

In order to apply the averaging method for studying limit cycles of system (1.2), we should write
system (1.2) in the standard form (2.1). The following result provides how to transform system (1.2)
into the standard form.

Lemma 3.1 ([5]). Let H be the first integral of (1.2)ε=0. Assume that:

• System (1.2)ε=0 has a continuous family of ovals

{Γh} ⊂
{
(x, y) : H(x, y) = h, h1 < h < h2

}
.

• xQ(x, y) − yP (x, y) ̸= 0 for all (x, y) in the period annulus formed by the ovals {Γh}. Let
ρ : (

√
h1,

√
h2)× [0, 2π) → [0,∞) be a continuous function such that

H
(
ρ(R, ϕ) cosϕ, ρ(R, ϕ) sinϕ

)
= R2,

for all R ∈ (
√
h1,

√
h2) and all ϕ ∈ [0, 2π).

Then the differential equation which describes the dependence between the square root of energy,
R =

√
h, and the angle ϕ for system (1.2) is

dR

dϕ
= ε

µ(x2 + y2)(Qp− Pq)

2R(Qx− Py)
− ε2

µ(x2 + y2)(Qp− Pq)(qx− py)

2R(Qx− Py)2

with
x = ρ(R, ϕ) cosϕ and y = ρ(R, ϕ) sinϕ.

Using Lemma 3.1, we take

x =
r cos θ√

1 + r2 cos2 θ
and y =

r sin θ√
1 + r2 cos2 θ

.

Then system (1.2) can be written as

dr

dθ
= εF1(θ, r) +O(ε2), (3.1)

where
F1(θ, r) =

√
1 + r2 cos2 θ

(
(1 + r2) cos θ p(θ, r) + sin θ q(θ, r)

)
with

p(θ, r) = p
( r cos θ√

1 + r2 cos2 θ
,

r sin θ√
1 + r2 cos2 θ

)
and

q(θ, r) = q
( r cos θ√

1 + r2 cos2 θ
,

r sin θ√
1 + r2 cos2 θ

)
.

The assumptions of Theorem 2.1 are verified for equation (3.1). Then, by direct computations,
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the expression of f◦(r) is given by

f◦(r) =
1

2π

2π∫
0

F1(θ, r) dθ

=
1

2r
√
1 + r2

((
(a3,2 + a1,0 + a3,0 + a5,0 + a1,2 − 3 a1,4)r

4

+
(
5 a3,2−3 b2,3+b2,1+b4,1+a1,0−a3,0−3 a5,0+b0,1−3 b0,3+5 b0,5+3 a1,2−7 a1,4

)
r2

+ 4 a3,2+2 b2,1−4 b2,3+4 b4,1−2 a3,0−4 a5,0−2 b0,3+4 b0,5+2 a1,2−4 a1,4

)√
r2+1

+ (b0,5 + a1,4)r
6 +

(
− 3 a3,2 + b2,3 + 2 b0,3 − 2 b0,5 − 2 a1,2 + 6 a1,4

)
r4

+
(
− 7 a3,2− 2 b2,1+ 5 b2,3− 3 b4,1+ 2 a3,0+ 5 a5,0+ 4 b0,3− 7 b0,5− 4 a1,2+ 9 a1,4

)
r2

−4 a3,2−2 b2,1+4 b2,3−4 b4,1+2 a3,0+4 a5,0+2 b0,3−4 b0,5−2 a1,2+4 a1,4

)
. (3.2)

Taking s =
√
1 + r2, we have

f◦(s) =
1

2s
√
s2 − 1

(
(a1,4 + b0,5)s

6 +
(
a1,0 + a1,2 − 3 a1,4 + a3,0 + a3,2 + a5,0

)
s5

+
(
− 2 a1,2 + 3 a1,4 − 3 a3,2 + 2 b0,3 − 5 b0,5 + b2,3

)
s4

+
(
− 3 a3,0+3 a3,2−a1,0+a1,2−a1,4−5 a5,0+b0,1−3 b0,3+5 b0,5+b2,1−3 b2,3+b4,1

)
s3

+
(
2 a3,0 − a3,2 + 5 a5,0 − 2 b2,1 + 3 b2,3 − 3 b4,1

)
s2

+
(
− b0,1 + b0,3 − b0,5 + b2,1 − b2,3 + 3 b4,1

)
s− a5,0 − b4,1

)
=

1

2s
√
s2 − 1

(A6s
6 +A5s

5 +A4s
4 +A3s

3 +A2s
2 +A1s+A0), (3.3)

where

A0 = −a5,0 − b4,1,

A1 = −b0,1 + b0,3 − b0,5 + b2,1 − b2,3 + 3 b4,1,

A2 = 2 a3,0 − a3,2 + 5 a5,0 − 2 b2,1 + 3 b2,3 − 3 b4,1,

A3 = −3 a3,0 + 3 a3,2 − a1,0 + a1,2 − a1,4 − 5 a5,0 + b0,1 − 3 b0,3 + 5 b0,5 + b2,1 − 3 b2,3 + b4,1,

A4 = −2 a1,2 + 3 a1,4 − 3 a3,2 + 2 b0,3 − 5 b0,5 + b2,3,

A5 = a1,0 + a1,2 − 3 a1,4 + a3,0 + a3,2 + a5,0,

A6 = a1,4 + b0,5.

Using Theorem 2.3, the function f0(s) can have at most 6 real zeros. Since A0 +A1 +A2 +A3 +
A4 +A5 +A6 = 0, f0(s) can have at most 5 zeros s ∈ (1,∞). This allows us to conclude that system
(1.2) has at most 5 limit cycles bifurcating from the isochronous center (1.2)ε=0 using the averaging
method of first order and there are perturbations with only 0, 1, 2, . . . , 5 limit cycles.

3.2 Proof of statement (b) of Theorem 1.1
To apply the averaging method of second order, we use the same changes of variable as in the proof
of statement (a) of Theorem 1.1. Then system (1.2) can be written as follows:

dr

dθ
= εF1(θ, r) + ε2F2(θ, r)

with
F1(θ, r) =

√
1 + r2 cos2 θ

(
(1 + r2) cos θ p(θ, r) + sin θ q(θ, r)

)
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and

F2(θ, r) =
1 + r2 cos2 θ

r

(
sin(θ)p(θ, r)− cos(θ)q(θ, r)

)(
(r2 + 1) cos(θ)p(θ, r) + sin(θ)q(θ, r)

)
.

To compute the second order averaged function, the first order averaged function f◦(r) must be
vanished.

Lemma 3.2. For

a1,4 = −b0,5, a5,0 = −b4,1, b0,1 = −a1,0,

b2,1 = −3 a3,0 − 4 a1,0 − a1,2 − 3 b0,3, a3,2 = −a1,0 − a3,0 + b4,1 − a1,2 − 3 b0,5,

b2,3 = −2 b0,3 − b0,5 − 3 a1,0 − 3 a3,0 + 3 b4,1 − a1,2,

the function f0(r) defined in (3.2) is identically zero.

Proof. From (3.3), it is easy to verify that f0(r) = 0 if and only if a1,4 = −b0,5, a5,0 = −b4,1,
b0,1 = −a1,0, b2,1 = −3 a3,0 − 4 a1,0 − a1,2 − 3 b0,3, a3,2 = −a1,0 − a3,0 + b4,1 − a1,2 − 3 b0,5, b2,3 =
−2 b0,3 − b0,5 − 3 a1,0 − 3 a3,0 + 3 b4,1 − a1,2.

Now, the following lemma presents some useful integrals to determine the explicit expression of
y1(θ, r).

Lemma 3.3. For r > 0,

I1 =

∫ cos3 θ√
1 + r2 cos2 θ

dθ =
r2 − 1

2r3
arctan

( r sin θ√
1 + r2 cos2 θ

)
+

1

2r2
sin θ

√
1 + r2 cos2 θ ,

I2 =

∫ cos5 θ
(1 + r2 cos2 θ)3/2 dθ =

r2 − 3

2r5
arctan

( r sin θ√
1 + r2 cos2 θ

)
+

sin θ
√
1 + r2 cos2 θ
2r4

+
1

r4(r2 + 1)

sin θ√
1 + r2 cos2 θ

,

I3 =

∫ sin θ cos2 θ
(1 + r2 cos2 θ)3/2 dθ = − 1

r3
ln

(
r cos θ +

√
1 + r2 cos2 θ

)
+

cos θ
r2
√
1 + r2 cos2 θ

.

Proof. To compute the integral I1, we need the following integrals (see [12]):

K1 =

∫ cos θ√
1 + r2 cos2 θ

=
1

r
arctan

( r sin θ√
1 + r2 cos2 θ

)
,

and

K2 =

∫
cos θ

√
1 + r2 cos2 θ =

1 + r2

r
arctan

( r sin θ√
1 + r2 cos2 θ

)
+

1

2
sin θ

√
1 + r2 cos2 θ .

We have

I1 =

∫ cos3 θ√
1 + r2 cos2 θ

dθ

=
1

r2
(K2 −K1) =

r2 − 1

2r3
arctan

( r sin θ√
1 + r2 cos2 θ

)
+

1

2r2
sin θ

√
1 + r2 cos2 θ .

Taking the derivative of the both sides of I1 with respect to r, we get

dI1
dr

= −rI2 =⇒ I2 = −1

r
I1.

The other integrals can be computed in the same way.
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Because of f0(r) ≡ 0, we have

y1(θ, r) =

θ∫
0

f(ϕ, r) dϕ+ z(r).

The explicit expression of y1(θ, r) is

y1(θ, r) = Ã1 ln
(
r cos θ +

√
1 + r2 cos2 θ

)
+ Ã2 arctan

( r sin θ√
1 + r2 cos2 θ

)
+ Ã3 sin θ

√
1 + r2 cos2 θ

+ Ã4 cos θ
√
1 + r2 cos2 θ + Ã5

(
ln(1 + r2 cos2 θ) + 2 ln(2)− 2 ln

(
1 +

√
r2 + 1

))
+ Ã6

sin θ√
1 + r2 cos2 θ

+ Ã7
cos θ√

1 + r2 cos2 θ
+ Ã8

( 1

1 + r2 cos2 θ − 1√
r2 + 1

)
+ Ã9

sin θ cos θ
1 + r2 cos2 θ + Ã10

sin θ cos3 θ
1 + r2 cos2 θ + Ã11

(
cos2 θ − 1

2

)
+ Ã12 sin θ cos θ.

The coefficients Ã1, Ã2, . . . , Ã14 are given in Appendix A. (The computations of y1(θ, r) can be revised
by using Maple or Mathematica.)

If the conditions of Lemma 3.2 are satisfied, then we can compute F20(r) = f10(r) + g0(r), the

second order averaged function, where f10(r) =
2π∫
0

dF1(θ,r)
dr y1(θ, r) dθ. The following lemma lists some

integrals which appear in f10(r).
Lemma 3.4. The following integrals hold:

L1 =

2π∫
0

cos3 θ
(1 + r2 cos2 θ)3/2 arctan

( sin θ√
1 + r2 cos2 θ

)
= − π

r3

(
ln(1 + r2)− 2

(
r2 + 1−

√
r2 + 1

))
,

L2 =

2π∫
0

cos3 θ
(1 + r2 cos2 θ)3/2 ln

(
r cos θ +

√
1 + r2 cos2 θ

)
dθ

=
π

r3

(
ln(1 + r2) +

2(1−
√
(1 + r2))

1 + r2

)
,

L3 =

2π∫
0

cos5 θ
(1 + r2 cos2 θ)3/2 ln(r cos θ +

√
1 + r2 cos2 θ) dθ

=
π

3r5

(
3 ln(1 + r2) +

−11r4 − 19 r2 − 8

(r2 + 1)5/2
+

12r2 + 8

(r2 + 1)2

)
,

L4 =

2π∫
0

cos4 θ
1 + r2 cos2 θ ln(1 + r2 cos2 θ) dθ

=
π

r4

((
r2 − 2− 2√

r2 + 1

)
ln

(
1 +

√
r2 + 1

)
+

2 ln(r2 + 1)√
r2 + 1

+ ln(2)
( −2 r4 + 2 r2 + 8√

r2 + 1 (1 +
√
r2 + 1)

+
−2 r2 + 8

1 +
√
r2 + 1

)
+

r2(
√
r2 + 1− 1)

1 +
√
r2 + 1

)
.

Proof. We just compute the integral L2 and the other oness can be computed in the same way.
Firstly, the integral

J1 =

2π∫
0

cos θ√
1 + r2 cos2 θ

ln
(
r cos θ +

√
1 + r2 cos2 θ

)
dθ =

π

r
ln(1 + r2)
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holds (see [12]). Taking the derivative in the both sides of J1 with respect to r, we get

dJ1
dr

= −rL2 +
cos2 θ

1 + r2 cos2 θ = −π ln(r2 + 1)

r2
+

2π

r2 + 1
,

whence
L2 =

π

r3

(
ln(1 + r2) +

2(1−
√

(1 + r2))

1 + r2

)
.

Now, using the ideas in the proof of Lemma 3.4, we compute f10(r). As a consequence, the second
order averaged function F20(r) is given by

F20(r) =
1

2
√
s2 − 1

(B1 +B2s
2 +B3s

4) ln(s)

+
1

8s5(s+ 1)
√
s2 − 1

(
B4s

2 +B5s
3 +B6s

4 +B7s
5 +B8s

6 +B9s
7

+B10s
8 +B11s

9 +B12s
10 +B13s

11 +B14s
12 +B15s

13
)

=
1

8s5
√
s2 − 1 (s+ 1)

(
4
(
(s5 + s6)B1 + (s7 + s8)B2 + (s9 + s10)B3

)
ln(s)

+B4s
2 +B5s

3 +B6s
4 +B7s

5 +B8s
6 +B9s

7 +B10s
8 +B11s

9

+B12s
10 +B13s

11 +B14s
12 +B15s

13
)
,

=
1

8s5
√
s2 − 1(s+ 1)

F (s),

where

F (s) = 4
(
(s5 + s6)B1 + (s7 + s8)B2 + (s9 + s10)B3

)
ln(s) +B4s

2 +B5s
3 +B6s

4

+B7s
5 +B8s

6 +B9s
7 +B10s

8 +B11s
9 +B12s

10 +B13s
11 +B14s

12 +B15s
13,

with the coefficients B1, B2, . . . , B15 given in Appendix B.
Taking the 11th order derivative of F (s) with respect to s, we obtain

F (11)(s) =
5760

s6

(
540540B15s

8 + 83160B14s
7 + 6930B3s

6

+ 2520B3s
5 − 252B3s

4 + 56B2s
3 − 21B2s

2 + 12B1s− 10B1

)
.

Using Theorem 2.3, we conclude that F (11)(s) can have at most 8 zeros s ∈ (1,+∞). By applying
Rolle’s rule, the function F (s) can have at most 19 zeros, taking into account their multiplicities in
(1,+∞). Hence the second average function F20(r) has at most 19 zeros r ∈ (0,+∞). This allows us
to conclude that system (1.2) has at most 19 limit cycles that can bifurcate from the center (1.2)ε=0.

Appendix A
In this appendix, we present the coefficients A1, A2, . . . , A13 which appear in y1(θ, r).

Ã1 = − (r2+1)(2(r2+1)a1,3+2b2,2−4b0,4+2b0,2−3a3,1+a1,3−a1,1)+b0,0−b2,0−3b4,0+b2,2+b0,4−b0,2
2r

,

Ã2 =
(r2+1)(b3,1−3b1,3+b1,1−4a4,0+(r2+1)(a4,0+a2,2+a2,0+a0,2+a0,0−3a0,4)+2a2,2−2a2,0)+2b3,1

2r
,

Ã3 =
(r2 + 1)(a2,0 + a0,4 − a0,2 + a0,0 − a2,2 + a4,0)− 1/2 b1,1 + 1/2 b1,3 − 1/2 b3,1

2
,

Ã4 =
(r2 + 1)(−a3,1 + a1,3 − a1,1)− 1/2 b0,0 + 1/2 b0,2 − 1/2 b0,4 − 1/2 b2,0 + 1/2 b2,2 − 1/2 b4,0

2
,
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Ã5 = − (r2+1)((r2+1)(a2,3−2 a0,5+a0,3)+b3,2−2 b1,4+b1,2−2 a4,1+a2,3−a2,1)−b3,0−2 b5,0+b3,2
2r

,

Ã6 =
(r2 + 1)(2 (r2 + 1)a0,4 + 2 b1,3 − 2 a2,2)− b3,1 + a4,0

2
,

Ã7 = (r2 + 1)
(
(r2 + 1)(a1,3 − b0,4) + b2,2 − a3,1

)
− b4,0,

Ã8 =
(r2 + 1)((r2 + 1)((r2 + 1)a0,5 + b1,4 − a2,3)− b3,2 + a4,1) + b5,0

2r
,

Ã9 = −r((2 r2 + 4)b0,3 + (r2 + 4)a3,0 + (r2 + 4)a1,0 + r2(2 r2b0,5 − a1,2))

2
,

Ã10 =
r3((r2 − 2)(a3,0 + a1,0) + r2(a1,2 + 2 b0,5 − 2 b4,1)− 2 b0,3)

2
,

Ã11 = −r((r2 + 1)(a4,1 + a2,1 + a0,5 − a0,3 + a0,1 − a2,3) + b1,0 − b1,2 + b1,4 + b3,0 − b3,2 + b5,0)

2
,

Ã12 =
r((r2 + 1)(a3,0 + a1,0 − a1,2) + 5 a1,0 + 3 a3,0 + a1,2 + 4 b0,3)

2
.

Appendix B
This appendix lists the coefficients B1, B2, . . . , B15 which appear in F20(r).

B1 =
(
− b0,0 − 6 a3,1 + 3 b2,2 + 5 b0,2 − 9 b0,4 + b2,0 + 3 b4,0 − 2 a1,1 + 2 a1,3

)
b3,1

−
(
2 a2,2 + b1,1 − 3 b1,3 − 2 a2,0 − 4 a4,0

)(
b0,0 + b2,2 − b0,2 + b0,4 − b2,0 − 3 b4,0

)
,

B2 =
(
6 b4,0 − 2 b2,2 − 2 b0,0 + 2 b0,2 − 2 b0,4 + 2 b2,0

)
a2,2

+
(
− 2 a0,0 − 2 a0,2 + 6 a0,4 − 2 a2,0 − 2 a4,0

)
b2,2

+
(
6 b4,0 − 2 b0,0 + 2 b0,2 − 2 b0,4 + 2 b2,0

)
a0,2

+
(
− 18 b4,0 + 6 b0,0 − 6 b0,2 + 6 b0,4 − 6 b2,0

)
a0,4

+
(
6 b4,0 − 2 b0,0 + 2 b0,2 − 2 b0,4 + 2 b2,0

)
a2,0

+
(
6 b4,0 − 2 b0,0 + 2 b0,2 − 2 b0,4 + 2 b2,0

)
a4,0

+ 6 a0,0b4,0 − 2 a0,0b0,0 + 2 a0,0b0,2 − 2 a0,0b0,4 + 2 a0,0b2,0 + 8 a1,3b3,1,

B3 =
(
− a0,0 + 3 a2,2 + 2 b1,1 − 6 b1,3 + 2 b3,1 − a0,2 + 3 a0,4 − 5 a2,0 − 9 a4,0

)
a1,3

+
(
a0,0 + a2,2 + a0,2 − 3 a0,4 + a2,0 + a4,0

)(
3 a3,1 − 2 b2,2 − 2 b0,2 + 4 b0,4 + a1,1

)
,

B4 =
(
4 a1,0 + 4 a3,0 + 3 b0,3 + a1,2 − 4 b4,1

)
b5,0 − 4 b3,1b4,0 + 2 b3,2b4,1,

B5 =
(
− 4 b0,0 − 4 b2,2 + 4 b0,2 − 4 b0,4 + 4 b2,0 + 8 b4,0

)
b3,1

+
(
4 a1,0 + 4 a3,0 + 3 b0,3 + a1,2 − 4 b4,1

)
b5,0 + 2 b3,2b4,1,

B6 =
(
16 b3,0 + 56 b5,0 + 8 a2,1 − 6 a2,3 + 12 a4,1 − 8 b1,2 + 12 b1,4 − 34 b3,2

)
b4,1

+
(
− 4 b0,0 − 4 b2,0 + 8 b4,0 − 8 a3,1 + 16 b2,2 + 4 b0,2 − 4 b0,4

)
b3,1

+
(
3 a1,2 + 6 a1,0 + 14 a3,0 + 3 b0,3 + 6 b0,5

)
b3,2

+
(
8 a2,2 + 8 b1,1 − 12 b1,3 − 16 a2,0 − 32 a4,0

)
b4,0

+
(
− 10 a1,2 − 56 a1,0 − 56 a3,0 − 30 b0,3 − 12 b0,5

)
b5,0

+
(
a1,2 + 4 a1,0 + 4 a3,0 + 3 b0,3

)
a4,1

+
(
− 4 a1,2 − 16 a1,0 − 16 a3,0 − 12 b0,3

)
b3,0 − 4(a3,1 − 2 b2,2)a4,0,

B7 =
(
− 12 a0,5 − 44 b3,0 + 28 b1,2 − 12 b1,0 − 84 b5,0 − 28 a2,1 + 30 a2,3 − 48 b1,4

− 12 a0,1 + 66 b3,2 + 12 a0,3 − 48 a4,1
)
b4,1

+
(
44 b3,0 − 8 a4,1 + 4 a2,3 − 30 b3,2 − 4 b1,4 − 4 a2,1 + 12 b1,0 − 4 a0,3
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− 4 b1,2 + 84 b5,0 + 4 a0,5 + 4 a0,1
)
a1,0

+
(
− 4 a2,1 − 4 a0,3 + 30 b5,0 − 9 b3,2 + 4 a0,5 + 4 a2,3 − 4 b1,4 + 24 b3,0

− 4 b1,2 − 9 a4,1 + 4 a0,1 + 12 b1,0
)
b0,3

+
(
− 4 a0,5 + 4 a2,1 − 4 a2,3 + 12 a4,1 − 4 b1,2 + 12 b1,4 − 30 b3,2

+ 48 b5,0 − 4 a0,1 + 12 b3,0 − 4 b1,0 + 4 a0,3
)
b0,5

+
(
2 a0,0 + 2 a4,0 − 14 a2,2 − 6 b1,1 + 22 b1,3 + 2 b3,1 − 2 a0,2 + 2 a0,4 + 6 a2,0

)
b2,2

+
(
6 b0,2 − 18 b0,4 − 2 b2,0 − 6 b4,0 + 6 b0,0 − 12 a1,1 + 12 a1,3 − 20 a3,1

)
b3,1

+
(
− 14 b0,2 + 30 b0,4 − 10 b2,0 − 2 b4,0 − 2 b0,0 + 8 a1,1 − 8 a1,3 + 20 a3,1

)
a4,0

+
(
− 6 a0,0 + 10 a2,2 + 2 b1,1 − 10 b1,3 + 6 a0,2 − 6 a0,4 − 2 a2,0

)
b0,2

+
(
6 a0,0 − 10 a2,2 − 6 b1,1 + 14 b1,3 − 6 a0,2 + 6 a0,4 + 2 a2,0

)
b0,4

+
(
− 2 a0,0 + 14 a2,2 + 2 b1,1 − 18 b1,3 + 2 a0,2 − 2 a0,4 − 6 a2,0

)
b2,0

+
(
6 a0,0 + 14 a2,2 + 2 b1,1 − 30 b1,3 − 6 a0,2 + 6 a0,4 + 2 a2,0

)
b4,0

+
(
6 a0,0 − 10 a2,2 + 2 b1,1 + 6 b1,3 − 6 a0,2 + 6 a0,4 + 2 a2,0

)
b0,0

+
(
4 b1,0 + 8 b3,0 + 10 b5,0 + a4,1 − 4 b1,2 + 4 b1,4 − 9 b3,2

)
a1,2

+
(
12 b1,0 + 44 b3,0 + 84 b5,0 + 4 a4,1 − 12 b1,2 + 12 b1,4 − 46 b3,2

)
a3,0,

B8 =
(
− 4 a0,5 − 20 a2,1 + 26 a2,3 − 48 a4,1 + 20 b1,2 − 48 b1,4 + 54 b3,2 − 60 b5,0

− 4 a0,1 − 36 b3,0 − 4 b1,0 + 4 a0,3
)
b0,5

+
(
48 a0,5 + 20 b3,0 − 28 b1,2 + 20 b1,0 + 28 a2,1 − 54 a2,3 + 60 b1,4

+ 20 a0,1 − 30 b3,2 − 36 a0,3 + 60 a4,1
)
b4,1

+
(
− 20 b3,0 − 20 a4,1 − 14 a2,3 + 40 b3,2 − 4 b1,4 + 4 a2,1 − 20 b1,0

− 4 a0,3 + 20 b1,2 + 4 a0,5 + 4 a0,1
)
a1,0

+
(
2 a0,0 + 2 a4,0 + 2 a2,2 + 2 b1,1 − 14 b1,3 − 14 b3,1 − 2 a0,2 + 2 a0,4 + 6 a2,0

)
b2,2

+
(
− 2 b0,2 − 22 b0,4 + 6 b2,0 − 2 b4,0 + 6 b0,0 + 4 a1,1 + 12 a1,3 + 12 a3,1

)
b3,1

+
(
8 a2,1 − 4 a0,3 + 15 b5,0 + 6 b3,2 + 4 a0,5 − 17 a2,3 + 11 b1,4 + 8 b1,2

+ 6 a4,1 + 4 a0,1 − 12 b1,0
)
b0,3

+
(
2 b0,2 − 18 b0,4 − 10 b2,0 + 30 b4,0 − 2 b0,0 − 16 a1,1 + 28 a1,3 − 28 a3,1

)
a4,0

+
(
− 6 a0,0 + 10 a2,2 + 2 b1,1 − 10 b1,3 + 6 a0,2 − 6 a0,4 − 2 a2,0

)
b0,2

+
(
6 a0,0 − 10 a2,2 − 6 b1,1 + 14 b1,3 − 6 a0,2 + 6 a0,4 + 2 a2,0

)
b0,4

+
(
− 2 a0,0 − 2 a2,2 + 2 b1,1 + 6 b1,3 + 2 a0,2 − 2 a0,4 − 6 a2,0

)
b2,0

+
(
6 a0,0 + 14 a2,2 − 6 b1,1 + 18 b1,3 + 26 a0,2 − 42 a0,4 + 18 a2,0

)
b4,0

+
(
6 a0,0 − 10 a2,2 + 2 b1,1 + 6 b1,3 − 6 a0,2 + 6 a0,4 + 2 a2,0

)
b0,0

+
(
− 4 b1,0 + 5 b5,0 − 4 a2,1 + 3 a2,3 − 10 a4,1 + 8 b1,2 − 11 b1,4 + 6 b3,2

)
a1,2

+
(
− 20 b1,0 − 20 b3,0 − 8 a2,1 + 6 a2,3 − 40 a4,1 + 28 b1,2 − 36 b1,4 + 40 b3,2

)
a3,0

+ 4 a3,1(a2,2 − 2 a2,0),

B9 =
(
6 a2,3 + 4 b3,2 − 5 a0,1 − 8 b1,0 − 40 b3,0 − 84 b5,0 + 16 a2,1 + 48 a4,1

− 16 b1,2 + 24 b1,4 + 24 a0,3 − 40 a0,5
)
a1,0

+
(
− 11 b5,0 − 9 a2,3 + 10 a4,1 + 5 b1,4 − 4 b1,0 + 4 a0,1 + 8 a2,1

− 4 a0,3 + 4 a0,5 + 6 b3,2 − 8 b3,0
)
a1,2

+
(
60 b1,4 − 58 a2,3 − 32 b1,2 + 24 a0,1 + 60 a4,1 − 30 b3,2 + 56 a0,5

+ 32 a2,1 − 40 a0,3 + 24 b3,0 + 24 b1,0
)
b0,5
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+
(
8 a0,1 + 8 a2,1 + 84 b5,0 − 60 a0,5 + 30 a2,3 + 24 a0,3 − 42 b3,2

+ 40 b3,0 − 8 b1,2 + 8 b1,0
)
b4,1

+
(
− 33 b5,0 + 23 a2,3 + 6 b3,2 − 5 b1,4 − 44 a0,5 − 12 b1,0 + 28 a0,3

+ 6 a4,1 − 12 a0,1 − 24 b3,0
)
b0,3

+
(
− 16 b0,2+20 b0,4−12 b2,0−12 b4,0−2 a1,1+2 a1,3−14 a3,1+12 b0,0+16 b2,2

)
a2,2

+
(
− 16 a2,0 − 12 a4,0 − 12 a0,0 + 6 b1,1 − 18 b1,3 + 2 b3,1 + 4 a0,2 + 20 a0,4

)
b2,2

+
(
− 8 b1,0−40 b3,0−84 b5,0+16 a2,1−18 a2,3+40 a4,1−8 b1,2+24 b1,4+20 b3,2

)
a3,0

+
(
12 b0,2 − 48 b0,4 + 16 b2,0 + 8 b4,0 − 2 a1,1 − 18 a1,3 − 6 a3,1 + 8 b0,0

)
a4,0

+
(
− 4 a2,0 − 8 a0,0 + 22 b1,1 − 46 b1,3 + 50 b3,1 + 16 a0,2 − 8 a0,4

)
b0,4

+
(
− 2 a2,0 + 2 a0,0 − 4 b1,1 + 4 b1,3 − 2 a0,2 + 2 a0,4

)
a1,3

+
(
− 10 b0,2 − 2 b2,0 − 2 b4,0 + 12 a1,1 + 20 a3,1 − 2 b0,0

)
b3,1

+
(
− 12 b0,2 + 8 b4,0 + 2 a1,1 − 6 a3,1 + 8 b0,0

)
a0,2

+
(
4 b0,2 − 24 b2,0 − 48 b4,0 − 2 a1,1 + 6 a3,1

)
a0,4

+
(
12 b2,0 + 4 b4,0 + 2 a1,1 + 10 a3,1 + 4 b0,0

)
a2,0

+
(
4 a0,0 − 2 b1,1 + 18 b1,3

)
b0,2 +

(
8 a0,0 − 2 b1,1 + 18 b1,3

)
b2,0

+ (−2 b1,1 + 30 b1,3)b4,0 − 2(b1,1 + 3 b1,3) b0,0 + 2(−a1,1 + 3a3,1) a0,0,

B10 =
(
20 a2,3 − 16 b1,2 − 42 b3,2 − 5 a0,1 + 24 b1,0 + 40 b3,0 + 56 b5,0 − 16 a2,1

− 4 a4,1 − 8 b1,4 − 8 a0,3 + 40 a0,5
)
a1,0

+
(
12 b5,0 − 2 a2,3 − 9 b3,2 − 10 b1,4 + 51 a0,5 + 12 b1,0 − 16 a0,3 − 8 a2,1

− 8 b1,2 − 9 a4,1 − 4 a0,1 + 12 b3,0
)
b0,3

+
(
4 b5,0 + 6 a2,3 + 5 a4,1 + 10 b1,4 + 4 b1,0 − 4 a0,1 − 8 b1,2 + 8 a0,3

− 11 a0,5 − 9 b3,2 + 4 b3,0
)
a1,2

+
(
− 24 a0,1 − 32 a2,1 − 56 b5,0 + 30 a2,3 + 24 a0,3 − 60 b1,4 − 60 a4,1

+ 58 b3,2 − 40 b3,0 + 32 b1,2 − 24 b1,0
)
b4,1

+
(
42 a2,3 + 8 b1,2 − 8 a0,1 − 30 b3,2 + 60 b5,0 − 84 a0,5

− 8 a2,1 + 40 a0,3 + 24 b3,0 − 8 b1,0
)
b0,5

+
(
− 16 b0,2 + 12 b0,4 + 4 b2,0 − 20 b4,0 + 6 a1,1 − 2 a1,3

+ 18 a3,1 + 12 b0,0 − 16 b2,2
)
a2,2

+
(
− 16 a2,0 − 20 a4,0 − 12 a0,0 − 2 b1,1 + 14 b1,3 − 2 b3,1 − 12 a0,2 + 12 a0,4

)
b2,2

+
(
− 4 b0,2 + 48 b0,4 + 16 b2,0 + 8 b4,0 + 22 a1,1 − 50 a1,3 + 46 a3,1 + 8 b0,0

)
a4,0

+
(
− 10 a2,0 + 2 a0,0 + 12 b1,1 − 20 b1,3 − 2 a0,2 + 2 a0,4

)
a1,3

+
(
12 a2,0 − 8 a0,0 − 2 b1,1 + 6 b1,3 + 18 b3,1 + 16 a0,2 − 8 a0,4

)
b0,4

+
(
− 2 b0,2 − 2 b2,0 − 2 b4,0 − 4 a1,1 − 4 a3,1 − 2 b0,0

)
b3,1

+
(
4 b0,2 + 8 b2,0 + 48 b4,0 − 2 a1,1 − 30 a3,1

)
a0,4

+
(
− 12 b0,2 − 24 b4,0 + 2 a1,1 + 18 a3,1 + 8 b0,0

)
a0,2

+
(
24 b1,0 + 40 b3,0 + 56 b5,0 + 12 a2,3 + 20 a4,1 − 24 b1,2 + 24 b1,4 − 50 b3,2

)
a3,0

+
(
12 b2,0 + 4 b4,0 + 2 a1,1 + 18 a3,1 + 4 b0,0

)
a2,0 +

(
4 a0,0 − 2 b1,1 + 10 b1,3

)
b0,2

+
(
8 a0,0 − 2 b1,1 − 6 b1,3

)
b2,0 + (−2 b1,1 − 6 b1,3)b4,0

− 2 (−a1,1 + 3a3,1)a0,0 − 2 b0,0(b1,1 + 3 b1,3),

B11 =
(
− 12 a2,1 − 16 a2,3 − 40 a4,1 + 20 b1,2 − 20 b1,4 + 26 b3,2 + a0,1
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− 4 b1,0 − 4 b3,0 − 4 b5,0 − 20 a0,3 + 20 a0,5
)
a1,0

+
(
4 a0,1 + 20 a2,1 + 4 b5,0 + 60 a0,5 − 54 a2,3 − 36 a0,3

+ 48 b1,4 + 48 a4,1 − 26 b3,2 + 4 b3,0 − 20 b1,2 + 4 b1,0
)
b4,1

+
(
− 60 b1,4 + 30 a2,3 + 28 b1,2 − 20 a0,1 − 60 a4,1 + 54 b3,2

− 48 b5,0 − 28 a2,1 + 20 a0,3 − 36 b3,0 − 20 b1,0
)
b0,5

+
(
− 12 b3,1−2 a2,0+2 a0,4−6 a0,0+22 a4,0−12 b1,3+6 a0,2+14 a2,2+4 b1,1

)
a1,3

+
(
2 a1,1 + 14 a3,1 − 2 b4,0 − 2 b2,0 + 6 b0,2 − 2 b0,4 − 2 b2,2 − 2 b0,0

)
a2,2

+
(
− 2 b2,0 − 2 b2,2 − 2 b4,0 + 6 b0,2 − 10 b0,4 − 2 a1,1 + 6 a3,1 − 2 b0,0

)
a0,2

+
(
− 6 b0,0 + 26 b2,0 + 42 b4,0 − 6 a1,1 − 18 a3,1 − 30 b0,4 + 18 b0,2 − 14 b2,2

)
a0,4

+
(
2 b0,2 − 2 a1,1 − 6 b0,0 − 6 b4,0 − 10 a3,1 − 6 b2,0 + 10 b2,2 + 2 b0,4

)
a2,0

+
(
− 4 b1,0−4 b3,0−4 b5,0−16 a2,1+12 a2,3−44 a4,1+20 b1,2−36 b1,4+26 b3,2

)
a3,0

+
(
2 b0,2 − 6 b2,0 + 18 b0,4 − 14 a3,1 + 10 b2,2 − 6 a1,1 − 6 b4,0 − 6 b0,0

)
a4,0

+
(
4 a2,1−22 a2,3+3 a4,1+4 b1,2+10 b1,4+3 b3,2+8 a0,1−20 a0,3+15 a0,5

)
b0,3

+
(
2 b0,2 − 6 b2,0 − 6 b4,0 + 2 a1,1 − 6 a3,1 − 6 b0,0 + 10 b2,2

)
a0,0

+
(
2 a0,0 − 16 b1,1 + 28 b1,3 − 28 b3,1

)
b0,4

+
(
− 8 a2,1 + 6 a2,3 − 11 a4,1 + 4 b1,2 − 10 b1,4 + 3 b3,2 − 4 a0,1 + 5 a0,5

)
a1,2

− (8 b0,2 + 4 b2,2)b1,3,

B12 =
(
− 6 a2,3 + 12 b1,4 + 12 a2,1 + 20 a4,1 + a0,1 − 4 b1,0 − 4 b3,0

− 4 b5,0 − 4 b1,2 − 4 b3,2 + 12 a0,3 − 44 a0,5
)
a1,0

+
(
4 a0,1 − 4 a2,1 + 4 b5,0 − 48 a0,5 + 30 a2,3 + 12 a0,3 − 12 b1,4

− 12 a4,1 + 4 b3,2 + 4 b3,0 + 4 b1,2 + 4 b1,0
)
b4,1

+
(
48 b1,4 − 66 a2,3 − 28 b1,2 + 12 a0,1 + 48 a4,1 − 30 b3,2

+ 12 b5,0 + 84 a0,5 + 28 a2,1 − 44 a0,3 + 12 b3,0 + 12 b1,0
)
b0,5

+
(
− 12 b3,1+6 a2,0+6 a0,4−6 a0,0+18 a4,0+20 b1,3−2 a0,2−2 a2,2−12 b1,1

)
a1,3

+
(
− 6 a1,1 − 22 a3,1 − 2 b4,0 − 2 b2,0 + 6 b0,2 − 2 b0,4 + 14 b2,2 − 2 b0,0

)
a2,2

+
(
− 2 b2,0 + 14 b2,2 − 2 b4,0 + 6 b0,2 − 10 b0,4 − 2 a1,1 − 18 a3,1 − 2 b0,0

)
a0,2

+
(
− 6 b0,0 − 6 b2,0 − 6 b4,0 + 2 a1,1 + 30 a3,1 + 2 b0,4 + 2 b0,2 − 14 b2,2

)
a0,4

+
(
2 b0,2 − 2 a1,1 − 6 b0,0 − 6 b4,0 − 10 a3,1 − 6 b2,0 + 10 b2,2 − 14 b0,4

)
a2,0

+
(
− 4 b1,0 − 4 b3,0 − 4 b5,0 + 8 a2,1 − 18 a2,3 + 16 a4,1 − 4 b1,2 + 12 b1,4 − 4 b3,2

)
a3,0

+
(
2 b0,2 − 6 b2,0 − 30 b0,4 − 14 a3,1 + 10 b2,2 − 6 a1,1 − 6 b4,0 − 6 b0,0

)
a4,0

+
(
2 a0,0 + 8 b1,1 − 20 b1,3 + 8 b3,1

)
b0,4

+
(
2 b0,2 − 6 b2,0 − 6 b4,0 + 2 a1,1 − 6 a3,1 − 6 b0,0 + 10 b2,2

)
a0,0

+
(
4 a2,1 − 9 a2,3 + 4 a4,1 + b1,4 + 4 a0,1 − 8 a0,3 + 10 a0,5

)
a1,2

+
(
19 a2,3 − b1,4 + 20 a0,3 − 54 a0,5

)
b0,3,

B13 =
(
− 8 a2,1 + 34 a2,3 − 12 a4,1 + 8 b1,2 − 12 b1,4 + 6 b3,2 + 16 a0,3 − 56 a0,5

)
b0,5

+
(
4 a0,0 − 16 a2,2 − 4 a0,2 + 8 b1,3 − 8 a0,4 + 4 a2,0 + 4 a4,0

)
a1,3

+
(
− 5 b0,3 + 3 a1,2 − 6 b4,1 + 6 a1,0 + 6 a3,0

)
a2,3

+
(
− 16 b0,2 + 32 b0,4 + 8 a1,1 + 12 a3,1 − 8 b2,2

)
a0,4

+
(
26 b0,3 − 10 a1,2 + 12 b4,1 + 16 a1,0

)
a0,5 + (b1,4 + 4 a0,3)a1,2

+ (−b1,4 − 4 a0,3)b0,3 − (8 a2,2 − 4 b1,3)b0,4,
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B14 =
(
4 a0,0+4 a2,2+4 a0,2−8 a0,4+4 a2,0+4 a4,0

)
a1,3+

(
− b0,3+4 b0,5+a1,2

)
a0,5−2 a2,3b0,5,

B15 =
(
− b0,3 + 4 b0,5 + a1,2

)
a0,5 + 4 a0,4a1,3 − 2 a2,3b0,5.
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