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Abstract. This paper deals with the question of the existence of entropy solutions for the problem
− div(a(x, u,∇u) + φ(u)) + g(x, u,∇u) = µ posed in an open bounded subset Ω of RN with the
homogeneous Neumann boundary condition (a(x, u,∇u) + φ(u)) · η = 0. The functional setting
involves Lebesgue and Sobolev spaces with variable exponent.
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რეზიუმე. ნაშრომში განხილულია ენტროპიული ამონახსნების არსებობის საკითხი RN-ის
ღია შემოსაზღვრულ Ω ქვესიმრავლეში დასმული −div (a (x, u,∇u) + φ (u)) + g (x, u,∇u) =
µ ამოცანისთვის ერთგვაროვანი ნეიმანის საზღვრით პირობით (a (x, u,∇u) + φ (u)) · η = 0.
ამოცანის ფუნქციონალური დასმა მოიცავს ლებეგის და სოლოლევის სივრცეებს ცვლადი
მაჩვენებლით.
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1 Introduction
The purpose of this paper is to study the existence of entropy solutions to the following nonlinear
elliptic problem: {

− div(a(x, u,∇u) + φ(u)) + g(x, u,∇u) = µ in Ω,

(a(x, u,∇u) + φ(u)) · η = 0 on ∂Ω,
(1.1)

where η is the outer unit normal vector on ∂Ω, a is a Leray–Lions type operator, φ ∈ C0(R,RN ) and
µ is a diffuse measure such that µ = µ⌊Ω. The function g(x, u,∇u) is a nonlinear order term with
natural growth with respect to |∇u| satisfying the sign condition, that is, g(x, u,∇u)u ≥ 0.

The study of PDEs with variable exponents experienced a revival of interest over the past few years
(see [6,11,12,18,34]) due to the fact that they can model various phenomena which arise in the study
of elastic mechanics (see [5]), electrorheological fluids(see [19, 21, 29]) or image restoration (see [18]).
The interest of the study of problem (1.1) is due to the fact that it can model various phenomena in
elasticity, non-Newtonian fluids (sometimes referred to as smart fluids), the flow through porous medias
and image processing. On the other hand, the introduction of the Neumann boundary condition brings
us to introduce new ideas for the survey of this problem.

It is important to remember that problem like (1.1) was studied by many authors in the case of
homogenous Dirichlet boundary condition (see [1, 7, 10, 32]). More recently, Benboubker et al. [10]
established the existence of entropy and renormalized solutions for the problem{

− div(a(x, u,∇u) + φ(u)) + g(x, u,∇u) = µ in Ω,

u = 0 on ∂Ω,
(1.2)

where µ ∈ L1(Ω) + W−1,p′( · )(Ω). Zhang and Zhou [32] have proved the existence of entropy and
renormalized solutions for problem (??) in the particular case, where a(x, s, ξ) = |ξ|p(x)−2ξ, g ≡ 0 and
φ ≡ 0.

In the last years, increasing attention has been devoted towards the study of elliptic problems
with measure data and Neumann boundary condition. The study of these problems is also based on
the decomposition of the measure in the context of constant exponent (cf. [3, 14, 15, 23]) and in the
variable exponent setting (see [12,25–27]).

In this paper, our aim is to prove the existence of entropy solutions for the nonlinear boundary value
problem (1.1) in order to extend the results of [10] to the case of Neumann boundary condition and
general measure data. Let us recall that, when the boundary value condition is a Neumann boundary
condition in the context of a variable exponent, we must work with the space W 1,p( · )(Ω) instead of the
common space W 1,p( · )

0 (Ω) (the closure of C∞
0 (Ω) in W 1,p(x)(Ω)). The main difficulty which appears

in this case is that for the proofs of some a priori estimates, the famous Poincaré inequality doesn’t
apply, even for the Poincaré–Sobolev inequality (since we have a homogeneous Neumann condition).

The plan of this paper is the following. In Section 2, we recall some basic notations and properties
about Sobolev spaces with variable exponents. In Section 3, we give our basic assumptions and some
fundamental lemmas. In Section 4, the definition of entropy solution as well as the main result are
given.

2 Preliminaries
For each open bounded subset Ω of RN (N ≥ 2), we denote

C+(Ω) =
{
p : p ∈ C(Ω), p(x) > 1 for any x ∈ Ω

}
.

For every p ∈ C+(Ω), we define

p+ = sup
x∈Ω

p(x) and p− = inf
x∈Ω

p(x).
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We denote the Lebesgue spaces with variable exponents Lp( · )(Ω) (see [19]) as the set of all measurable
functions u : Ω → R for which the convex modular

ρp( · )(u) :=

∫
Ω

|u|p(x) dx

is finite.
If the exponent is bounded, i.e., if p+ < +∞, then the expression

∥u∥p( · ) := inf
{
λ > 0 : ρp( · )

(u
λ

)
≤ 1

}
defines a norm in Lp( · )(Ω), called the Luxemburg norm.

The space (Lp( · )(Ω), ∥ · ∥p( · )) is a separable Banach space. Moreover, if 1 < p− ≤ p+ < +∞,
then Lp( · )(Ω) is uniformly convex, hence reflexive and its dual space is isomorphic to Lp′( · )(Ω), where
1

p(x) +
1

p′(x) = 1.
Finally, we have the Hölder type inequality∣∣∣∣ ∫

Ω

uv dx

∣∣∣∣ ≤ ( 1

p−
+

1

(p′)−

)
∥u∥p( · )∥v∥p′( · )

for all u ∈ Lp( · )(Ω) and v ∈ Lp′( · )(Ω).
Let

W 1,p( · )(Ω) :=
{
u ∈ Lp( · )(Ω) : |∇u| ∈ Lp( · )(Ω)

}
,

which is a Banach space equipped with the following norm:

∥u∥1,p( · ) := ∥u∥p( · ) + ∥∇u∥p( · ).

The space (W 1,p( · )(Ω), ∥ · ∥1,p( · )) is a separable and reflexive Banach space.
An important role in manipulating the generalized Lebesgue and Sobolev spaces is played by the

modular ρp( · ) of the space Lp( · )(Ω). We have the following result.

Proposition 2.1 (see [20,34]). If un, u ∈ Lp( · )(Ω) and p+ <∞, the following properties hold true:

(i) ∥u∥p( · ) > 1 =⇒ ∥u∥p−
p( · ) < ρp( · )(u) < ∥u∥p+

p( · );

(ii) ∥u∥p( · ) < 1 =⇒ ∥u∥p+

p( · ) < ρp( · )(u) < ∥u∥p−
p( · );

(iii) ∥u∥p( · ) < 1 (resp. = 1;> 1) ⇐⇒ ρp( · )(u) < 1 (resp. = 1;> 1);

(iv) ∥un∥p( · ) → 0 (resp. → +∞) ⇐⇒ ρp( · )(un) < 1 (resp. → +∞);

(v) ρp( · )

( u

∥u∥p( · )

)
= 1.

Proposition 2.2 (see [20,33]). If f : Ω× R → R is a Carathéodory function satisfying

|f(x, s)| ≤ a(x) + b|s|
p1(x)

p2(x) for any x ∈ Ω, s ∈ R,

where p1, p2 ∈ C+(Ω), a ∈ Lp2( · )(Ω) is a positive function and b ≥ 0 is a constant, then the Nemytskii
operator from Lp1( · )(Ω) to Lp2( · )(Ω) defined by (Nf (u))(x) = f(x, u(x)) is a continuous and bounded
operator.

For a measurable function u : Ω → R, we introduce the following notation:

ρ1,p( · )(u) =

∫
Ω

|u|p(x) dx+

∫
Ω

|∇u|p(x) dx.
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Proposition 2.3 (see [30,31]). If u ∈W 1,p( · )(Ω), the following properties hold true:

(i) ∥u∥1,p( · ) > 1 =⇒ ∥u∥p−
1,p( · ) < ρ1,p( · )(u) < ∥u∥p+

1,p( · );

(ii) ∥u∥1,p( · ) < 1 =⇒ ∥u∥p+

1,p( · ) < ρ1,p( · )(u) < ∥u∥p−
1,p( · );

(iii) ∥u∥1,p( · ) < 1 (resp. = 1;> 1) ⇐⇒ ρ1,p( · )(u) < 1 (resp. = 1;> 1).

Put

p∂(x) := (p(x))∂


(N − 1)p(x)

N − p(x)
if p(x) < N,

∞ if p(x) ≥ N.

Proposition 2.4 (see [31]). Let p ∈ C(Ω) and p− > 1. If q ∈ C(∂Ω) satisfies the condition

1 < q(x) < p∂(x) ∀x ∈ ∂Ω,

then there is a compact embedding W 1,p( · )(Ω) ↪→ Lq( · )(∂Ω). In particular, there is a compact embed-
ding W 1,p( · )(Ω) ↪→ Lp( · )(∂Ω).

Proposition 2.5 (see [22]). Let p ∈ C+(Ω) be such that 1 < p− ≤ p+ < +∞. Assume that p satisfies
the log-Hölder continuity condition, that is, there is a constant C such that

|p(x)− p(y)| ≤ C

− log |x− y|
(2.1)

for every x, y ∈ Ω with 0 < |x− y| ≤ 1/2. Then the inequality

∥u− uΩ∥p( · ) ≤ C diam(Ω)
(
1 + max

{
|Ω|(1/p+)−(1/p−), |Ω|(1/p−)−(1/p+)

})
∥∇u∥p( · )

holds for every u ∈W 1,p( · )(Ω), where uΩ = 1
|Ω|

∫
Ω

u dx. Here, the constant C depends on the dimension

N , Ω and p.

Throughout this paper, we assume that p ∈ C+(Ω) satisfies the log-Hölder continuity condition
(2.1). For any given k > 0, we define the truncation function Tk by

Tk(s) := max{−k,min{k, s}} =


−k if s ≤ −k,
s if |s| < k,

k if s ≥ k.

For all u ∈W 1,p( · )(Ω), we denote by τ(u) the trace of u on ∂Ω in the usual sense.
In the sequel, we will identify at the boundary, u and τ(u).
Set

T 1,p( · )(Ω) =
{
u : Ω → R, measurable such that Tk(u) ∈W 1,p( · )(Ω) for any k > 0

}
.

Proposition 2.6 (see [13]). Let u ∈ T 1,p( · )(Ω). Then there exists a unique measurable function
v : Ω → RN such that ∇Tk(u) = vχ{|u|<k} for all k > 0. The function v is denoted by ∇u. Moreover,
if u ∈W 1,p( · )(Ω), then v ∈ (Lp( · )(Ω))N and v = ∇u in the usual sense.

We denote by T 1,p( · )
tr (Ω) (cf. [27, 28]) the set of functions u ∈ T 1,p( · )(Ω) such that there exists a

sequence (un)n∈N ⊂W 1,p( · )(Ω) satisfying the following conditions:

(C1) un → u a.e. in Ω.

(C2) ∇Tk(un) → ∇Tk(u) in (L1(Ω))N for any k > 0.

(C3) There exists a measurable function v on ∂Ω such that un → v a.e. on ∂Ω.
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The function v is the trace of u in the generalized sense introduced in [2, 4]. In the sequel, the trace
of u ∈ T 1,p( · )

tr (Ω) on ∂Ω will be denoted by tr(u). If u ∈ W 1,p( · )(Ω), then tr(u) coincides with τ(u)

in the usual sense. Moreover, u ∈ T 1,p( · )
tr (Ω) and for every k > 0, τ(Tk(u)) = Tk(tr(u)), and if

ϕ ∈W 1,p( · )(Ω) ∩ L∞(Ω), then (u− ϕ) ∈ T 1,p( · )
tr (Ω) and tr(u− ϕ) = tr(u)− tr(ϕ).

We define Mb(X) as the space of bounded Radon measure in X equipped with its standard norm
∥ · ∥Mb(X).

In the context of a variable exponent, the p( · )-capacity of any subset B ⊂ X is defined by

Capp( · )(B,X) = inf
u∈Sp( · )(B)

{∫
X

(
|u|p(x) + |∇u|p(x)

)
dx

}

with

Sp( · )(B) =
{
u ∈W

1,p( · )
0 (X) : u ≥ 1 in an open set containing B and u ≥ 0 in X

}
.

If Sp( · )(B) = ∅, we set Capp( · )(B,X) = +∞.
For µ ∈ Mb(X), we say that µ is diffuse with respect to the capacity W 1,p( · )(X) (p( · )-capacity,

for short) if µ(B) = 0 for every set B such that Capp( · )(B,X) = 0.
The set of bounded Radon diffuse measure in a variable exponent setting is denoted by Mp( · )

b (X).

3 Basic assumptions and some fundamental lemmas
We assume that Ω is a bounded open subset of RN (N ≥ 2) with boundary ∂Ω of class C1. Then
it has an extension domain (cf. [17]). So, for any fixed open bounded subset UΩ of RN such that
Ω ⊂ UΩ, there exists a bounded linear operator

E :W 1,p( · )(Ω) →W
1,p( · )
0 (UΩ),

for which

(i) E(u) = u a.e. in Ω for each u ∈W 1,p( · )(Ω);

(ii) ∥E(u)∥
W

1,p( · )
0 (UΩ)

≤ C∥u∥W 1,p( · )(Ω), where C is a constant depending only on Ω.

We introduce the set

M
p( · )
b (Ω) :=

{
µ ∈ Mp( · )

b (UΩ) : µ is concentrated on Ω
}
.

This definition is independent of the open set UΩ. Note that for u ∈ W 1,p( · )(Ω) ∩ L∞(Ω) and
µ ∈ M

p( · )
b (Ω), we have

⟨µ,E(u)⟩ =
∫
Ω

u dµ.

On the other hand, as µ is diffuse, there exist f ∈ L1(UΩ) and F ∈ (Lp( · )(UΩ))
N such that µ =

f − div(F ) in D′(UΩ) (see [25]).
Therefore, we can also write

⟨µ,E(u)⟩ =
∫
UΩ

fE(u) dx+

∫
UΩ

F · ∇E(u) dx.

We consider a Leray–Lions operator from W 1,p( · )(Ω) into its dual (W 1,p( · )(Ω))′ defined by the
formula

Au = − div a(x, u,∇u),
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where a : Ω× R× RN → RN is a Carathéodory function satisfying the following assumptions:

|a(x, s, ξ)| ≤ β
[
k(x) + |s|p(x)−1 + |ξ|p(x)−1

]
, (3.1)

a(x, s, ξ)ξ ≥ α|ξ|p(x), (3.2)[
a(x, s, ξ)− a(x, s, η)

]
(ξ − η) > 0 for all ξ ̸= η ∈ RN , (3.3)

for a.e. x ∈ Ω and all (s, ξ) ∈ R×RN , where k(x) is a positive function lying in Lp′( · )(Ω) and α, β > 0.
The nonlinear term g : Ω× R× RN is a Carathéodory function satisfying.

|g(x, s, ξ)| ≤ b(|s|)
(
c(x) + |ξ|p(x)

)
, (3.4)

g(x, s, ξ)s ≥ 0, (3.5)

where b : R+ → R+ is a continuous, nondecreasing function and c : Ω → R+ with c ∈ L1(Ω).
Moreover, assume that φ is a continuous function defined from R into RN and there exists a

positive real number M0 such that

|φ(s)| ≤M0 for all s ∈ R. (3.6)

Lemma 3.1 (see [9]). Let g ∈ Lp( · )(Ω) and gn ∈ Lp( · )(Ω) with ∥gn∥Lp( · )(Ω) ≤ C for 1 < p(x) < ∞.
If gn(x) → g(x) a.e. in Ω, then gn(x)⇀ g(x) in Lp( · )(Ω).

Lemma 3.2. Assume that (3.1)–(3.3) hold, let un be a sequence in W 1,p( · )(Ω) such that un ⇀ u in
W 1,p( · )(Ω) and ∫

Ω

[
a(x, un,∇un)− a(x, un,∇u)

]
∇(un − u) → 0. (3.7)

Then un → u in W 1,p( · )(Ω).

Proof. Let
Dn = [a(x, un,∇un)− a(x, un,∇u)]∇(un − u).

Then by (3.3), Dn is a positive function and by (3.7), Dn → 0 in L1(Ω). Extracting a subsequence,
still denoted by un, we can write un ⇀ u in W 1,p( · )(Ω) which implies un → u a.e. in Ω. Similarly,
Dn → 0 a.e. in Ω. Then there exists a subset B of Ω of zero measure such that for x ∈ Ω \B,

|u(x)| <∞, |∇u(x)| <∞, k(x) <∞, un(x) → u(x), Dn(x) → 0.

Defining ξn = ∇un(x), ξ = ∇u(x), we have

Dn(x) =
[
a(x, un, ξn)− a(x, un, ξ)

]
(ξn − ξ)

= a(x, un, ξn)ξn + a(x, un, ξ)ξ − a(x, un, ξn)ξ − a(x, un, ξ)ξn

≥ α|ξn|p(x) + α|ξ|p(x) − β(k(x) + |un|p(x)−1 + |ξn|p(x)−1)|ξ|
− β(k(x) + |un|p(x)−1 + |ξ|p(x)−1)|ξn|

≥ α|ξn|p(x) − Cx

[
1 + |ξn|p(x)−1 + |ξn|

]
, (3.8)

where Cx is a constant which depends on x, but does not depend on n. Since un(x) → u(x), we have
|un(x)| ≤ Mx, where Mx is some positive constant. Then, by a standard argument, ξn is bounded
uniformly with respect to n, indeed, (3.8) becomes

Dn(x) ≥ |ξn|p(x)
(
α− Cx

|ξn|p(x)
− Cx

|ξn|
− Cx

|ξn|p(x)−1

)
.

If |ξn| → ∞ (for a subsequence), then Dn(x) → ∞, which gives a contradiction. Let now ξ∗ be a
cluster point of ξn. We have |ξ∗| <∞ and by the continuity of a, we obtain[

a(x, u(x), ξ∗)− a(x, u(x), ξ)
]
(ξ∗ − ξ) = 0.
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In view of (3.3), we have ξ∗ = ξ. The uniqueness of the cluster point implies

∇un → ∇u a.e. in Ω.

Since the sequence a(x, un,∇un) is bounded in (Lp′( · )(Ω))N and a(x, un,∇un) → a(x, u,∇u) a.e. in
Ω, Lemma 3.1 implies that

a(x, un,∇un) → a(x, u,∇u) in (Lp′( · )(Ω))N a.e. in Ω.

We set yn = a(x, un,∇un)∇un and y = a(x, u,∇u)∇u.
As in [16], we can write

yn → y in L1(Ω).

By (3.2), we have

α|∇un| ≤ a(x, un,∇un)∇un.

Let zn = |∇un|p(x), z = |∇u|p(x), yn = yn

α and y = y
α . Then, by Fatou’s lemma,

∫
Ω

2y dx ≤ lim inf
n→∞

∫
Ω

(
y + yn − |zn − z|

)
dx,

i.e.,

0 ≤ − lim sup
n→∞

∫
Ω

|zn − z| dx.

Therefore,

0 ≤ lim inf
n→∞

∫
Ω

|zn − z| dx ≤ lim sup
n→∞

∫
Ω

|zn − z| dx ≤ 0,

which implies that

∇un → ∇u in (Lp( · )(Ω))N . (3.9)

It remains to prove that un → u in Lp( · )(Ω). Since un ⇀ u in W 1,p( · )(Ω), by the compact embedding
W 1,p( · )(Ω) ↪→ Lp−(Ω), we have un → u in Lp−(Ω) and a.e. in Ω. Owing to Proposition 2.5, we have

∥∥∥∥un − 1

meas (Ω)

∫
Ω

un dx−
(
u− 1

meas (Ω)

∫
Ω

u dx

)∥∥∥∥
p( · )

=

∥∥∥∥(un − u)− 1

meas (Ω)

∫
Ω

(un − u) dx

∥∥∥∥
p( · )

≤ C∥∇(un − u)∥p( · ),

where C is a positive constant which does not depend on n. Therefore, letting n → +∞ and using
the fact that ∇un converges strongly to ∇u in (Lp( · )(Ω))N , we deduce that

un − 1

meas (Ω)

∫
Ω

un dx −→ u− 1

meas (Ω)

∫
Ω

u dx in Lp( · )(Ω), (3.10)
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∥un − u∥p( · ) =

∥∥∥∥∥
(
un − 1

meas (Ω)

∫
Ω

un dx

)
−

(
u− 1

meas (Ω)

∫
Ω

u dx

)

+

(
1

meas (Ω)

∫
Ω

un dx− 1

meas (Ω)

∫
Ω

u dx

)∥∥∥∥∥
p( · )

≤
∥∥∥∥(un − 1

meas (Ω)

∫
Ω

un dx

)
−

(
u− 1

meas (Ω)

∫
Ω

u dx

)∥∥∥∥
p( · )

+

∥∥∥∥ 1

meas (Ω)

∫
Ω

un dx− 1

meas (Ω)

∫
Ω

u dx

∥∥∥∥
p( · )

≤
∥∥∥∥(un − 1

meas (Ω)

∫
Ω

un dx

)
−

(
u− 1

meas (Ω)

∫
Ω

u dx

)∥∥∥∥
p( · )

+

∥∥∥∥( 1

meas (Ω)

∫
Ω

(un − u) dx

)
× 1

∥∥∥∥
p( · )

≤
∥∥∥∥(un − 1

meas (Ω)

∫
Ω

un dx

)
−

(
u− 1

meas (Ω)

∫
Ω

u dx)

∥∥∥∥
p( · )

+

∣∣∣∣ 1

meas (Ω)

∫
Ω

(un − u) dx

∣∣∣∣ ∥1∥p( · )
≤

∥∥∥∥(un − 1

meas (Ω)

∫
Ω

un dx

)
−

(
u− 1

meas (Ω)

∫
Ω

u dx

)∥∥∥∥
p( · )

+
1

meas (Ω)1/p−
∥un − u∥Lp− (Ω)∥1∥p( · ). (3.11)

From (??) and the fact that un → u in Lp−(Ω), we pass to the limit as n tends to infinity in (??) to
obtain

un → u in Lp( · )(Ω). (3.12)

Therefore, by (3.9) and (??), we conclude that un → u in W 1,p( · )(Ω).

4 Entropy Solutions
This section is devoted to the proof of the existence of an entropy solution for problem (1.1). Now,
we announce the concept of entropy solution for problem (1.1).

Definition 4.1. A measurable function u : Ω → R is called entropy solution of the elliptic problem
(1.1) if u ∈ T 1,p( · )

tr (Ω), g(x, u,∇u) ∈ L1(Ω) and for every k > 0,∫
Ω

a(x, u,∇u)∇Tk(u− v) dx+

∫
Ω

g(x, u,∇u)Tk(u− v) dx+

∫
Ω

φ(u)∇Tk(u− v) dx

≤
∫
Ω

Tk(u− v) dµ

for all ϕ ∈W 1,p( · )(Ω) ∩ L∞(Ω).

The main result of this section is the following theorem.

Theorem 4.1. Assume that (3.1)–(3.6) hold true. Then there exists at least one entropy solution u
of problem (1.1).
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Proof. Step 1. The approximate problems.
Since µ ∈ Mp( · )

b (UΩ), we have µ = f−div(F ) in D′(UΩ) with f ∈ L1(UΩ) and F ∈ (Lp′( · )(UΩ))
N ,

where UΩ is the open bounded subset of RN which extends Ω via the operator E (see [25]).
We regularize µ as follows: ∀ ε > 0, ∀x ∈ UΩ, we define

fn(x) = Tn(f(x))χΩ
(x).

We consider FR = χΩF and µn = fn − div(FR).
For any n ∈ N, one has µn ∈ M

p( · )
b (Ω)∩L∞(Ω) and µn ⇀ µ in Mp( · )

b (UΩ). Furthermore, for any
k > 0 and any ξ ∈ T 1,p( · )(Ω), ∣∣∣∣ ∫

Ω

Tk(ξ) dµn

∣∣∣∣ ≤ k C(µ,Ω).

Let us define

φn(s) = φ(Tn(s)),

hn(x, s) =
1

n
|s|p(x)−2s

and
gn(x, s, ξ) =

g(x, s, ξ)

1 + 1
n |g(x, s, ξ)|

.

Now, we consider the approximated problem{
− div(a(x, un,∇un) + φn(un)) + gn(x, un,∇un) + hn(x, un) = µn in Ω,

(a(x, un,∇un) + φn(un)) · η = 0 on ∂Ω.
(4.1)

In the rest of the paper, we denote

p0 := inf
x∈Ω

p′(x)
(α
2
p(x)

) p′(x)
p(x)

.

Let us prove the following result.

Lemma 4.1. There exists at least one weak solution un for problem (4.1) in the sense that un ∈
W 1,p( · )(Ω) and for all v ∈W 1,p( · )(Ω),∫
Ω

a(x, un,∇un)∇v dx+
∫
Ω

gn(x, un,∇un)v dx+
∫
Ω

hn(x, un)v dx+

∫
Ω

φn(un)∇v dx =

∫
Ω

v dµn. (4.2)

Proof. We define the operators A,Gn, Rn :W 1,p( · )(Ω) → (W 1,p( · )(Ω))′ by

⟨Aun, v⟩ =
∫
Ω

a(x, un,∇un)∇v dx, ⟨Rnun, v⟩ =
∫
Ω

φn(un)v dx ∀ v ∈W 1,p( · )(Ω)

and
⟨Gnun, v⟩ =

∫
Ω

gn(x, un,∇un)v dx+

∫
Ω

hn(x, un)v dx ∀ v ∈W 1,p( · )(Ω).

Using [8, Lemma 4.5] and Lemma 3.2, one shows that the operator Bn = A + Gn + Rn is bounded
and pseudo-monotone from W 1,p( · )(Ω) into (W 1,p( · )(Ω))′.

For all u ∈W 1,p( · )(Ω), we have

⟨Bnu, u⟩ = ⟨Au, u⟩+ ⟨Gnu, u⟩+ ⟨Rnu, u⟩

=

∫
Ω

a(x, u,∇u)∇u dx+

∫
Ω

g(x, u,∇u)u dx+

∫
Ω

hn(x, u)u dx+

∫
Ω

φn(u)∇u dx

≥ α

∫
Ω

|∇u|p(x) dx+
1

n

∫
Ω

|u|p(x) dx−
∫
Ω

(−φn(u))∇u dx. (4.3)
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We use Young’s inequality to obtain∫
Ω

(−φn(u))∇u dx ≤
∫
Ω

|φn(u)|
(α2 p(x))

1
p(x)

((α
2
p(x)

) 1
p(x) |∇u|

)
dx

≤
∫
Ω

|φn(u)|p
′(x)

p′(x)(α2 p(x))
p′(x)
p(x)

dx+

∫
Ω

α

2
|∇u|p(x) dx

≤ 1

p0

∫
Ω

|φn(u)|p
′(x) +

∫
Ω

α

2
|∇u|p(x) dx

≤ 1

p0

∫
Ω

sup
{|s|≤n}

(|φ(s)|+ 1)p
′
+ dx+

∫
Ω

α

2
|∇u|p(x) dx.

Therefore,

−
∫
Ω

(−φn(u))∇u dx ≥ − 1

p0
meas (Ω) sup

{|s|≤n}
(|φ(s)|+ 1)p

′
+ −

∫
Ω

α

2
|∇u|p(x) dx. (4.4)

Combining (4.3) and (4.4), we get

⟨Bnu, u⟩ ≥
α

2

∫
Ω

|∇u|p(x) dx+
1

n

∫
Ω

|u|p(x) dx+ C1

≥ min
{α
2
,
1

n

}(∫
Ω

|∇u|p(x) dx+

∫
Ω

|u|p(x) dx
)
+ C1

≥ min
{α
2
,
1

n

}
ρ1,p( · )(u) + C1

≥ min
{α
2
,
1

n

}
∥u∥γ1,p( · ) + C1,

i.e.,
⟨Bnu, u⟩
∥u∥1,p( · )

≥ min
{α
2
,
1

n

}
∥u∥γ−1

1,p( · ) +
C1

∥u∥1,p( · )
with

γ =

{
p+ if ∥u∥1,p( · ) ≤ 1,

p− if ∥u∥1,p( · ) > 1.

Then it follows that
⟨Bnu, u⟩
∥u∥1,p( · )

→ +∞ as ∥u∥1,p( · ) → ∞,

which is equivalent to the operator Bn being coercive.
Since we have proved that the operator Bn is bounded, pseudo-monotone and coercive, then there

exists at least one weak solution un ∈W 1,p( · )(Ω) of problem (4.1) (cf. [24]).

Step 2. A priori estimates.
Assertion 1. (∇Tk(un))n∈N is bounded in (Lp−(Ω))N .

We take Tk(un) as test function in (4.2) to get∫
Ω

a(x, un,∇un)∇Tk(un) dx+

∫
Ω

gn(x, un,∇un)Tk(un) dx

+
1

n

∫
Ω

|un|p(x)−2unTk(un) dx+

∫
Ω

φn(un)∇Tk(un) dx =

∫
Ω

Tk(un) dµn.
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Since the second and the third terms on the left-hand side of the above equality is non-negative, from
(3.6) we have

α

∫
Ω

|∇Tk(un)|p(x) dx ≤
∫
Ω

a(x, un,∇un)∇Tk(un) dx

≤ −
∫
Ω

φn(un)∇Tk(un) dx+

∫
Ω

Tk(un) dµn

≤
∫
Ω

|φ(Tn(un))| |∇Tk(un)| dx+

∣∣∣∣ ∫
Ω

Tk(un) dµn

∣∣∣∣
≤

∫
Ω

M0|∇Tk(un)| dx+

∣∣∣∣ ∫
Ω

Tk(un) dµn

∣∣∣∣. (4.5)

Now, we use Young’s inequality to get∫
Ω

M0|∇Tk(un)| dx =

∫
Ω

M0

(α2 p(x))
1

p(x)

((α
2
p(x)

) 1
p(x) |∇Tk(un)|

)
dx

≤
∫
Ω

M
p′(x)
0

p′(x)(α2 p(x))
p′(x)
p(x)

dx+

∫
Ω

α
2 p(x)|∇Tk(un)|

p(x)

p(x)
dx

≤ (M0 + 1)p
′
+

p0
meas (Ω) + α

2

∫
Ω

|∇Tk(un)|p(x) dx. (4.6)

Moreover, we know that ∣∣∣∣ ∫
Ω

Tk(un) dµn

∣∣∣∣ ≤ k C(µ,Ω). (4.7)

Therefore, using (4.5)–(4.7), we get∫
Ω

|∇Tk(un)|p(x) dx ≤ 2

α

( (M0 + 1)p
′
+

p0
meas (Ω) + k C(µ,Ω)

)
. (4.8)

We have ∫
Ω

|Tk(un)|p(x) dx =

∫
{|un|≤k}

|Tk(un)|p(x) dx+

∫
{|un|>k}

|Tk(un)|p(x) dx.

Then it follows that∫
{|un|≤k}

|Tk(un)|p(x) dx ≤
∫

{|un|≤k}

kp(x) dx =

{
kp+ meas (Ω) if k ≥ 1,

meas (Ω) if k < 1

and ∫
{|un|>k}

|Tk(un)|p(x) dx =

∫
{|un|>k}

kp(x) dx =

{
kp+ meas (Ω) if k ≥ 1,

meas (Ω) if k < 1.

This allows us to write ∫
Ω

|Tk(un)|p(x) dx ≤ 2(1 + kp+)meas (Ω). (4.9)

Hence adding (4.8) and (4.9) yields

ρ1,p( · )(Tk(un)) ≤
2

α

( (M0 + 1)p
′
+

p0
meas (Ω) + k C(µ,Ω)

)
+ 2(1 + kp+)meas (Ω).
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For ∥Tk(un)∥1,p( · ) ≥ 1, we have

∥Tk(un)∥p−
1,p( · ) ≤ ρ1,p( · )(Tk(un)),

which implies that
∥Tk(un)∥1,p( · ) ≤ ρ1,p( · )(Tk(un))

1
p− .

The above inequality gives

∥Tk(un)∥1,p( · ) ≤ 1 + C(k, α,Ω, p+, p−, p
′
+, p

′
−).

We deduce that for any k > 0, the sequence (Tk(un))n∈N is uniformly bounded in W 1,p( · )(Ω) and so,
in W 1,p−(Ω). Then, up to a subsequence, we can assume that for any k > 0,

Tk(un)⇀ vk in W 1,p−(Ω)

and by a compact embedding, we have

Tk(un) → vk in Lp−(Ω) and a.e. in Ω.

Assertion 2. (un)n∈N converges in measure to some function u.
Note that for k > 1 large enough, we have∫

Ω

|∇Tk(un)|p− dx =

∫
{|∇Tk(un)|≤1}

|∇Tk(un)|p− dx+

∫
{|∇Tk(un)|>1}

|∇Tk(un)|p− dx

≤ meas (Ω) +
∫

{|∇Tk(un)|>1}

|∇Tk(un)|p(x) dx

≤ kmeas (Ω) +
∫
Ω

|∇Tk(un)|p(x) dx.

Due to inequality (4.8), we have∫
Ω

|∇Tk(un)|p− dx ≤ 2

α

( (M0 + 1)p
′
+

p0
meas (Ω) + k C(µ,Ω)

)
+ kmeas (Ω)

≤ k
( 2

α

( (M0 + 1)p
′
+

p0
meas (Ω) + C(µ,Ω)

)
+ meas (Ω)

)
≤ k const (α,Ω, µ, p−, p+, p

′
−, p

′
+). (4.10)

Next, we use the Poincaré–Wirtinger inequality to obtain

kp− meas {un > k} =

∫
{un>k}

|Tk(un)|p− dx

=

∫
{un>k}

∣∣∣∣Tk(un)− 1

|Ω|

∫
Ω

Tk(un) dx+
1

|Ω|

∫
Ω

Tk(un) dx

∣∣∣∣p−

dx

≤ 2p−−1

∫
Ω

(∣∣∣∣Tk(un)− 1

|Ω|

∫
Ω

Tk(un)

∣∣∣∣p−

+

∣∣∣∣ 1

|Ω|

∫
Ω

Tk(un) dx

∣∣∣∣p−)
dx

≤ C

∫
Ω

|∇Tk(un)|p− dx+
2p−−1

|Ω|p−

(∫
Ω

|Tk(un)| dx
)p−

≤ C

∫
Ω

|∇Tk(un)|p− dx+
2p−−1

|Ω|p−

(∫
Ω

|un| dx
)p−
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≤ C

∫
Ω

|∇Tk(un)|p− dx+
2p−−1

|Ω|p−

(∫
Ω

1

p(x)
|un|p(x) dx+

1

p′(x)

)p−

≤ C

∫
Ω

|∇Tk(un)|p− dx+
2p−−1

|Ω|p−

( 1

p−
ρp( · )(un) +

1

(p′)−

)p−
.

The above inequality and (4.10) imply that

meas {un > k} ≤ 1

kp−−1
const (α,Ω, µ, p−, p+, (p

′)−, (p
′)+)

+
2p−−1

kp− |Ω|p−

( 1

p−
ρp( · )(un) +

1

(p′)−

)p−
. (4.11)

Let s > 0 and k > 0 be fixed. We denote

En :=
{
|un| > k

}
, Em :=

{
|um| > k

}
, En,m :=

{
|Tk(un)− Tk(um)| > s

}
.

We have {
|un − um| > s

}
⊂ En ∪ Em ∪ En,m,

which implies that

meas
{
|un − um| > s

}
≤ meas (En) + meas (Em) + meas (En,m). (4.12)

By (4.11), for any n > 0, k > 0, we have

meas (En) ≤
1

kp−−1
const (α,Ω, µ, p−, p+, (p

′)−, (p
′)+) +

2p−−1

kp− |Ω|p−

( 1

p−
ρp( · )(un) +

1

(p′)−

)p−
.

Since the quantity ρp( · )(un) is finite, we have

lim
k→∞

1

kp−

( 1

p−
ρp( · )(un) +

1

(p′)−

)p−
= 0,

and, moreover, since p− > 1, we get

lim
k→∞

1

kp−−1
const (α,Ω, µ, p−, p+, (p

′)−, (p
′)+) = 0.

We deduce that
lim
k→∞

meas (En) = 0 and lim
k→∞

meas (Em) = 0. (4.13)

So, we can write: ∀n > 0, m > 0, ∀ ε > 0, ∃ k0 = k0(ε) such that k > k0,

meas (En) ≤
ε

3
and meas (Em) ≤ ε

3
. (4.14)

Since (Tk(un))n∈N converges strongly in Lp−(Ω), it is a Cauchy sequence in Lp−(Ω). Thus,

meas (En) =
1

sp−

∫
Ω

|Tk(un)− Tk(um)|p− ≤ ε

3
(4.15)

for all n,m ≥ n0(s, ε). Finally, from (4.12), (4.14) and (4.15), it follows that

meas
{
|un − um| > s

}
≤ ε for all n,m ≥ n0(s, ε).

This prove that the sequence (un)n∈N is a Cauchy sequence in measure and then converges almost
everywhere to some measurable function u.
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As for k > 0, Tk is continuous, then Tk(un) → Tk(u) a.e. in Ω and vk = Tk(u) a.e. in Ω. Therefore,

Tk(un)⇀ Tk(u) in W 1,p−(Ω),

Tk(un) → Tk(u) in Lp−(Ω) and a.e. in Ω.

Step 3. Strong convergence of truncations.
Let k > 0 be fixed and h > k. We define the function vn by{

vn = ϕ(ωn),

ωn = T2k(un − Th(un) + Tk(un)− Tk(u)),

with
ϕ(s) = s exp(γs2), γ =

(b(k)
2α

)2

.

Thanks to [16], we have

ϕ′(s)− b(k)

α
|ϕ(s)| ≥ 1

2
∀ s ∈ R.

Now, we take vn as a test function in (4.2) to obtain∫
Ω

a(x, un,∇un)ϕ′(ωn)∇ωn dx

+

∫
Ω

g(x, un∇un)ϕ(ωn) dx+

∫
Ω

φn(un)ϕ
′(ωn)∇ωn dx =

∫
Ω

ϕ(ωn) dµn. (4.16)

Taking M = 4k+h, using the facts that ∇ωn = 0 on the set {|un| > M} and g(x, un,∇un)ϕ(ωn) ≥ 0
on the subset {|un| > k} (because they have the same sign on this subset), then by (4.16), we deduce
that∫

Ω

a
(
x, TM (un),∇TM (un)

)
ϕ′(ωn)∇ωn dx

+

∫
{|un|≤k}

g(x, un∇un)ϕ(ωn) dx+

∫
Ω

φn(TM (un))ϕ
′(ωn)∇ωn dx =

∫
Ω

ϕ(ωn) dµn. (4.17)

In the sequel, we denote by εi(n), i = 1, 2, . . . , various functions of real numbers which converge to 0
as n tends to infinity.

We will deal with each term of (4.17). We rewrite the first term as follows:∫
Ω

a
(
x, TM (un),∇TM (un)

)
ϕ′(ωn)∇ωn dx

=

∫
{|un|≤k}

a
(
x, TM (un),∇TM (un)

)
ϕ′(ωn)∇T2k(un − Th(u)) dx

+

∫
{|un|>k}

a
(
x, TM (un),∇TM (un)

)
ϕ′(ωn)∇ωn dx. (4.18)

Since a(x, s, 0) = 0 ∀ s ∈ R and |un − Tk(u)| ≤ 2k on {|un| ≤ k}, the first term of the right-hand side
of the last equality can be written as follows:∫

{|un|≤k}

a
(
x, TM (un),∇TM (un)

)
ϕ′(ωn)∇T2k(un − Th(u)) dx
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=

∫
Ω

a
(
x, TM (un),∇TM (un)

)
ϕ′(ωn)

[
∇Tk(un)−∇Tk(u)

]
dx. (4.19)

Concerning the second term of the right-hand side of (4.18), we use (3.2) to get∫
{|un|>k}

a
(
x, TM (un),∇TM (un)

)
ϕ′(ωn)∇ωn dx

≥ −ϕ′(2k)

∫
{|un|>k}

∣∣a(x, TM (un),∇TM (un))
∣∣ |∇Tk(u)| dx. (4.20)

Hence from (4.19) and (4.20), we deduce that∫
Ω

a
(
x, TM (un),∇TM (un)

)
ϕ′(ωn)∇ωn dx

≥
∫
Ω

a
(
x, TM (un),∇TM (un)

)
ϕ′(ωn)

[
∇Tk(un)−∇Tk(u)

]
dx

− ϕ′(2k)

∫
{|un|>k}

∣∣a(x, TM (un),∇TM (un)
)∣∣ |∇Tk(u)| dx.

Since the sequence (a(x, TM (un),∇TM (un))) is bounded in (Lp′( · )(Ω))N , and the sequence
∇Tk(u)χ{|un|>k} converges to 0 in (Lp( · )(Ω))N , we find that the second term on the right-hand side
of the above inequality tends to 0 as n tends to infinity, therefore, we can write∫

Ω

a(x, un,∇un)ϕ′(ωn)∇ωn dx

≥
∫
Ω

a
(
x, Tk(un),∇Tk(un)

)
ϕ′(ωn)

[
∇Tk(un)−∇Tk(u)

]
dx+ ε1(n). (4.21)

On the other hand, the first term on the right-hand side of (4.21) can be written as∫
Ω

a
(
x, Tk(un),∇Tk(un)

)
ϕ′(ωn)

[
∇Tk(un)−∇Tk(u)

]
dx

=

∫
Ω

[
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(u))

] [
∇Tk(un)−∇Tk(u)

]
ϕ′(ωn) dx

+

∫
Ω

a
(
x, Tk(un),∇Tk(u)

)
∇Tk(un)ϕ′(Tk(un)− Tk(u)) dx

−
∫
Ω

a
(
x, Tk(un),∇Tk(u)

)
∇Tk(u)ϕ′(ωn) dx. (4.22)

Using the continuity of the Nemytskii operator (see [20,33]), we have

a
(
x, Tk(un),∇Tk(u)

)
ϕ′(Tk(un)− Tk(u)) −→ a

(
x, Tk(u),∇Tk(u)

)
ϕ′(0)

strongly in (Lp′( · )(Ω))N , while ∇Tk(un)⇀ ∇Tk(u) weakly in (Lp( · )(Ω))N , thus we obtain∫
Ω

a
(
x, Tk(un),∇Tk(u)

)
∇Tk(un)ϕ′(Tk(un)− Tk(u)) dx
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=

∫
Ω

a
(
x, Tk(u),∇Tk(u)

)
∇Tk(u)ϕ′(0) dx+ ε2(n). (4.23)

Similarly, we have

−
∫
Ω

a
(
x, Tk(un),∇Tk(u)

)
∇Tk(u)ϕ′(ωn) dx=−

∫
Ω

a
(
x, Tk(u),∇Tk(u)

)
∇Tk(u)ϕ′(0) dx+ε3(n). (4.24)

Therefore, using (4.21)–(4.24), we obtain∫
Ω

a(x, un,∇un)ϕ′(ωn)∇ωn dx

≥
∫
Ω

[
a
(
x, Tk(un),∇Tk(un)

)
−a(x, Tk(un),∇Tk(u))

] [
∇Tk(un)−∇Tk(u)

]
ϕ′(ωn) dx+ε4(n). (4.25)

By virtue of (3.2) and (3.4), we can treat the second term on the left-hand side of (4.17) as follows:∣∣∣∣ ∫
{|un|≤k}

gn(x, un,∇un)ϕ(ωn) dx

∣∣∣∣ ≤ ∫
{|un|≤k}

b(k)
(
c(x) + |∇Tk(un)|p(x)

)
|ϕ(ωn)| dx

≤ b(k)

∫
{|un|≤k}

c(x)|ϕ(ωn)| dx+
b(k)

α

∫
Ω

a
(
x, Tk(un),∇Tk(un)

)
∇Tk(un)|ϕ(ωn)| dx. (4.26)

Using the fact that c ∈ L1(Ω), one shows that

b(k)

∫
{|un|≤k}

c(x)|ϕ(ωn)| dx = ε5(n). (4.27)

We also have∫
Ω

a
(
x, Tk(un),∇Tk(un)

)
∇Tk(un)|ϕ(ωn)| dx

=

∫
Ω

[
a
(
x, Tk(un),∇Tk(un)

)
− a

(
x, Tk(un),∇Tk(u)

)] [
∇Tk(un)−∇Tk(u)

]
|ϕ(ωn)| dx

+

∫
Ω

a
(
x, Tk(un),∇Tk(un)

)
∇Tk(u)|ϕ(ωn)| dx

+

∫
Ω

a
(
x, Tk(un),∇Tk(u)

)[
∇Tk(un)−∇Tk(u)

]
|ϕ(ωn)| dx. (4.28)

Combining (4.26)–(4.28), we deduce that∣∣∣∣ ∫
{|un|≤k}

gn(x, un,∇un)ϕ(ωn) dx

∣∣∣∣ dx ≤ b(k)

α

×
∫
Ω

[
a
(
x, Tk(un),∇Tk(un)

)
−a

(
x, Tk(un),∇Tk(u)

)] [
∇Tk(un)−∇Tk(u)

]
|ϕ(ωn)| dx+ε6(n). (4.29)

Consequently, from inequalities (4.17), (4.25) and (4.29), it follows that∫
Ω

(
a
(
x, Tk(un),∇Tk(un)

)
−a

(
x, Tk(un),∇Tk(u)

))(
∇Tk(un)−∇Tk(u)

)(
ϕ′(ωn)−

b(k)

α
|ϕ(ωn)|

)
dx

≤ −
∫
Ω

φn(TM (un))ϕ
′(ωn)∇ωn dx+

∫
Ω

ϕωn dµn. (4.30)
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We deal with the second term of the left hand-side of (4.30) as follows:∫
Ω

ϕ(ωn) dµn =

∫
Ω

E(ϕ(ωn)) dµn =
〈
µn, E(ϕ(ωn))

〉
=

∫
UΩ

fnE(ϕ(ωn)) dx+

∫
UΩ

FR · ∇E(ϕ(ωn)) dx

=

∫
UΩ

Tn(f)χΩ
E(ϕ(ωn)) dx+

∫
UΩ

(χ
Ω
F ) · ∇E(ϕ(ωn)) dx

=

∫
Ω

Tn(f)ϕ(ωn) dx+

∫
UΩ

F · ∇E(χΩϕ(ωn)) dx. (4.31)

Note that ∣∣∣∣ ∫
Ω

Tn(f)ϕ(ωn) dx

∣∣∣∣ ≤ ∫
Ω

|Tn(f)− f | |ϕ(ωn)| dx+

∫
Ω

|f | |ϕ(ωn)| dx

≤ ϕ(2k)

∫
Ω

|Tn(f)− f | dx+

∫
Ω

|f | |ϕ(ωn)| dx.

We have Tn(f) → f in L1(Ω) and ϕk(ωn)⇀ ϕk(T2k(u− Th(u))) weakly-∗ in L∞(Ω), then∫
Ω

Tn(f)ϕ(ωn) dx =

∫
Ω

fϕ(T2k(u− Th(u))) dx+ ε8(n). (4.32)

The sequence (E(χΩϕ(ωn)))n∈N is bounded in W
1,p( · )
0 (UΩ). Indeed, (χΩϕ(ωn))n∈N is bounded in

W 1,p( · )(Ω), and we have the inequality

∥E(v)∥
W

1,p( · )
0 (UΩ)

≤ C∥v∥W 1,p( · )(Ω) ∀ v ∈W 1,p( · )(Ω).

We also have
E(χΩϕ(ωn)) = χΩϕ(ωn) a.e. in UΩ

and
χΩϕ(ωn) → χΩϕ(T2k(u− Th(u))) a.e. in UΩ as n→ ∞.

This implies that

E(χΩϕ(ωn)) → E
(
χΩϕ(T2k(u− Th(u)))

)
a.e. in UΩ as n→ ∞.

Consequently, we have

∇E(χΩ
ϕ(ωn))⇀ ∇E

(
χ

Ω
ϕ(T2k(u− Th(u)))

)
in (Lp( · )(UΩ))

N .

Finally, using the fact that F ∈ (Lp′( · )(UΩ))
N , we deduce that

lim
n→+∞

∫
UΩ

F · ∇E(χΩϕ(ωn)) dx =

∫
UΩ

F · ∇E
(
χΩϕ(T2k(u− Th(u)))

)
dx. (4.33)

For n large enough (for example n ≥M), we can write∫
Ω

φn(TM (un))ϕ
′(ωn)∇ωn dx =

∫
{|un|≤M}

φn(TM (un))ϕ
′(ωn)∇ωn dx,
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which yields

∫
{|un|≤M}

φn(TM (un))ϕ
′(ωn)∇ωn dx

=

∫
Ω

φn(TM (un))ϕ
′(T2k(u− Th(u)))∇T2k(u− Th(u)) dx+ ε9(n). (4.34)

Combining (4.30)–(4.34), we are able to pass to the limit as n→ ∞ to obtain

lim sup
n→∞

∫
Ω

[
a
(
x, Tk(un),∇Tk(un)

)
− a

(
x, Tk(un),∇Tk(u)

)] [
∇Tk(un)−∇Tk(u)

]
dx

≤ 2

∫
Ω

fϕ(T2k(u− Th(u))) dx− 2

∫
Ω

φn(TM (un))ϕ
′(T2k(u− Th(u)))∇T2k(u− Th(u)) dx

+ 2

∫
UΩ

F · ∇E
(
χΩϕ(T2k(u− Th(u)))

)
dx. (4.35)

Now, we prove that the three terms on the right-hand side of (4.35) converges to 0 when h → ∞.
Indeed, for the first term, it suffices to apply Lebesgue’s theorem.

For the last term, we take ϕ(T2k(un − Th(un))) as a test function in (4.2) to obtain

∫
Ω

a(x, un,∇un)∇ϕ(T2k(un − Th(un))) dx

+

∫
Ω

gn(x, un,∇un)ϕ(T2k(un − Th(un))) dx+

∫
Ω

φ(un)∇ϕ(T2k(un − Th(un))) dx

≤
∫
Ω

Tn(f)ϕ(T2k(un − Th(un))) dx+

∫
UΩ

F · ∇E
(
χ

Ω
ϕ(T2k(un − Th(un)))

)
dx.

Using assumptions (3.2), (3.5) and (3.6), we get

∫
{h≤|un|≤2k+h}

|∇un|p(x)ϕ′(T2k(un − Th(un))) dx

≤
∫

{h≤|un|≤2k+h}

M0|∇un|ϕ′(T2k(un − Th(un))) dx

+

∫
Ω

Tn(f)ϕ(T2k(un − Th(un))) dx+

∫
UΩ

F · ∇E
(
χ

Ω
ϕ(T2k(un − Th(un)))

)
dx. (4.36)

From Young’s inequality, we obtain

∫
{h≤|un|≤2k+h}

M0|∇un|ϕ′(T2k(un − Th(un))) dx

≤ α

4

∫
{h≤|un|≤2k+h}

|∇un|p(x)ϕ′(T2k(un − Th(un))) dx+ C

∫
{h≤|un|}

M
p′(x)
0 dx (4.37)
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and∫
UΩ

F · ∇E
(
χΩϕ(T2k(un − Th(un)))

)
dx ≤

∫
{h≤|un|≤2k+h}

F · |∇un|ϕ′(T2k(un − Th(un))) dx

≤ C

∫
{h≤|un|}

|F |p
′(x) dx+

α

4

∫
{h≤|un|≤2k+h}

|∇un|p(x)ϕ′(T2k(un − Th(un))) dx. (4.38)

Combining (4.36)–(4.38), we deduce

α

2

∫
{h≤|un|≤2k+h}

|∇un|p(x)ϕ′(T2k(un − Th(un))) dx

≤
∫
Ω

Tn(f)ϕ(T2k(un−Th(un))) dx+ C meas
(
{|un|≥h}

)
(M0+1)p

′
+ + C

∫
{h≤|un|}

|F |p
′(x) dx. (4.39)

Since the modular ρp( · ) is weakly lower semi-continuous (see [19, Theorem 3.29]) and ϕ′ ≥ 1, from
(4.39) we have∫

{h≤|u|≤2k+h}

|∇u|p(x)ϕ′(T2k(u− Th(u))) dx =

∫
Ω

∣∣∇T2k(u− Th(u))
∣∣p(x)ϕ′(T2k(u− Th(u))) dx

≤ C

∫
Ω

∣∣∇T2k(u− Th(u))
∣∣p(x) dx ≤ C lim inf

n→∞

∫
Ω

∣∣∇T2k(un − Th(un))
∣∣p(x) dx

≤ C lim inf
n→∞

∫
Ω

∣∣∇T2k(un − Th(un))
∣∣p(x)ϕ′(T2k(un − Th(un))) dx

≤ C lim inf
n→∞

∫
{h≤|un|≤2k+h}

|∇un|p(x)ϕ′(T2k(un − Th(un))) dx

≤ C lim inf
n→∞

2

α

∫
Ω

Tn(f)ϕ(T2k(un − Th(un))) dx

+
2

α
C lim inf

n→∞
meas

(
{|un| ≥ h}

)
(M + 1)(p

′)+ +
2

α
C lim inf

n→∞

∫
{h≤|un|}

|F |p
′(x) dx,

i.e., ∫
{h≤|u|≤2k+h}

|∇u|p(x)ϕ′(T2k(u− Th(u))) dx

≤ C
2

α

∫
Ω

fϕ(T2k(u− Th(u))) dx+
2

α
C meas

(
{|u| ≥ h}

)
(M + 1)p

′
+ +

2

α
C

∫
{h≤|u|}

|F |p
′(x) dx.

Using inequality (4.13) and the fact that un converges almost everywhere to u, we obtain meas {|u| ≥
h} → 0 as h→ ∞. As |F | ∈ Lp′( · )(Ω), we get∫

{h≤|u|}

|F |p
′(x) dx→ 0 as h→ ∞.

Moreover, from the Lebesgue dominated convergence theorem, we have∫
Ω

fϕ(T2k(u− Th(u))) dx→ 0 as h→ ∞.
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From the above convergence result, we deduce that∫
{h≤|u|≤2k+h}

|∇u|p(x)ϕ′(T2k(u− Th(u))) dx→ 0 as h→ ∞ for any fixed number k > 0. (4.40)

Hence from (4.38), we obtain∫
UΩ

F · ∇E
(
χ

Ω
ϕ(T2k(un − Th(un)))

)
dx→ 0 as h→ ∞ for any fixed number k > 0.

Concerning the second term on the right-hand side of (4.35), we first observe that

0 ≤ ϕ′(T2k(u− Th(u))) ≤ max
{
ϕ′(−2k), ϕ′(2k)

}
.

Then, using (3.6) and Young’s inequality, we have∫
Ω

φ(TM (u))ϕ′(T2k(u− Th(u)))∇T2k(u− Th(u)) dx ≤M0

∫
{h≤|u|≤2k+h}

ϕ′(T2k(u− Th(u)))|∇u| dx

≤M0

∫
{h≤|u|≤2k+h}

ϕ′(T2k(u− Th(u))) dx+M0

∫
{h≤|u|≤2k+h}

ϕ′(T2k(u− Th(u)))|∇u|p(x) dx

≤M0 max
{
ϕ′(−2k), ϕ′(2k)

}
meas

{
|u| ≥ h

}
+M0

∫
{h≤|u|≤2k+h}

ϕ′(T2k(u− Th(u)))|∇u|p(x) dx.

Therefore, by (4.40) and the fact that meas ({|u| ≥ h}) → 0 as h tends to infinity, we get∫
Ω

φ(TM (u))ϕ′(T2k(u− Th(u)))∇T2k(u− Th(u)) dx→ 0 as h→ ∞.

Hence by (4.35) and letting h tends to infinity, we deduce that

lim
n→∞

∫
Ω

[
a
(
x, Tk(un),∇Tk(un)

)
− a

(
x, Tk(un),∇Tk(u)

)] [
∇Tk(un)−∇Tk(u)

]
dx = 0.

Then, according to Lemma 3.2, we conclude that

Tk(un) → Tk(u) in W 1,p( · )(Ω) ∀ k > 0.

Step 4. Compactness of the nonlinearities gn.
In this part, we use Vitali’s theorem to prove that

gn(x, un,∇un) → g(x, u,∇u) strongly in L1(Ω).

Since gn(x, un,∇un) → g(x, u,∇u) a.e. in Ω, from (3.4) it suffices to prove that the sequence
(|gn(x, un,∇un)|)n∈N is uniformly equi-integrable.

Let us observe that for any measurable subset Ω′ ⊂ Ω and m ≥ 0, we have∫
Ω

|gn(x, un,∇un)| dx =

∫
Ω′∩{|un|≤m}

∣∣gn(x, un,∇un)∣∣ dx+

∫
Ω′∩{|un|>m}

∣∣gn(x, un,∇un)∣∣ dx
≤ b(m)

∫
Ω′∩{|un|≤m}

[
c(x) + |∇un|p(x)

]
dx+

∫
Ω′∩{|un|>m}

|gn(x, un,∇un)| dx

≤ b(m)

∫
Ω′∩{|un|≤m}

[
c(x) + |∇Tm(un)|p(x)

]
dx+

∫
Ω′∩{|un|>m}

∣∣gn(x, un,∇un)∣∣ dx
= K1 +K2.
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For any fixed m, we get
K1 ≤ b(m)

∫
Ω′

[
c(x) + |∇Tm(un)|p(x)

]
dx.

Since Tm(un) converges strongly to Tm(u) in W 1,p( · )(Ω), we conclude that K1 is small uniformly in
n, for m fixed as meas (E) is small. For the case of K2, we consider the function ψn defined by

ψm(s) = 0 if |s| ≤ m− 1,

ψm(s) = sign(s) if |s| ≥ m,

ψ′
m(s) = 1 if m− 1 < |s| < m.

For m > 1, we take ψm(un) as a test function in (4.2) to obtain∫
Ω

a(x, un,∇un)∇unψ′
m(un) dx+

∫
Ω

g(x, un,∇un)ψm(un) dx+

∫
Ω

φ(un)∇unψ′
m(un) dx

=

∫
Ω

Tn(f)ψm(un) dx+

∫
UΩ

F · ∇E(χ
Ω
ψ(un)) dx.

Then from (3.5) we get∫
{m−1<|un|≤m}

a(x, un,∇un)∇un dx+

∫
{|un|>m−1}

|g(x, un,∇un)| dx

≤
∫

{m−1<|un|≤m}

|φ(un)| |∇un| dx+

∫
{|un|>m−1}

|Tn(f)| dx+

∫
{m−1<|un|≤m}

F∇un dx.

Hence, using assumptions (3.2) and (3.6) and Young’s inequality, we obtain

α

∫
{m−1<|un|≤m}

|∇un|p(x) dx+

∫
{|un|>m−1}

|g(x, un,∇un)| dx

≤
∫
Ω

M0

(α4 p(x))
1

p(x)

((α
4
p(x)

) 1
p(x) |∇(un)|

)
dx+

∫
{|un|>m−1}

|Tn(f)| dx+

∫
{m−1<|un|≤m}

F∇un dx

≤
∫
Ω

M
p′(x)
0

p′(x)(α4 p(x))
p′(x)
p(x)

dx+

∫
Ω

α
4 p(x)|∇Tk(un)|

p(x)

p(x)
dx+

∫
{|un|>m−1}

|F |p
′(x) dx

+
α

4

∫
{|un|>m−1}

|∇un|p(x) dx+

∫
{|un|>m−1}

|f | dx

≤ (M0 + 1)p
′
+

p1
meas (Ω) + α

2

∫
Ω

|∇Tk(un)|p(x) dx+

∫
{|un|>m−1}

|F |p
′(x) dx+

∫
{|un|>m−1}

|f | dx,

where

p1 = inf
x∈Ω

p′(x)
(α
4
p(x)

) p′(x)
p(x)

.

This implies that∫
{|un|>m−1}

|g(x, un,∇un)| dx ≤ (M0 + 1)p
′
+

p1
meas (Ω) +

∫
{|un|>m−1}

|F |p
′(x) dx+

∫
{|un|>m−1}

|f | dx.
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Therefore,

lim
m→∞

sup
n∈N

∫
{|un|>m−1}

|g(x, un,∇un)| dx = 0,

which is equivalent to K2 being small, uniformly in n and in Ω′ when m is sufficiently large.
Therefore, the sequence (|g(x, un,∇un)|)n∈N is uniformly equi-integrable in Ω. We conclude that

g(x, un,∇un) → g(x, u,∇u) strongly in L1(Ω).

Step 5. (un)n∈N converges a.e. on ∂Ω to some function v.
We know that the trace operator is compact from W 1,1(Ω) into L1(∂Ω), then there exists a constant

C such that
∥Tk(un)− Tk(u)∥L1(∂Ω) ≤ C∥Tk(un)− Tk(u)∥W 1,1(Ω).

Then
Tk(un) → Tk(u) in L1(∂Ω) and a.e. on ∂Ω.

Therefore, there exists A ⊂ ∂Ω such that Tk(un) converges to Tk(u) on ∂Ω \A with σ(A) = 0, where
σ is the area measure on ∂Ω.

For every k > 0, let Ak = {x ∈ ∂Ω : |Tk(u(x))| < k} and B = ∂Ω \
⋃
k>0

Ak.

We have

σ(B) =
1

k

∫
B

|Tk(u)| dσ ≤ 1

k
∥Tk(u)∥L1(∂Ω)

≤ C

k
∥Tk(u)∥W 1,1(Ω) ≤

C

k
∥Tk(u)∥W 1,p( · )(Ω) ≤

C

k

(
∥Tk(u)∥p( · ) + ∥∇Tk(u)∥p( · )

)
. (4.41)

By (4.8) and Proposition 2.1, for all k > 1, there exists a positive constant M which doesn’t depend
on n such that

∥∇Tk(un)∥p( · ) ≤M(k
1

p− + k
1

p+ ).

Then, by Proposition 2.5, it follows that

∥Tk(un)∥p( · ) =
∥∥∥∥Tk(un)− 1

meas (Ω)

∫
Ω

Tk(un) dx+
1

meas (Ω)

∫
Ω

Tk(un) dx

∥∥∥∥
p( · )

≤
∥∥∥∥Tk(un)− 1

meas (Ω)

∫
Ω

Tk(un) dx

∥∥∥∥
p( · )

+

∥∥∥∥ 1

meas (Ω)

∫
Ω

Tk(un) dx

∥∥∥∥
p( · )

≤ ∥∇Tk(un)∥p( · ) + ∥1∥p( · )
∣∣∣∣ 1

meas (Ω)

∫
Ω

Tk(un) dx

∣∣∣∣
≤M(k

1
p− + k

1
p+ ) +

∥1∥p( · )
meas (Ω)

∫
Ω

|Tk(un)| dx. (4.42)

Using the fact that Tk(un) converges strongly to Tk(u) in W 1,p( · )(Ω) and the inequality

∥Tk(u)∥p( · ) ≤ ∥Tk(un)− Tk(u)∥p( · ) + ∥Tk(un)∥p( · ),

we obtain from (??) with the help of the Lebesgue dominated convergence theorem that

∥Tk(u)∥p( · ) ≤ lim
n→+∞

∥Tk(un)∥p( · ) ≤M(k
1

p− + k
1

p+ ) +
∥1∥p( · )

meas (Ω)

∫
Ω

|Tk(u)| dx.
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According to (4.41), we deduce that

σ(B) ≤ C
( 1

k
1− 1

p−

+
1

k
1− 1

p+

)
+

∥1∥p( · )
meas (Ω)

∫
Ω

|Tk(u)|
k

dx. (4.43)

Therefore, using the Lebesgue dominated convergence theorem and the fact that p− > 1, by letting
k → ∞ in (??) we get that σ(B) = 0.

Let us now define on ∂Ω the function v by

v(x) = Tk(u(x)) if x ∈ Ak.

We take x ∈ ∂Ω \ (A ∪B), then there exists k > 0 such that x ∈ Ak and we have

un(x)− v(x) = (un(x)− Tk(un(x))) + (Tk(un(x))− Tk(u(x))).

Since x ∈ Ak, we have |Tk(un(x))| < k from which we deduce that |un(x)| < k.
Therefore,

un(x)− v(x) = (Tk(un(x))− Tk(u(x))) → 0 as n→ +∞.

This means that un converges to v a.e. on ∂Ω.
Step 6. u is an entropy solution of problem (1.1).

Since the sequence (Tk(un))n∈N converges in W 1,p( · )(Ω) to Tk(u), it follows that ∇Tk(un) →
∇Tk(u), and using the fact that p− > 1, we get

∇Tk(un) → ∇Tk(u) in (L1(Ω))N ∀ k > 0. (4.44)

Consequently, from Steps 2, 5 and (4.42) it follows that u ∈ T 1,p( · )
tr (Ω).

Let ϕ ∈W 1,p( · )(Ω)∩L∞(Ω), we take Tk(un−ϕ) as a test function in (4.2) and put M = k+∥ϕ∥∞
to get∫

Ω

a(x, un,∇un)∇Tk(un − ϕ) dx+

∫
Ω

gn(x, un,∇un)Tk(un − ϕ) dx

+

∫
Ω

hn(x, un)Tk(un − ϕ) dx+

∫
Ω

φ(un)∇Tk(un − ϕ) dx =

∫
Ω

Tk(un − ϕ) dµn. (4.45)

First of all, if |un| > M , then |un − ϕ| ≥ |un| − ∥ϕ∥∞, then {|un − ϕ| ≤ k} ⊆ {|un| ≤M}, so we can
rewrite the first term in (4.43) as follows:∫

Ω

a(x, un,∇un)∇Tk(un − ϕ) dx =

∫
Ω

a
(
x, TM (un),∇TM (un)

)
(∇Tk(un)−∇ϕ)χ{|un−φ|≤k} dx

=

∫
Ω

(
a
(
x, TM (un),∇TM (un)

)
− a(x, TM (un),∇ϕ)

)
(∇TM (un)−∇ϕ)χ{|un−φ|≤k} dx

+

∫
Ω

a(x, TM (un),∇ϕ)(∇TM (un)−∇ϕ)χ{|un−φ|≤k} dx.

Using Fatou’s lemma, we get

lim inf
n→+∞

∫
Ω

a(x, un,∇un)∇Tk(un − ϕ) dx

≥
∫
Ω

(
a
(
x, TM (u),∇TM (u)

)
− a(x, TM (u),∇ϕ)

)
(∇TM (u)−∇ϕ)χ{|u−φ|≤k} dx

+ lim
n→+∞

∫
Ω

a(x, TM (un),∇ϕ)(∇TM (un)−∇ϕ)χ{|un−φ|≤k} dx. (4.46)
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The second limit in (4.44) is equal to∫
Ω

a(x, TM (u),∇ϕ)(∇TM (u)−∇ϕ)χ{|u−φ|≤k} dx

and from (4.44) we obtain

lim inf
n→+∞

∫
Ω

a(x, un,∇un)∇Tk(un − ϕ) dx ≥
∫
Ω

a
(
x, TM (u),∇TM (u)

)
(∇Tk(u)−∇ϕ)χ{|u−φ|≤k} dx

=

∫
Ω

a(x, u,∇u)(∇u−∇ϕ)χ{|u−φ|≤k} dx =

∫
Ω

a(x, u,∇u)∇Tk(u− ϕ) dx.

We have Tk(un−ϕ)⇀ Tk(u−ϕ) weakly-∗ in L∞(Ω) and gn(x, un,∇un) → g(x, u,∇u) in L1(Ω), then
it follows that ∫

Ω

gn(x, un,∇un)Tk(un − ϕ) dx −→
∫
Ω

g(x, u,∇u)Tk(u− ϕ) dx.

We know that Tk(un − ϕ) ⇀ Tk(u− ϕ) in W 1,p( · )(Ω) and φn(un) = φ(TM (un)) in {|u− ϕ| ≤ k} for
{n ≥M}, then ∫

Ω

φn(un)∇Tk(un − ϕ) dx −→
∫
Ω

φ(u)∇Tk(u− ϕ) dx.

For the third term of (4.43), we have

1

n

∫
Ω

|un|p(x)−2unTk(un − ϕ) dx

=
1

n

∫
Ω

(
|un|p(x)−2un − |ϕ|p(x)−2ϕ

)
Tk(un − ϕ) dx+

1

n

∫
Ω

|ϕ|p(x)−2ϕTk(un − ϕ) dx.

The quantity (|un|p(x)−2un − |ϕ|p(x)−2ϕ)Tk(un − ϕ) is nonnegative, and we get

1

n

∫
Ω

|ϕ|p(x)−2ϕTk(un − ϕ) dx ≤ 1

n

∫
Ω

|un|p(x)−2unTk(un − ϕ) dx. (4.47)

Since Tk(un − ϕ) converges weakly-∗ to Tk(un − ϕ) in L∞(Ω) and |ϕ|p( · )−2ϕ ∈ L1(Ω), it follows that∫
Ω

|ϕ|p(x)−2ϕTk(un − ϕ) dx −→
∫
Ω

|ϕ|p(x)−2ϕTk(u− ϕ) dx. (4.48)

Therefore, using(4.45) and (4.46), we have

lim
n→∞

1

n

∫
Ω

|un|p(x)−2unTk(un − ϕ) dx ≥ 0. (4.49)

It remains to prove that ∫
Ω

Tk(un − ϕ) dµn −→
∫
Ω

Tk(u− ϕ) dµ.

We have∫
Ω

Tk(un − ϕ) dµn =

∫
Ω

E(Tk(un − ϕ)) dµn =

∫
Ω

Tn(f)(Tk(uϵ − ϕ)) dx+

∫
UΩ

F · ∇E(χ
Ω
Tk(un − ϕ)) dx.
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Due to the Lebesgue dominated convergence theorem, we have∫
Ω

Tn(f)Tk(un − ϕ) dx −→
∫
Ω

fTk(u− ϕ) dx. (4.50)

The sequence (E(χ
Ω
Tk(un − ϕ)))n∈N is bounded in W

1,p( · )
0 (UΩ). Moreover, we have

E(χΩTk(un − ϕ)) = χΩTk(un − ϕ) a.e. in UΩ

and
χ

Ω
Tk(un − ϕ) → χ

Ω
Tk(u− ϕ) a.e. in UΩ as n→ ∞,

which implies that

E(χΩTk(un − ϕ)) → E(χΩTk(u− ϕ)) a.e. in UΩ as n→ ∞.

Therefore, we have

∇E(χ
Ω
Tk(un − ϕ))⇀ ∇E(χ

Ω
Tk(u− ϕ)) in (Lp( · )(UΩ))

N .

Then, using the fact that F ∈ (Lp′( · )(UΩ))
N , we deduce that

lim
n→+∞

∫
UΩ

F · ∇E(χ
Ω
Tk(un − ϕ)) dx −→

∫
UΩ

F · ∇E(χ
Ω
Tk(u− ϕ)). (4.51)

Consequently, from (4.48) and (4.49), we get

lim
n→+∞

∫
Ω

Tk(un − ϕ) dµn =

∫
Ω

f(Tk(u− ϕ)) dx+

∫
UΩ

F · ∇E(χΩTk(u− ϕ)) dx

=

∫
UΩ

fE(χΩ(Tk(u− ϕ))) dx+

∫
UΩ

F · ∇E(χΩTk(u− ϕ)) dx =
〈
µ,E(Tk(u− ϕ))

〉
=

∫
Ω

Tk(u− ϕ) dµ.

Gathering the results, we obtain∫
Ω

a(x, u,∇u)∇Tk(u− ϕ) dx+

∫
Ω

g(x, u,∇u)Tk(u− ϕ) dx+

∫
Ω

φ(u)∇Tk(u− ϕ) dx ≤
∫
Ω

Tk(u− ϕ) dµ.

We conclude that u is an entropy solution of problem (1.1).
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