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1 Introduction

Fractional calculus has long been an appealing research topic in functional space theory due to its
applicability in the modeling and practical understanding of natural phenomena. Indeed, various
applications in viscoelasticity and electrochemistry have been explored. Noninteger derivatives of
fractional order have been effectively applied to generalize the fundamental laws of nature. For more
details, we recommend [1-3, 10,12, 15,21-23,25-30] and the references therein. Many papers and
monographs have lately been published in which the authors studied a wide range of results for
various forms of fractional differential equations, inclusions with different types of conditions. One
may see the papers [5-9,17,18] and the references therein.

Recently in [20], Khalil et al. gave a novel definition of fractional derivative which is a natural
extension to the standard first derivative. The conformable fractional derivative is natural and satisfies
most of the properties that the classical integral derivative has, such as linearity, product rule, quotient
rule, power rule, chain rule, and it bring us great convenience when it is applied for modeling many
physical problems [4,11, 24].

Very recently, in [13], F. Gao and C. Chi claimed that there are still shortcomings or disadvantages
for the conformable derivative and in order to overcome this difficulty, they proposed an improved
conformable fractional derivative. The benefit of the improved conformable derivative is that its phys-
ical behavior is closer than the conformable fractional derivative of Riemann—Liouville and Caputo.
This improved conformable fractional derivative has a great potential in simulating various physical
problems that typically employ the fractional derivative of Riemann—Liouville and Caputo.

In [16], the authors introduced a new conformable fractional derivative which obeys all the above-
mentioned classical properties. It can be considered as a generalization of the conformable derivatives
introduced by Khalil et al. [20] and Katugampola in [19]. Furthermore, because there are currently
few studies in the literature focusing on the generalized conformable fractional derivative, we have
an opportunity to make a substantial contribution to the field. We think that by researching the
conformable fractional derivative, we may obtain a better grasp of its traits and capabilities, as well
as contribute to the continued advancement of fractional calculus.

In this paper, we study the existence and uniqueness of solutions for the impulsive initial value prob-
lem with nonlinear fractional differential equation involving the improved Caputo-type conformable
fractional derivative with retardation and anticipation:

STay(®) = [ty (), t€0:=O\{t1,...,tm}, ©:= k1, K], (1.1)
Ayl,_, = Brly(ty)); k=1,...,m, (1.2)
y(t) = x(t), t €[k —r ], >0, (1.3)
y(t) = X(t), t € [ra,ha+46], §>0, (1.4)

where 0 < o < 1, and tc;ﬁ is the improved Caputo-type conformable fractional derivative defined
n [13], f : © x PC([-r,0]) — R and ¥, : R — R are the given functions to be specified later,
X € C([k2, k2 +0],R) and x € C([rk1 — 7, k1], R) with

X(Hl):o, K1 =1t <t1 <+ <l <tmg1 = k2 < 00,

y(tf) = lim y(ty +€) and y(t;) = lim y(ty +€)
e—0t e—0—

represent the right- and left-hand limits of y(t) at t = t, Ayli—, = y(t]) — y(t; ). By y' we denote
the element of PC([—r,d]) defined by

y'(s) =y(t+s), s€[-rdl

Next, we consider the impulsive boundary value problem with implicit nonlinear fractional dif-
ferential equation involving a generalization of the conformable fractional derivative with retardation
and anticipation:

§.DY(t) = g(t,y'(- ), 5. Dy(t)), te O:=0\{t1,...,tm}, O :=[k1,kKa2, (1.5)
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Ayl,_, = Ury(ty)); k=1,....m, (1.6)

Y1y(k1) + J2y(k2) = U3, (1.7)
y(t) =x(t), t €[k —r ] 7>0, (1.8)
y(t) =X(t), t € [ra,ka+6], §>0, (1.9)

where 0 < @ < 1, and § D is a new generalized conformable fractional derivative defined in [16],
g: 0 xPC([-rd) xR — R and ¥, : R — R are the given functions to be specified later, ¥ €
C([k2, k2 + O], R) and x € C([k1 — r, k1], R), ¥1, 02,03 € R such that ¢y + J5 # 0.

The structure of this paper is as follows. Section 2 presents certain notations and preliminaries
about the improved conformable fractional derivatives used throughout this paper. In Section 3,
we present the existence and uniqueness result for problem (1.1)—(1.4) that is based on the Banach
contraction principle. Section 4 deals with the existence result of problem (1.5)—(1.9) using Schauder’s
fixed point theorem. In the last section, illustrative examples are provided in support of the obtained
results.

2 Preliminaries

First, we give the definitions and the notations that we will use throughout this paper. We denote by
C(6,R) the Banach space of all continuous functions from © into R with the norm

[ylloo = sup{|y(t)[}-
te®
AC(©,R) is the space of absolutely continuous functions on ©. Consider the Banach space
PC(O,R) = {y 0> R: yeC((tg,tg+1),R); k=0,...,m, and there exist

y(te) and y(tf): k=1,..om, with y(t7) = y(te) },
with the norm

lyllpc = sup |y(t)].
te®

Consider the Banach space

Pe(l-r,0) = {y: [-rd > R: 7 y(r) € C((mmea . R); k=0,...om,
and there exist y(7, ) and y(r;); k=1,...,m,
with y(7, ) = y(mx) and 7, =t —t for each t € (tk,tk+1]}

with the norm

Ylli—rs) = sup |y(t)]-
te[—r,d]

Also, define the following space:

C = {y tlkr =R +0] = Ry, —r k€ Clk1 — 7, k1)),

y|[’§17“2] < IPC(@JR) and y|[:‘€2,/€2+5] € C([HQ’HQ + 5])}

with the norm

ylle = sup {|y(t)] : K1 —7r <t <ry+5}.
Consider the space X} (k1,k2) (b € R, 1 < p < 00) of those real-valued Lebesgue measurable functions
fon [k1, ke for which [|f||x» < oo, where the norm is defined by

K2

g = [t §)" @ <p<o bem

K1
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Definition 2.1 (The conformable fractional derivative [20]). Let f : [0,400) — R be a given function,
then the conformable fractional derivative of f of order « is defined by

i JE ) — F ()
Ta(f)(t) = lim 6
for t > 0 and « € (0,1]. If f is a-differentiable in some (0,a), a > 0, and tli%l+7;(f)(t) exists, then
—
define

Ta(N(O) = lim To(/)(0)

If the conformable fractional derivative of f of order « exists, then we simply say that f is a-
differentiable. It is easy to see that if f is differentiable, then

Ta(H)(t) =7 f'(t).

Definition 2.2 (Generalized conformable fractional derivative [20]). Let f : [0, 4+00) — R be a given
function, then the new generalized conformable fractional derivative of f of order « is defined by

eDa(f)(t) — gg% f(t + Ee(a;l)t) — f(t)

for t > 0 and « € (0,1].

Definition 2.3 (The improved Caputo-type conformable fractional derivative [13]). Let f : R — R
be a given function. The improved Caputo-type conformable fractional derivative of f of order « is
defined by

~ —a l—ay _
CTNW) = lim [(1 = )(7(1) ~ fla)) +o LEHHZDTD W]

where —00 < a < t < 400, a is a given number and « € [0, 1].

Definition 2.4 (The improved Riemann-Liouville-type conformable fractional derivative [13]). Let f :
R — R be a given function. The improved Riemann-Liouville-type conformable fractional derivative
of f of order « is defined by

fltt+elt—a)'™®) - f(t)}

€

BETL(N®) = lim [(1 = a)f(t) + a

e—0
where —00 < a <t < 400, a is a given number and « € [0,1].

Lemma 2.1 ([13]). If a € [0,1], f and g are two a-differentiable functions at a point t and m,
n are two given numbers, then the improved conformable fractional derivative satisfies the following
properties:

e OTo(N) =0 for any constant \;

o $Ta(mf +ng) =mSTa(f) +nSTal9);

o BETo(mf +ng) = mEETL(f) + nlTalg);

o BETL(f9) = (1— )EETa(f)g + FEETalg) — (1 — a) fg;

o FETL(f(9(1)) = (1 — ) f(g(t) + af (9(£)) Talg(t)).

In order to proceed with our proofs, we have first to define the following fractional integral.

Definition 2.5 (The a-fractional integral). For o € (0,1] and a continuous function f, let

t

1 S l=a(s—a)®—(t—a)®
(z;gf)(t):E/Learz [(s=a) = (t=a)°] g

(s —a)l—@

a

t
It is worth noting that when a = 1, Z}, (f) = [ f(s) ds coincides with the usual Riemann integral.

a
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Lemma 2.2. If « € [0,1], f is an a-differentiable function at a point t, then we have:
o (T2 STalM) = F() = f(a);
o STaZg D) = £ (1)

Proof. Let a € [0,1]. Then for ¢t > a, we have

~ / CTaf)(s) 1 =2 [(s—a)" —(t—a)°]
T STaf)O) = ¢ [ 2R s
t
1 (A =a)(f(s) = fa) +als —a)' " f(s) 1=a(s—a)*—(t—a)?]
a / (s —a)l—« € t ds

—Q

t t
_l-a / f(s) = f(a) o [(5-0)" ~(1-a)°] ds+/f/(s)el(:—2“[(s—a)a—(t—a)a] ds
a (s —a)!

t
_1—a [ f(s) = fa) 1p(s—a)r—(t-a)) 12 (s—a)* —(t—a)]t
=— / oo e ds+ [f(s)ea 1.

t
1— — [e3 «@
_ a/(s _f(;))l_a SR (s—a)* —(1—0)°] g

«

= J(1) = fla)e 0"~ fa) =2 / L ) g

a J (s—ayie
= f(t) = f(a) a
Now, let us consider the following equation:
(1 —a)y(t) +alt —a)' =y (t) = f(?). (2.1)

By a variation of the constant method, we can, on the one hand, obtain

t

y(t) = / ) a0 g (2.2)

a(s —a)l—@

a

On the other hand, we have

(0% S—G

t
_1 / 2 (s—a) "~ (t-a)*] g (2.3)
0

From equations (2.1), (2.2) and (2.3), we can deduce that

CTaTE f)(t) = FETL(ZS (1) = f(2). m

Definition 2.6 ([16]). For a € (0,1] and a continuous function f, let

(T&f)(¢ /f (1=e)s g
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Lemma 2.3 ([16]). If « € [0,1] and f is a continuous function, then for t > a, we have:

o (Tgx GD*(N)@) = f(t) - f(a);

« DT NE) = f(1).
Lemma 2.4. Let f : [k1, k2] x PC([—7,d]) = R be a continuous function. Then y € AC([k1,Ka]) s
a solution of the differential equation

Slﬁy(t) = f(tayt('))a te [Hl’HZ]a 0<a< 1’ (24)

if and only if y satisfies the following equation:
t
1 f(S,ys( i )) M[(s—m ) —(t—r1)?]
t) = — | —= e ez T vV lds. 2.
o) =uim) + 5 [ L ; (25)
K1

Proof. To obtain the integral equation (2.5), we apply the a-fractional integral to both sides of (2.4),
and by Lemma 2.2, we get

t

_ L[ f(s,9°(+)) o B (=) = (b= r1)°]
y(t) = y(’fl) + o / (s — n1)1 o ds.
K1

Now, we apply the improved Caputo-type conformable fractional derivative of order o to both sides
of (2.5), for t € © and by Lemma 2.1 and Lemma 2.2, we obtain

€ Tay(t) = f(t,y"(+)). O

Following the same steps as in the preceding lemma (i.e., by using Lemma 2.3), we can obtain the
following necessary result.

Lemma 2.5. Let g : [k1, k2] = R be a continuous function. Then y € AC([k1, k2]) is a solution of

the differential equation
il'Day(t) = g(t)7 te [H17H2]7 0<a< ]-7

if and only if y satisfies the following equation:

t

y(t) = y(k1) + /g(s)e(l_a)s ds.

K1

3 Existence and uniqueness results for the first problem

Lemma 3.1. Let 0 < a < 1, X € C([k2, k2 + 0], R) and x € C([k1 — r, k1], R) with x(k1) = 0, and
f:OxPC([—r,9]) = R and @ : R — R be the given continuous functions. Then problem (1.1)—(1.4)
has the following solution:

x(t) if t €[k — 1, K1,

(s—r1)*—=(t—r1)?] dS, te [f{lvtl]ﬂ
k 1 7 i
. l1-a « °
JORR DI CHIEEDY / (f(s’wew[(s—m_n (e g 1)

t

1 f(s,y°(-)) (=) (54} — (b—t)°] .

+E/W€T 5=ty Molds, if t € (tgytk]; k=1,...,m,
123

X(t) if t € [k2, k2 + 4]
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Proof. Assume that y verifies (1.1)—(1.4). If ¢ € [k1,t1], then we have
aTay(t) = f(ty'(-)):

By Lemma 2.4, we obtain

o= L [ L0 o

a ) (s—ky)!
K1

(s=r)* ==k g ¢ € [k, 11].

If t € (t1,t2], then Lemma 2.4 implies

t
L[ 60D ey

— + - oz [(s=t)" = (t—=t1)%] 4
y(t) = y(ta )+a/(5*t1)1 « §

t

- 1 (5,9°(+)) (la)stl t—t1)®
:Ay|t:t1 +y(t )Jra/ S_tl)l o om0 g

t1

t1
L Sy
(1 a) @ o
) tT - [(s=r1)*=(t1=r1)%] 4
o)+ 5 [ LR :
K1
t S
L lfwe%[<s—tl>a—<t—tl>“] is.
a ) (s—t)t—
t1

If t € (t2,t3], then Lemma 2.4 implies

t
y(t):y(t2+)+l/ fy"C)) ooty = g
(e}

o (S—tg)l
to
L[ fsy°()
_ Says . A=) [(g—tp)® —(t—t2)
:Ay‘t:tz—‘ry(tg )+a/me — [(s—12)* = (t—t2) ]dS
[2)
1 f fsy(-)
_ — (1 a) 1) —=(t1—k1)®
= B )+ Ba(u(t3) + 5 [ LI S gy
K1
to
E/Me(t—;)[(s—tl)a—(g—tl)a] ds
a ) (s—t)-@
t1
t
+l/ f(s,y°()) “Y;‘)[(s—tz)“—(t—tz)“] ds.
« (s—t2)1 a
ta

Repeating the process in this way, the solution y(t) for ¢t € (tg,tgs+1], where k = 1,...,

written as

/Ms(')ie“a“)[(a 10 ~(t=t0)°] g

m, can be
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Now, let us assume that y verifies equation (3.1). For ¢t € (t,tr+1], where kK = 0,...,m, and by
Lemma 2.1 and Lemma 2.2, we can apply the fractional operator t(’;'Ta( -) to obtain
G Tay(t) = f(ty' ()
Also, we can easily show that
Ay‘t:tk =Qu(y(t,)); k=1,...,m. O

In the sequel, the following hypotheses are used:
(Hy) The function f: © x PC([—r,d]) — R is continuous.
(H3) There exists a constant & > 0 such that
|f(t,B1) — f(t,B2)| < &illBr — Ballj=rs]

for t € © and $31, B2 € PC([-r,9]).

(Hs) There exists a constant & > 0 such that
|2(8) — @ (B)| < &8 — Bl
forany B, € Rand k=1,...,m

Now, we declare and demonstrate our first existence result for problem (1.1)—(1.4) based on the

Banach contraction principle [14].
Theorem 3.1. Assume that (H1)—(Hs) hold. If

(1 — e (2w (1 )

E::még—i—
l—«

<1,
then problem (1.1)—=(1.4) has a unique solution.
Proof. Let T : C — C be the operator defined by

x(t) if t € [k — 7, k1],

tr

K1 <t <t 51<tk<tt .
(Ta)() t
+l/ ( ( )) (11252) [(s=tr)* = (t—tr)“] ds. t€©
afl (s— tk)l @ ’ 7
123

() if t € [ka, o + 6).

According to Lemma 3.1, the fixed points of T" are the solutions of problem (1.1)—(1.4).

Let x1,29 € C. If t € [k1 — 1, k1] or t € [Ka, ko + §], then
‘(Tacl)(t) — (Txg)(t)’ =0.

For t € ©, we have

[(T21)(t) = (Txa) ()] < Y [®k(za(ty)) — Prlaa(ty))]

r1<tp <t

(3.2)

k
- 1 Fs,0°()) ooty ) (th—ti 1))
Z ‘I’k(y(tk))"’a Z / (5 —tp_1)l—o © o * o ds
1

tr
4 l Z |f(57:17?( ! )) B f(S,I;( ) ))| 6(1;7;)[(8—tk,1)u—(tk—tk,1)a] dS

— -
K1 <tr<t,’ (s = tp—1)! 7

/|f (S 56‘2( ))| e%“—)[(s—tk)a—(t—tk)a] ds.

S—tk)l [l
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By (Hz) and (Hs), we have

[(Ta1)(t) = (T2) ()| < Y &lra(ts) — 2a(t)]

K1 <tp<t

tr
L& 5 1 = @alli-rd) Oz (ot )o—tmtion)®] g

_ =
ri<tr<t,” (s —tp—1)'7

t
L& [l aeling ooty —-ne g,

« (s —tp)l—
tk

therefore,

|(Ta1)(t) = (Tw2)(8)| < D Eolra(tr) — w2 (tr)]

k=1

tr
T N I (] [ YT CR TN
st E : - - -4
+ o e S

— 1—
k=1, (S tk—l) *

t
L& [z mllire oppemny - 4y

@ (s —tg)l—
tr
(1 —eam (R2=r)™) (1 4 )

ITe1 = Taslle < [més + Jllz = 22lc

11—«
< L|zy — w2c-

Hence, by the Banach contraction principle, 7" has a unique fixed point which is a unique solution of
problem (1.1)—(1.4). O

4 Existence results for the second problem

We consider the following fractional differential equation:
£ D(t) = (), te O: =0\ {t1,...,tm}, O :=[k1,kKa, (4.1)

where 0 < o < 1, with the conditions

Ayl,_, = Trly(ty)); k=1,...,m, (4.2)

Y1y(k1) + J2y(k2) = U3, (4.3)
y(t) = x(t), t €[k —r k1], r>0, (4.4)
y(t) = X(1), t € [r2, k2 + 3], >0, (4.5)

where 0 < a < 1, ¢ € C(O,R), X € C([ka, k2 + 0],R) and x € C([k1 — r, k1], R), ¥1,92,93 € R such
that ¥7 + 92 # 0.

The next lemma shows that problem (4.1)—(4.5) has a unique solution.
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Lemma 4.1. The function y(-) satisfies problem (4.1)—(4.5) if and only if
x(t) if t €[k —r K],
95 9y ) 9 ] -y
— U, (y(t;)) — (1=a)s g
s s ) g [ et
t "
"1‘/@(8)6(1_0‘)3 dS, te [K’htl]a
y(t) = o "
U3 Po _ g / (1— ]
— U (y(t7)) — s g
R s ) g [ et
k ¢ "
+ 3 Wiy(t) + / () ds, if te (b tisal k=1,...,m,
i=1 2
X(t) if t € [ka, ko + 9]
Proof. Assume that y verifies (4.1)—(4.5). If ¢ € [k1, 1], then we have
 Doy(t) = (1)
By Lemma 2.5, we obtain
t
u(t) =y) + [ pls)el=ds, e st (46)

K1

If t € (t1,t2], then Lemma 2.5 implies

y(t) =yt *) +

o~
[
-

t
p(s)ett ™% ds = Ay|,_, +y(ti7)+ / p(s)el! = ds
ty

31 t
=)+ yton) + [ @)l + [ ols)elas
r1 b
If ¢t € (t2,t3], then Lemma 2.5 implies
p t
y(t) = y(t2+) + /gﬁ(s)e(lfa)s ds = Ay|t:t2 +ylta™) + / S0(5)6(1704)5 ds
i 0
t b .
=y(m) + Ta(y(tr) + a(y(t) +/90(8)e“’“)5ds+/s0(8)e(1*”‘)5ds+/so(s)e<1*“>3ds.
r1 b 0

By repeating the process in this way, the solution y(t) for ¢ € (tx,tx+1], where k = 1,...,m, can be

written as
& t

y(t) = ylmn) + 3 Taly(t7) + / o(s)el =" ds. (4.7)

i=1
Applying the boundary condition (4.3), we obtain
V1y(k1) + Doy(k2) = U3,

K2

Vs = (01 + D2)y(m1) + V2 ) Wily(t7)) + V2 / o(5)e1-5 s,

K1
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Thus

U3 U2 & - U2 _
Wi(y(t;)) — (1=e)s s,
V) = 5 s W) 5 [t
Replacing the value of y(k1) in equations (4.6) and (4.7), we get

U3 Uy - P _
_ 0. - _ (1—a)s
|:'l91 + 192 191 _|_ 192 Zzzl 1(y(t7, )) 191 + 192 /QD(S)C d8:|

t
+ [t ds, te st

y(t) = ) " o 0 (4.8)
3 N 2 ) — B 2 (1—a)s
U, (y(t; d
Ex<> 5 L)~ g [t !
k ¢ "
+Z\I/i(y(t;))+/s0(s)e(1*a)5ds if t€ (thytos1]; k=1,....m
i=1

Now, let us assume that y verifies equation (3.1). Using the fact that § D(t) = ela=Dt £/(1) for all
t € O (see [16]), for t € (tk,tk+1], where k = 0,...,m, and by Lemma 2.3, we can apply the fractional
operator § D(-) on both sides of (4.8) to obtain

1. Dy(t) = ().
Also, we can easily show that
Ay|t=tk =W,(y(ty)), k=1,...,m. O
As a consequence of Lemma 4.1, we have the following result.

Lemma 4.2. Let 0 < a < 1, X € C([kz2, k2+0],R) and x € C([k1—71,K1],R), and g : © x PC([—r,d]) X
R — R and ¥y : R — R be the given continuous functions. Then y € C verifies problem (1.5)—(1.9) if
and only if y is the fized point of the operator S : C — C given by

x(t) if t € [k —r K],
9 9y & } 9 [
_ V. : _ (1—a)s
|:'l91+'l92 191 +192 Zz:; l(y(tz )) 191 +'l92 /SO(S)B d5:|
(Sy)(0) = t i
b )+ et s e,
K1 <t <t 1
%(t) Zf te [lﬁ)g,lﬁ)g +(ﬂ,

where ¢ is a function satisfying the functional equation

e(t) = g(t,y*(+), (t)).

In this section, we demonstrate our existence result for (1.5)—(1.9) by employing the Schauder fixed
point theorem [14].
Assume that the following hypotheses hold:

(B1) The function g : © x PC([—r,d]) x R — R is continuous.
(B2) There exist the constants @y > 0 and 1 > ws > 0 such that
lg(t, B1, B1) — g(t, B2, By)| < @1l|B1 — Ballj—rs) + @2]B1 — Bal
for t € ©, By, B, € R and By, B2 € PC([-r,d]).
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(Bs) There exist the constants ws, w4 > 0 such that
[Wk(B)] < @5 + wal ]
forany e Rand k=1,...,m
Theorem 4.1. Assume that (B1)—(Bs) hold. If

_ mwy|ds| 4 oy + @1 |Ja| (e~ — eltm)m) n @y (e~ — )
1 + U2 (1 =) (1 = @2) [y + Vs (I=a)(1 - )

<1,

then problem (1.5)—(1.9) has at least one solution.

Proof. We establish the proof in several steps.

Step 1. S is continuous.
Let {y,} be a sequence such that y, — y in C. If t € [k — r, k1] or t € [Ka, ke + 0], then

[(Syn)(t) — (Sy)(t)] = 0. (4.9)

For t € ©, we have
|(Syn) (1) — (Sy)(t)]
|’l9 _ |19 1—a)s
|191+2192\Z|\I’ yn(t)) = ily(t))] |191+2192|/‘ o (s) = pls)lelt " ds
Y ) - )] + / ($n(s) — p(s)le(-D ds, (4.10)

where

en(t) = gty (+), on(t))
and

p(t) = g(t,y' (), ¢(t).
Since y, — y, and by (B1), we get ¢, (t) = ¢(t) as n — oo for each t € ©.
Then by Lebesgue dominated convergence theorem and (B;), equations (4.9) and (4.10) imply

IS (yn) — S(y)|lc = 0 as n — 0.

Consequently, S is continuous.

Step 2. S(Br) C Bg.
Let the constant R be such that

n -~
R > max {m’ HXH[ler,ml]v ”X”[nz,nz+5]}

with
_ mZU4|192| ¥ moos + wl|192‘(e(1—05)52 _ e(l—a)ﬁl) N wl(e(l—a)ﬁz _ e(l—a)ml) -
|91 + V2 (1—a)(1 —@2)[d + Vs (1-a)1—w2)
and
9 9 195 | (e(1—)r2 _ o(1—a)ks % (,(1—a)ke _ (1—a)r1
7= V3] mws|va| | g*[Va(e € )+mw3+9(€ € )
W1 +d2]  [91+92] (1 —a)(l —w@2)[dr + 2 (I—-a)(l—wm)

And we define the following ball:

Br={yeC: |ylc<R}.
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Then Bg is a closed, convex and bounded subset of C.
Let y € Br. We show that Sy € Bp.
If t € [k1 — 7, k1], then
1Sy < XNy —rma) < B,
and if ¢ € [Ka, ko + ¢], then
1Sy(®)] < [IX53,02+8) < R-

For t € ©, we get

|95 2]
Sy(t)| <
|Sy()] < |91 + U2 \191+?92|Z|

|192 (1—-a)s (1-a)s
+|191+192 ‘“0 e ds+ D |Uk(y(ty) |+ |<p e ds. (4.11)

r1<tp <t
By the hypothesis (Bs), for ¢ € ©, we have
e(®)] = |g(t. 5" (). ¢(t) — 9(t,0,0) + g(t,0,0)]
< |g(t,y" (), (1)) — 9(t.0,0)| + [g(t,0,0)|
< g + @yl + w2let)],

where g* = sup g(¢,0,0), which implies that

teo®
g* +wi R
<= =A.
ool < L2
Thus for t € O, from (4.11) and by (B3), we obtain
sl mlms + mBal Al / o
Sy(t)| < *3ds
ISy(0)] < [91 + Vo] |91 + Jqf |191 + 95

t
+ m(ws + waR) + A / el=)s gg
K1
[93] m(ws + waR)|[Va|  AlDy|(el—®)n2 — e(1=a)n)
91 + 9| [91 + I (1 — )|y + 99|

A
+m(ws + waR) + T (el=e)mr2 _ p(1=a)my

<R.
Then for t € [k1 — r, k2 + d], we have |Sy(t)| < R, which implies that ||Sy|c < R. Consequently,
S(BR) C Bg.

Step 3. S(Bgr) is equicontinuous and bounded.
By Step 2, we have S(Bg) is bounded.
Let 71,7 € ©, 4 < 79, and y € Bpg, then

T1

[(Sp)(r) = Sy = Y W)+ ‘ / p(s)el =" ds — / p(s)el =" ds

T1<tp<T2

K1

T1<tp<T2

< Y )+ / (o(5)]e =% ds.
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By condition (Bs), we obtain

(S)(m) — (S < S [yt )] + A / (1= g

T1<tp<T2 b

- A —Q)T2 —Q)T1
< Z \\Ifk(y(tk))|+17[e(1 )T ellme)m]

—
T1<tp<T2

As 71 — 79, the right-hand side of the above inequality tends to zero. The equicontinuity for the
other cases is obvious, thus we omit the details. As a consequence of Step 1 to Step 3, together
with the Arzela—Ascoli theorem, we can conclude that S is continuous and completely continuous.
From Schauder’s theorem [14], we conclude that S has a fixed point which is a solution of problem

(1.5)~(1.9).

5 Examples

Example. We consider the following example of problem (1.1)—(1.4):

y(t)=¢', te {1, §}7

4
s sin(t) + 1 {1 2}
t) = t 1 T
tk’]-%y( ) 151t+4(1 i ||yH[7r’5]> ’ € [03 ]\ 37 3 ’
e 15+ [y (k)] .

y(t) =1, te[ io}

wherea—% rzéz%,sz, K}2:1,t1:%,t2:%andm:2.
Set 41
sin(t) +
f tayt ) =
VD) = 51 Tyl
e (7))
_ Yty
Dp(y(t, ) = ——"—, k=1,2.
g 151+ [y(ty, )|
For each 81,3, € PC([-r,6]) and t € [0, 1], we have
sin(?) +1

17(680) = £, Bl < S5 18y ~ Bullicrs) < 17 18~ Bull o

and for each 33, B, € R, we have

|®1(B2) — Pr(By)| < 151 B2 = Bal-

Therefore, (Hs) and (Hjs) are verified with

1 1
= ——— d = — .
8= g and =9
Also, for t € O, we have
2 6(1—e2)
= — 4+ ——= =~ 0.01387431 2 1.
l B + B 0.0138743133792875 <

O

(5.1)

Then condition (3.2) is satisfied. Hence, since all conditions of Theorem 3.1 are satisfied, problem

(5.1) has a unique solution.
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Example. Let us now consider an example of problem (1.5)—(1.9). Let

¢ Day(t) = g(t,y'(-), 5, D2y(t)), t € le,n]\ {3},

o, - L
y(e) +y(m) =1,
y(t) = x(t), t€[0,e],

y(t) = %(t)v te [ﬂ-vﬂ- + e],

(5.2)

wherea:%,r:§:e,m:e7/<;2:7r,t1:3,191:192:19321andm:1.
> Iyl + 15
_ 1+ Yy [7r5]+ Y
ty,7) = :
9699 = 3157 31007
and 7l
_ 1+1y
Ui(y) = 212

fort € le,7], y € PC([-7,0]), yER, o=+ and r =0 = 1.
All conditions of Theorem 4.1 are satisfied with w; = wy = 6% , T3 = Wy = % , and
3 3(ez —e

_ )
T 424 + 623

wle

n ~ 0.0114942348091363 < 1.

Then it follows that problem (5.2) admits at least one solution.
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