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WELL-POSEDNESS AND EXPONENTTIAL STABILITY
OF THE WAVE EQUATION WITH DELAY AND
THERMODIFFUSION EFFECTS



Abstract. In this paper, we consider a wave equation with delay term and thermodiffusion effects.
At first, we prove the existence and uniqueness of the system by the semigroup theory. Next, under
appropriate assumptions, we prove the exponential stability of the solution by introducing a suitable
Lyapunov functional.
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1 Introduction

Delay effects arise in many applications and practical problems because most phenomena, naturally,
depend not only on the present state, but also on some past occurrences. We know that the dynamic
systems with delay terms have become a major research subject in differential equation since the
1970s of the past century (see, e.g., [1,2,8,9,12-14]). In fact, in many cases it was shown that delay
can be a source of instability and even an arbitrarily small delay may destabilize a system which is
uniformly asymptotically stable in the absence of delay unless additional conditions or control terms
have been used. For instance, in 1978, R. Datko [3] showed that the time delay in the velocity term
can destabilize the system

Ut (2, ) = Ugy(x,t) — 2us(z,t — 7) in (0,1) x (0, 00),
w(0,¢) = u(1,¢) =0, ¢ € (—7,+00), (1.1)
u(z,0) = up(x), wi(x,0)=uy(z) in (0,1),

where u = u(x,t) describes the displacement or rotational angle at spatial position z at time ¢.
The 1D wave equation is a second-order linear partial differential equation

Ut — gy = 0, (1.2)

where ¢ denotes the speed of wave. This equation serves as an important mathematical model for the
study of continuum dynamical systems. For example, longitudinal vibration of a beam [20], torsional
vibration of a shaft and transverse vibration of a taut string [19] can be modeled by the 1D wave
equation (1.2).

In 1986, R. Datko et al. [5] obtained the same result by replacing the internal delay in (1.1) by a
time delay in the boundary feedback control. Then, in 1988, R. Datko [4] presented two examples of
hyperbolic partial differential equations which are destabilized by small time delays in the boundary
feedback controls.

In the n-dimensional case, it is well-known that the problem

uge(x,t) — Au(z, t) + ague(z, t) + aur(z,t —7) =0 in Q x (0, 00),
u(z,t) =0 on 'y x (0,00),
ou

s (z,t) =0 on I'; x (0,00),

(1.3)

is exponentially stable in the absence of delay (o« = 0, ap > 0). In the presence of delay (o > 0),
in [15], S. Nicaise and C. Pignotti examined system (1.3) and proved that, under the assumption that
the weight of the feedback is larger than the weight of the delay (o < ag), the energy is exponen-
tially stable. However, in the opposite case, they could produce a sequence of delays for which the
corresponding solution is instable. S. A. Messaoudi et al. [9] considered a wave equation with a strong
damping and a strong delay

ug(z,t) — Aulz, t) — prAug(x, t) — peAug(x,t —7) =0 in Q x (0, 00),
u(z,t) =0 on 05 x (0,00),

w(z,t —7) = folz,t —7), t€(0,7),

u(z,0) = up(x), wp(x,0)=ui(z) in Q,

(1.4)

where 2 is a bounded and regular domain of R™, 7 > 0 represents the time delay, p1, ps are real
numbers such that |us| < p1 and ug, uy, fo are the given data. The equation is regarded as a
Kelvin—Voight linear model for a viscoelastic material in the presence of a delay response. In the
second part of [9], the constant delay term in (1.4) is replaced by the distributed delay term of the

T2
form — [ po(s)Au¢(z,t — s)ds, where us : [11,72] — R is a bounded function and 71 < 7» are two
T1

positive constants. They proved the well-posedness and established an exponential decay results under
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suitable conditions on the weights of the constant (respectively, distributed) delay and on the weight
of damping terms.

On the other hand, it may not only destabilize a system which is asymptotically stable in the
absence of delay, but may also lead to the ill posedness (see [4,18] and the references therein). There-
fore, the stability issue of systems with delay is of great theoretical and practical importance. In [18],
R. Racke considered the following system with thermoelasticity:

Oi(x,t) — KOz (x,t) + yuge(z,t) =0 (15)

{utt(x, t) — Qugg(x,t —7) + 0. (x,t) =0,
where a, v, k and L are some positive constants. The functions u(x,t) and 6(x, t) describe, respectively,
the displacement and the temperature difference, with « € (0, L) and ¢ > 0. Moreover, 7 > 0 is the
time delay. R. Racke proved that the internal time delay leads to ill-posedness of the system. However,
the system without delay is exponentially stable (see, e.g., [7,11,17]). In [10], S. M. Khatir and F. Shel
added to the delayed equation in system (1.5) a Kelvin—Voigt damping of the form —pSu,.:(z,t) for
some real positive number § which eventually depends on «, 7, K and 7. They proved the well-
posedness of the system by the semigroup theory. Next, under appropriate assumptions, they proved
the exponential stability of the system by introducing a suitable Lyapunov functional.

In the present work, we introduce a wave equation model with delay, thermal, mass diffusion and
thermoelastic effects. The equation is modeled by the following system:

Ugt — DUgy + paus + prous (2, t — 7) — (10, — (Cy = 0,
p@t + wC’t — k@w — Clumt = 0, (16)
Cy — h(Cuy + 0C — wb) e = 0,

where (z,t) € (0,1) x (0,400), 7 > 0 represents the time delay and 1, po are two positive constants.
The function C' denoted the concentration of the diffusive material in the elastic body. Here, h > 0 is
the diffusion coeflicient, w is a measure of the thermodiffusion effect. In order to simplify the system,
we use the following relation between chemical potential P and the concentration of the diffusion
material C:

C = % (P — (ouy + wb).

Here, p is a measure of the diffusive effect, we put

2 2
w w w 1
a,:b7<727 71:C1+<27a ’YZZQa C:p+77 dziv r=-—.
0 0 0 0 o 0
Substituting in (1.6) the physical positive constants y1, ¥2, r, ¢ and d satisfying
A=rc—d* >0, (1.7)

the problem becomes

Ut — QUgy + 1t + oty (2,6 — 7)) — 710, — 72 Py = 0,
cly +dP; — kOypy — Y1ugr = 0, (18)
Ay +rP; — hPpy — Y2Ugt = 0,
where (z,t) € (0,1) x (0,400). This system is subjected to the boundary conditions
u(0,t) = u(1,t) = 6(0,¢t) = 6(1,¢) = P(0,t) = P(1,t) =0, Vt >0, (1.9)
and the initial conditions
u(z,0) = uo(x), wu(x,0)=wui(z), € (0,1),

0(x,0) = 0p(x), P(x,0)= Py(z), x € (0,1), (1.10)
ug(z,t — 1) = folz,t — 1), (z,t) € (0,1) x (0,7).
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The aim of this paper is to study the asymptotic stability of system (1.8)—(1.10) provided that (1.7)
is satisfied. Here, we prove the well-posedness and stability results for problem (1.8)—(1.10) under the
assumption

pa > |pal. (1.11)

The main features of this paper are summarized as follows:

(a) In Section 2, we adopt the semigroup method to obtain the well-posedness of problem (1.8)-
(1.10).

(b) In Section 3, we use the multiplier method to prove the exponential stability of problem (1.8)—
(1.10).

2 Well-posedness

In this section, we give the existence and uniqueness result of problem (1.8)—(1.10) by using the
semigroup theory. To this end, we first transform (1.8) into an equivalent problem by introducing, as
n [15], a new dependent variable

Z(xapat) = ut(xatpr)v HS (Ovl)a P € (071)a t>0.

Then we obtain
(@, p,t) + 2p(a,p,t) = 0, @€ (0,1), pe(0,1), t>0.

Hence system (1.8)—(1.10) is equivalent to

Ut — AUgy + prus + poz(, 1,8) — 110, — v2 P =0, (z,t) € (0,1) x (0,+00),
by + dP; — KOy — y1uge =0, (z,t) € (0,1) x (0,400),

dOy + 1P — hPpy — youge = 0, (z,t) € (0,1) x (0, +00),

Tze(x, p,t) + 2p(z, p,t) =0, (z,p,t) € (0,1) x (0,1) x (0, 00),

2.1
u(0,t) = u(1,t) = 6(0,t) = 6(1,¢) = P(0,t) = P(1,t) =0, Vt >0, @1)
w(z,0) = up(x), w(x,0)=ui(z), =€ (0,1),
0(x, ) =0(z), P(x,0)= Py(x), =€ (0,1),
z(x,1,t) = fo(z,t —71), t € (0,7).
Introducing the vector function U = (u, us, 0, P, z)”, system (2.1) can be written as
U'(t) = AU (t), t>0, (2.2)
U(0) = Uy = (uo,u1,60, Po, fo)", '

where the operator A is defined by

Ut
AQUgy — U1UE — MZZ(xv 1at) + ’7191 + 72Pw

ﬁaxm - ypzm + (@)Uu

AU = )\h ]i\d p
hp N 2 d4n
1
—= t
T Zﬂ(xvpv )

We introduce the following Hilbert space:

H = H}(0,1) x L*(0,1) x L*(0,1) x L*(0,1) x L*((0,1), L*(0,1)).



6 Madani Douib, Mohamed Aidi

For a positive constant ¢ satisfying
Tluz| < € < 7(2m — |p2l), (2.3)
we equip H with the inner product
1 1 1

(U,ﬁ)q.[ :/utﬂtdx—k/auwﬂxda:—i—/cﬁgdm—i—/dPadx
0 0 0 0

1 1 1 1
+/d015dx+/rP]5d:z:+§// Z(z, p) dpda.
0 0 0 0

The domain of A is
D(A) = {U eH: we H(0,1)n HL(0,1),
0,P € HL(0,1), 2z, € L2((0,1), L2(0,1)), z(x,0) = ut(x)}.

Clearly, D(A) is dense in H.
We have the following existence and uniqueness result.

Theorem 2.1. Under assumption (1.11), for any Uy € H, there exists a unique weak solution
U € C(RT,H) of problem (2.2). Moreover, if Uy € D(A), then

UecCRT,DA)NCHRT,H).

Proof. To obtain the above result, we have to prove that A : D(A) — H is a maximal monotone
operator. For this purpose, we need the following two steps: A is dissipative and Id — A is surjective.

Step 1. A is dissipative.
For any U € D(A), using the inner product and integration by parts, we can imply that

1 1

(AU, U)y = — 11 /uf dx — po /utz(x, 1,t) dx

0 0
1 1
_h/pgdx_ /2 /
0 0

Using Young’s inequality, the second term in the right-hand side of (2.4) gives

ﬂ\m

(x,p)zp(z, p,t) dpdz. (2.4)

O\H

1

1
—,ug/utz(x,l,t) dx < Jpiz| /ut dx + |M22| 22(x,1,t) d.
0 0

Also, using integration by parts and the fact that z(z,0,t) = wu, the last term in the right-hand side

of (2.4) gives
11 1
//zmp, )2p(x, p,t) dpdax = /ufdw
00 0

Consequently, (2.4) yields
1 1

(AU,U)H§—<N1—%—% /u dx — /Pde /92d — i—M /z2

0 0

N
N

1
/22(3:, 1,t)dx —
0
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and, using (2.3), we get

1 1 1
(AU, U)y <—mo</ufdx+/9idm+/Pfdx+ zQ(m,l,t)dm) <0,
0 0 0

o _

where

Hence the operator A is dissipative.

Step 2. Id — A is surjective.

To prove that the operator Id—A is surjective, we need to prove that for any F' = (f1, fa, f3, fa, f5) €
H , there exists U € D(A) satisfying
(Id—- AU =F, (2.5)

which is equivalent to
u—ut = fi,
Ut — AUgy + pity + poz(x, 1,t) — v10, — Y2 P = fo,
A0 — 1kl + hdPyy — (ry1 — dya)ue = Afs, (2.6)
AP — chPyy + kdOyy — (cy2 — dyi) e = A fa,
T2(x, p,t) + 2p(x, p, t) = T f5.

We note that the fifth equation in (2.6) with z(x,0,¢) = u:(z, ) has a unique solution
p
2(z, p, t) = u(x)e™ " — fi(z)e 7P + TefT”/e”f5(x, s)ds. (2.7)
0

Clearly, z,z, € L?((0,1),L?(0,1)). Inserting u; = u — f1 and (2.7) in (2.6)2, (2.6)3 and (2.6)4, we
obtain
HoUl — QUgy — Vlar - '-YQPT = 4g1,
A — 1kl + hdPyy — (ry1 — dy2)uz = ga, (2.8)
AP — ChP:cz + kdea::r - (C’YZ - d71)u$ = 93,

where

po =1+ p1 + poe™7,
1

g1 = pofi + fa — H2T€77/6Tsf5($,5) ds,
0
g2 = Mz — (171 — dv2) fres 93 = AMfa — (ey2 — dm1) f1a-

Multiplying (2.8)1 by %, (2.8)2 by £6, (2.8)3 by & P, (2.8)2 by 4 P and (2.8)3 by 4 6 and integrating
their sum over (0, 1), we can obtain the following variational equatlon

B((u,0,P), (u,0,P)) =G(u,b,P), (2.9)
where B : [H}(0,1) x L?(0,1) x L?(0,1)]?> — R is the bilinear form given by

1 1 1 1 1
B((U,G,P),(ﬂ,g,?)) = /uﬂda:Jra/uxﬂxd:z:qLc Haderk/G 9, derr/Psz
0 0

1 1 1
h/PP derd/@PJrPH derfyz/ fPuz d:rJrfyl/Gumquz
0 0 0 0
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and G : [H}(0,1) x L?(0,1) x L?*(0,1)] — R is the linear form defined by
1 1 1 1 1
— _ c — r — d — d —
G(u,0,P)= [ qudx + X gof dx + X g3Pdz + 3 goPdx + X g30 dzx.
0 0 0 0 0

It is easy to verify that B is continuous and coercive, and G is continuous. Consequently, by the
Lax-Milgram Lemma, system (2.9) has a unique solution

(u,0, P) € Hy(0,1) x L*(0,1) x L*(0,1).
Applying the classical elliptic regularity, it follows from (2.9) that
(u,0, P) € (H*(0,1) N Hy(0,1)) x Hy(0,1) x Hy(0,1).

Hence there exists a unique U € D(B) such that (2.5) is satisfied. The operator Id — A is surjective.
Consequently, the result of Theorem 2.1 follows from the Lumer—Phillips theorem (see [6,16]). O

3 Exponential stability

In this section, we prove the exponential decay for system (2.2). It will be achieved by using the
perturbed energy method. We define the energy functional E(t) as

1 1

1

E(t) = 2/[ f+aui+c€2+2dP9+TP2+£/22(x,p,t)dp} dz.
0 0

Noting (1.7), for 6, P # 0 we have

4

A
2 4 2dOP +rP?* = ~6?
c0® +2dYP + r T9+(\/;

2
0+ \/FP) > 0,
whence we get that the energy E(t) is positive.

The stability result reads as follows.

Theorem 3.1. Let (u,0, P, z) be a solution of (2.1) and assume that (1.11) holds. Then there exist
two positive constants ko and ki such that

E(t) < koe ™!, ¥t >0.
The proof will be established through the following Lemmas.

Lemma 3.1. Let (u,0, P, z) be a solution of (2.2) and assume that (1.11) holds. Then we have the
inequality

1 1 1 1
E'(t) S—C’l/ufdx—k/@idz—h/Pgdx—Cg/ZQ(x,l,t)dxSO, (3.1)
0 0 0 0
e £ Ll ¢ Il
— S K2 _ S _ K2l
Gi=m-5- =% G=5 %

Proof. Simple multiplication of equations (2.1)1, (2.1)2 and (2.1)3 by wu, 6 and P, respectively, and
integration over (0,1), using integration by parts and the boundary conditions, yield

1

1 1 1 1
t{/ufd:ch/auidaer/CGdeJr/ZdPGdqu/rPQd:c}
0 0 0 0

0

N | =
&‘g‘

1 1 1 1
= ful/u?d:ﬂfug/utz(x,l,t)dmfk/&gdxfh/Pgdm. (3.2)
0 0 0 0
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Now, multiplying equation (2.1)4 by gz(a?, p,t) and integrating over (0,1) x (0, 1), and recalling that
2(x,0,t) = ug(x,t), we obtain

11 1 1

i 2 i 2 i/ 2

7 //z x,p,t) dpdx = 2T/ut dx 5 | * (z,1,t)d (3.3)
00 0 0

A combination of (3.2) and (3.3) gives

DO [y
Sy

&3
~
S~—

A~
=

-

I
N"m
~—

O\H
wgw

U

8
=
(V]

O\H
5

l\z

H

-

H~

Q.

Z%

??‘
O\H
Cb
Q.

H
b‘
O\H
W%

S
8
§lm
O\H
NM
%2
-

H.

&

8
—

w
N

Simple substitution of (3.5) into (3.4) and use of (1.4) gives (3.1). The proof is complete. O

Lemma 3.2. Let (u,0, P, z) be a solution of (2.1). Then the functional

1
= /uut dx
0

satisfies the estimate

1 1

1 1 1
2u? 2 2 22 22
L’l(t)g—f/ugdﬁ(ﬂﬂ)/u do + 1 /9 J/%@,l,t)dmﬁ/afdx. (3.6)
2 a a a a
0 0 0

0 0
Proof. Taking the derivative of L;(t) with respect to ¢t and using (2.1);, we have

1 1 1 1 1

——a/uidm—l—/u?dm—ul/utudx ug/uz x,1,t) dm+fyl/u9$da:+’yg/qudx. (3.7)

0 0 0 0 0
Making use of Young’s inequality and Poincaré’s inequality, we obtain

1 1 1

2 2
— 1 /utu dx < %/ui dx + % u? da, (3.8)
0 0 0
1 1 02 1
— 2 /uz(x, Lit)ydr < - [ vlde+ % 2%(x,1,t) dz, (3.9)
0 0 0
1 1 o2 1
n [ ubyda < g u? dz + l/eg dz, (3.10)
a
0 0 0
1 1 o2 1
Yo [ uP,dx < %/ui dx + ﬁ/Pf dzx. (3.11)
a
0 0 0

Estimate (3.6) follows by substituting (3.8)—(3.11) into (3.7). O
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Lemma 3.3. Let (u,6, P, z) be a solution of (2.1). Then the functions

11
z//e_Q”’z x,p,t) dpdx
0 0

satisfies, for some positive constants ny and na, the estimates

1 1 1
1
/22 (z,p,t dpdm—ng/ZQ(x71,t)dx+f/u?da:.
T
0 0 0

Proof. Differentiating Lo (t) with respect to ¢, and using equation (2.1)4, we obtain
1

Ll —nq

C o

0
1 . 11 5

= —2//@72”’,22(3:,;),1?) dpdx — ;//a—p (e7*772%(z, p,t)) dpdx
00 0

0
11 . 11 5
< —mo//zz(x,p,t) dpdxff//5(6727’)22(1‘,;),25)) dpdzx.
T P
00 0

0
Simple integration of the last term, recalling that z(x,0,t) = u;, gives the result.
Now, we turn to prove our main result in this section.
Proof of Theorem 3.1. We define the Lyapunov functional £(t) by
L(t) = NE(t) + L1(t) + La(t),

where N is positive constant.
Differentiating £(t), exploiting (3.1), (3.6) and (3.12), we get

1 1
2
L)< - [Cle (2;‘1 /u dz — g/uidzf [k:Nf %} /93 dz
0 0

a a

(3.12)

1 1 11
2v2 243
- [th&} /Pfdxf |:CQN+7’L2* ﬁ} /Zz(x,l,t)dcﬂ7”1//2’2($,p,t) dpdz.
0 00

0
At this point, we choose N sufficiently large so that

2 1 292 292 243
(u1+1)+%%uz_nz}

1
N _
>max{c 7Cy ak ahaCy Oy

1

Consequently, from the above we deduce that there exist a positive constant aq such that

L'(t) < —agE(t).

(3.13)

On the other hand, it is not hard to see that L(t) ~ E(t), i.e., there exist two positive constants o

and «s such that
a1 B(t) < L(t) < azE(t), Vt>0.

A combination of (3.13) and (3.14) gives
L'(t) < =k L(1), V=0,
where k1 = £2. A simple integration of (3.15) over (0,¢) yields
L(t) < L(0)e Mt vt >0.

Thus the conclusion of Theorem 3.1 follows.

(3.14)

(3.15)
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