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Abstract. In this paper, we show the existence and uniqueness of weak solutions to obstacle problem

/U(aj7 Du) : D(v—u) + <u|u|p(’”)_2,v —u)dz >0,
Q

for v belonging to the convex set Iy 9. The main tool used here is the Young measure theory and a
theorem of Kinderlehrer and Stampacchia combined with the theory of Sobolev spaces with variable
exponent.
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1 Introduction

We are interested in the following obstacle problem:

/U(x, Du): D(v—u) + <u|u\p(x)_2,v —uydz >0, veE Ky, (1.1)
Q

where

Ky = {v e WIP@(QR™) : v—0e WPD(QR™), v>9 ae. in Q} (1.2)

Here, ) is a bounded open domain in R"(n > 2) and u : @ — R™ is a vector-valued function and
variable exponent p(z) with locally log-Holder continuity in §2 satisfies

1<p <p@)<p" <oo forae z€ (1.3)

An obstacle problem is a type of partial differential equation (PDE) in which the solution must remain
above a predetermined function, or obstacle. The obstacle is usually defined as a lower bound for the
solution of the PDE. This type of problem is often used to model physical systems such as heat flow,
or fluid dynamics, where the obstacle may represent the physical boundaries of the system.

Junxia and Yuming [19] studied the boundary regularity of weak solutions to a nonlinear obstacle
problem with C'*#-obstacle function and obtained the Cllo"ca boundary regularity. In [27], the author
has considered obstacle problems with measure data related to elliptic equations of p-Laplace type, and
investigated the connections between low order regularity properties of the solutions and nonlinear
potential of the data. Jacques—Louis Lions [21] studied the existence of solutions to the parabolic
obstacle problems via variational inequalities. H. El Hammar et al. in [16,17] proved the existence of
a weak solution to the quasilinear elliptic system under regularity, growth and coercivity conditions
for o by using Galerkin’s approximation and the theory of Young measures. A large number of papers
were devoted to the study of the existence and uniqueness of a weak solution for the obstacle problem
(1.1) under classical monotone methods developed by [1,2,29].

In [28], the author investigated the scalar version of problem (1.1) and demonstrated the existence
of a weak solution with variable growth (for related topics, see [11,15]). For the utilisation of Young
measures in elliptic systems, we refer the reader to see [6,16,17].

E. Azroul and F. Balaadich in [8] treated the following obstacle problem:

/U(x,Du) :D(w—wu)de >0, vekyy,
Q

where
Kyo= {v e WIP(QR™): v—0c WEP(Q;R™), v>1 ae. in Q}

and proved the existence of weak solutions under some conditions on o :  x M™*"™ — M™*"™,

In this paper, we obtain the existence and uniqueness of weak solutions for the obstacle problem
(1.1), inspired by the works mentioned above, and we extend the result established in [8] by considering
a general source term under growth condition, constant growth and under weak monotonicity with
the use of the concept of Young measure combined with the Kinderlehrer and Stampacchia theorem.

We denote by M *™ the set of real m x n matrices equipped with the usual inner product S : K =
S;;jKi;. The obstacle function ¢ : Q© — R™ is defined in (1.2) and 6 € WP@)(Q;R™) is a function
which provides the boundary values. We study the solution u € Ky ¢ for (1.1) under the following
hypotheses:

(fo) o : QxM™*™ — M"™*" is a Carathéodory function, i.e., the mapping x — o(z, S) is measurable
for all S € M™*" S +— o(x,S) is continuous for a.e. x € .

(f1) There exist Ny (z) € LF'®)(Q), Ny(z) € LY(Q) and ¢1, ¢z > 0 such that

lo(z,9)] < Ny(z) + cl|S|p(ac)717
o(x,8): S > —Ny(x) +02|5‘p(x)_
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(f2) o satisfies one of the following conditions:

(a) The map S — o(x,S) is strictly quasimonotone, i.e., there exists a constant ¢z > 0 such
that

/(o(x, S)—o(z,K)): (S —K)dz > c3 / IS — K|P® da
Q Q
for all x € Q and S, K € M™*™,

(b) There exists a function Z : @ x M™*" — R such that o(z, ) = %% (, S), and S — o(z, 5)
is convex and belongs to C.

(c) For all z € Q, the map S + o(x,9) is a C'-function and is monotone, i.e.,
(o(x,8)—o(x,K)): (S—K) >0
for all x € Q and S, K € M™*™,

Let us rapidly summarize the paper’s contents. In Section 2, we lay out the fundamentals of Sobolev
spaces with varying exponents along with the Kinderlehrer and Stampacchia theorem and a brief
explanation of Young measures. We then move on to the proof of the existence of solutions to
obstacle problems in Section 3. The proof of uniqueness of solutions to obstacle problems is given in
Section 4.

2 Preliminaries

We recall some necessary notations, definitions and properties for our function spaces (see [12,23,25,
26,28]) and an overview about Young measures (see [10,14,22]). For each open bounded subset  of
R™ (n > 2), we denote C(R2) = {p € C(Q), p(x) > 1 for any z € Q}. For every p € CT (), define

p~ = inf p(x) and p™ = sup p(z).
€N zEQ
The Sobolev space WP (Q;R™) consists of all functions u in the Lebesgue space

LP@(Q;R™) = {u ¢ 2 — R™ measurable : /|u(:c)\p(””) dz < oo}
Q

such that Du € LP(*)(Q;M™>"). The space LP(*)(Q; R™) is endowed with the norm
p(z)
Q

being a Banach space. Moreover, it is reflexive if and only if 1 < p~ < pt < oco. Its dual is defined

by LP@)(Q;R™), where —Ls + s = 1. For any u € LF@(Q;R™) and v € LF)(Q;R™), the

‘/uvdx
Q

holds true. The space WP(®)(Q; R™) is endowed with the norm

generalized Holder inequality

— u x v "(x

[[u

1@ = ullp@) + 1Dullpa)-
Proposition 2.1 ([18,24]). We denote

p(u) :/|u|p<f> dz Yu e LP@(Q;R™).
Q

If u,u € LP@ (Q;R™) and pt < oo, then:
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(i) Hullp(z) <1l(=1;>1) <= pu) < 1(=1;>1);

. - +
(i) f[ullp@) > 1= llully,) < plu) < ull
()

.
’ Pt Tl < 1= [ull%g,, < pw) < [ul?

P p(z)’
(iii) [|urllpz)y = 0 <= p(ur) = 0; |lugl|pz) — +o00 <= p(ur) — +oo.

We denote by W ?™) (Q;R™) the closure of C3°(€Q; R™) in W@ (Q;R™) and W17 (@) (Q; R™)
np(z)
n—p(x)

Theorem 2.1 (see [13,28]). If p(x) satisfies (1.3), then the inequality

is its dual space. We denote p*(z) =

for p(z) < n; = o for p(z) > n.

/<U(I),v(1)> dz < Cllu(@)|| Lo @ pm) [0(@) ] L) (@ mm)
Q

holds for every u(x) € LP™) (Q,R™), v(z) € LP' @) (Q, R™) with constant C depending only on p(z).

Theorem 2.2 (see [13,28]). If p(z) satisfies (1.3), then the spaces LP™*) (Q,R™) and WP (Q, R™)
are reflexive Banach spaces.

To establish the existence and uniqueness of a weak solution for the obstacle problem with variable
growth, we first introduce a Kinderlehrer—Stampacchia theorem.

Theorem 2.3 (Kinderlehrer and Stampacchia [20]). Let K be a nonempty closed convex subset of X
and let L : K — X' be monotone, coercive and strong-weakly continuous on K. Then there exists an
element u such that

(L(u),v —u) >0 forall vekK.

A Young measure is a device to understand and to control the difficulties that arise when a weak
convergence does not behave as one would desire with respect to nonlinear functional and operators.

Definition 2.1. Assume that the sequence {f;};>1 is bounded in L>(Q;R™). Then there exist a
subsequence {fi}r>1 C {f;j};>1 and a Borel probability measure v, on R™ for a.e. z € Q such that
for each ¢ € C(R™), we have
o(fi) = » weakly™ in L*=(Q),

where

P(x) == /go()\) dvg (M) for a.e. z € Q.

an,

We call {v;}zeo a family of Young measure associated with {fx}r>1.
Lemma 2.1 ([14]). Let @ C R™ be Lebesgue measurable (not necessarily bounded) and w; : @ — R™,

i=1,2,..., be a sequence of Lebesqgue measurable functions. Then there exist a subsequence wy and
a family {v.} of nonnegative Radon measures on R™ such that

(i) Jvellm = [ dog(X) <1 for almost every x € §.
]Rm
(i) (wy) =* @ weakly * in L>=°(Q) for any ¢ € Co(R™), where g = (vy, ) and

Co(R™) = {@ eC@®R™): lim |p(w)] = 0}.
|w|—o00
(iii) If for any R >0,
lim sup ‘{z € QN Bgr(0) : |wg(z)| > L}’ =0,
L—00 pecN

then ||vz||m = 1 for almost every x € Q, and for any measurable Q' C Q, we have p(wy) —

© = (vy, p) weakly in L*(Q) for continuous ¢ provided the sequence o(wy,) is weakly precompact
in LY().
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Lemma 2.1 is the fundamental theorem for the Young measure, and the following Fatou-type
lemma can be seen as its application, useful for us.

Lemma 2.2 ([14]). Let a : Q@ x M"™*" — R be a Carathéodory function and vy : Q@ — R™ be a
sequence of measurable functions such that Duy generates the Young measure v,. Then

k—o0

lim inf / a(w, Dug(x)) dz > / / a(z, ) dvy (V) da,

Q MmXn

provided that the negative part a~ (x, Dug(x)) is equiintegrable.

3 Main results

In this section, we obtain the existence and uniqueness of the solution for the obstacle problem
(1.1),(1.2).

3.1 Weak solution of obstacle problem

Through the above definitions, we utilize the concept of Young measure to demonstrate the existence
of weak solutions for the obstacle problem stated in (1.1), (1.2), by defining a mapping L : ICy g —
WL (@) (Q; R™) by
(L(u),v) = /a(x,Du) :Dv+ <u|u|p(z)72,v> dz
Q

satisfying the hypothesis of Theorem 2.3.

Theorem 3.1. Suppose Ky g # & and o satisfies conditions (fo)—~(f2). Then there exists a weak
solution u € ICy g to the obstacle problem (1.1),(1.2). In other words, there exists a function u € Ky g
satisfying

/J(x, Du) : D(v —u) + <u\u|p(w)_2, v—uydz >0
Q
for eachv € Ky g.

3.2 Proof of of the existence of a weak solution
Now, we solve problem (1.1). Towards this end, first we show the following Lemmas.

Lemma 3.1. Suppose o satisfies (fo)—(f2) and Ky o # @, set in (1.2), is given for arbitrary u € Ky g,
then:

(i) Ky,o is a closed conver set.
(ii) For each v € Ky g, Lu € W=HP @) (Q; R™),

Proof. (i) is immediate that Ky ¢ is a closed convex set.
(ii) By the Holder growth condition in (f71), we have

[{Lu,v)| = ’/a(m,Du) : Dv + <u|u|p(z)_2,v> dz
Q

< ‘/U(x,Du) : Dvdz| + ‘ /<u|u|p($)*2,v> dzx
Q Q

-1
< (Ml + CalDUIEE) Y IDw ey + Callullp 1ellpiay

z)—1
< (1Ml + CLlDulE ™ Y ol spa) +Collwllpe 10l e

p(z)
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IN

z)—1
(1Nl + Coll Dulp) ™ + Callullpay ) 0oy

< Clvllipea) -

A

So, we get Lu € W17 (@) (Q: R™), O

Lemma 3.2. Suppose Ky, 9 # @ and o satisfies conditions (fo)—(f2). Then the mapping L is monotone
and coercive on Ky g.

Proof. For fixed v € Ky 9, by the strict quasimonotonicity, we have

(Lu—Lv,u — v)
= /(J(x, Du) — o(xz, Dv)) : (Du— Dv)dzx + / <u|u|p(m)72 —vfp[P@ =2y — v)ydz
Q Q

-1
ZC’Q/|DU—DU|”(’”) dx+/|u\p($)+|v|p(x) dx—/p(m()x) u|P@) da
p
Q

Q
7/ 1 |v|p<z>dx7/i‘u|p(w> dx,/zmwm .
p(z) p(z) p(x)
Q Q Q

1

202/|Du—Dv|p(w) dx+/|u\p(m)dx+/\v|p(m) dx—/|u|p(I)dx+/ﬁ|u|p($) dz
p(x

Q Q Q Q

Q
1 1 1
_/ |U|p(w)dw_/ ‘u|p(z) dx—/|v|p(“)dx+/ ‘v|p(x) dax
p(z) p(x) p(x)
Q Q Q Q

202/|DU_D’U|p(z) dz.
Q

Then L is monotone on Cy ¢ .
Next, we show that L is coercive. Indeed, for the fixed element v € KCy g, in view of condition (f1),
we have

(Lu—Lv,u — v)

/( (z, Du) — o(x, Dv)) : (Du — Dv) dz+/<u|u|p —v|v|p(m)72,u—v> dz

Q
/O’ x, Du) Dudx—l—/a(:c,Dv):Dvdx—/a(m,Du):Dvdx
Q Q Q

— /O’(.’L‘,D’U) : Dudzx + / [ulP@ + |o[P@ dz — / [uP@ = o] + |u| [v[P@ 1 da
Q Q Q

2/(—Ng(x)+C’2|Du|p(””))dm—/Ng(m)+CQ|Dv|p(w) dx—/|N1(x)||Dv|dx
Q Q Q
—Ol/|Du|p(z)’1|Dv|dx—/|N1(x)| |Du\dx—C’l/|Dv|p(m)’1|Du|dx
Q
b [l 4 ol d = [ ) 4 ful o
Q

> Cg/\Du|p(I) + | Dy[P@® dx—2/|N2(x)|dx—/|Du||N1(x)|dx—/|Dv||N1(a:)|dx
Q Q Q Q

—Cl/|Du|p(”)_1|Dv| — Do | Du de
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[ o do = [l o]+ ful o) da
Q Q

> min{c2,1}/|Du|p<f> + @ 4 [DoP@ 4 @ dx—2/|N2(x)\dm
Q Q

_ / |Do| |N1 (z)| da _/L (\Du|”(m) + ‘U|P(m)) L (|N1(x)|pf(z)) dr
)

(z)
p(x) p'(z)
Q

1
gl-p'(x)

p(x)

—(01+1)/ °(1Duf!® 4 up@) + (IDoP@ + [oP@) dz
Q

p'(z)

(|Dv|p(r) + ‘U|p(r)) dx

1
e gl-p(x)
+1 /— DulP@ 4 |yP@)) 4~

> (min{C’g, 1} — (pi +C1 + 1)5) / (|Du|p(z) + |u|p(z)) dz — C (N1, Na,e,v,p(z)).

Q
Taking
.l min{Cs, 1}p.
2(1+ (Cy + 1)ps) ’
we obtain

(Lu — Lv,u —v) > C [ |DulP® + |[u[P™® dz — C(Ny, No, &, v, p(x))

>C [ 277 (|Du — Dv[P@) + ju — v[P@®)) — | Do[PE) — |p|P) dg

SO

- C(N17N2757v7p(w))

> 2_”*0/ |Du — Dv|P® + |u — v[P@ dz — C(Ny, Ny, e,v, p(x)).
Q

For a sufficiently small constant d, we have
Du — DvP®) dz:
fzf | | B / ( |Du — Do )p(m) (I[1Du — Dv| o) (o mm) — §)r@

= dx
[ Du — DU”LP(””)(Q,R’") [ Du — DUHLP('T)(Q,RW) -9

[ Du — Dol o) (0, mm)

(I1Du — Do|| 1ot (0 gmy — 6)P)
[ Du — DU”LW)(Q,Rm)

Taking 6 = 1|/ Du — D[ pp@) (o,rm), We arrive at

[|Du — Dv[P®) dz
)

— 00 as |[|Du— Dvl||zpw) my — 00.
||D’LL — D’IJ”L;}(I)(Q’Rm) H HLP (2,R™)

Similarly, we also obtain

[ |u—v|P® dz
Q

— 00 as [[u— vl Lp@ (qrm) — 0.
flu— U||Lp(m>(Q,Rm)

Then it is immediate to obtain
(Lu — Lv,u — v)

lJu— U”lep(m)(Q,Rm)

— 00 as [|u—vllyire@rm) — 00

That is to say, L is coercive on ICy 4. O
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Lemma 3.3. Suppose Ky 9 # @ and o satisfies conditions (fo)—(f2). Then the mapping L is strongly-
weakly continuous.

Proof. We choose a sequence up € Ky such that w, — u € Kyg in WHPE(Q;R™).  Then
llukll1 pzy < C for some constant C'. In view of Lemma 2.1, there exists a Young measure v, generated
by {Duy} such that [|vg||paem=ny = 1 and

Duy, — (vg,id) = / Advg(A) in L'(9). (3.1)

MmXn

Since LP()(Q; M™*") is reflexive, Duy — Du in LP(®)(Q;M™*") c LY(Q;M™*"), thus Du(z) =
(vg,id) for a.e. x € Q (for the uniqueness of limit, see also [3, Lemma 4.1]).
The following lemmas allow us to prove Lemma 3.3.

Lemma 3.4 (div-curl inequality). Suppose o satisfies (fo)—(f2) and {Duy} generates the Young
measure v, then

/ / (o(x,\) —o(x,Du)) : (A — Du) dvg(A) de <0.

Q MmXn

Proof. Let us consider the sequence
I .= (o(z, Duy) — o(x, Du)) : (Dug, — Du) = o(x, Duy) : (Dux, — Du) — o(z, Du) : (Dug, — Du).

By the growth condition in (f;), we have

/|a(x,Du)|p'(x) dﬂ?S/(|N1(x)\1’/($)+01\Du|p(3¢)) da
Q

< /|N1(x)\p (=) 4 c1||Du||ZEg dx

< /|N1(x)\p/(””) + 1 MP®) dg (where M is the upper bound of | Dullpz))
Q
< 0.

Since u € W12@) (Q; R™), we get o € LP' (©)(Q, M™*"). According to the weak convergence in (3.1),
we obtain

lim inf/a(x Du) : (Duy — Du) dx

k— o0
// (@, Du) - (A — Du) dvy (M) do /xDu /)\dvl —_Du)dz = 0.

Q MmXn MmXn

Therefore,

k—o0 k—o0
Q Q

I:= liminf/fk dz = liminf/cr(a:,Duk.) : (Dug, — Du) dz.

Let ' C Q be an arbitrary measurable subset. By the growth condition in (f;) together with Holder’s
inequality, we have

1

p(x)
/|a (. Dug) : D der < ([N (&) o) + 1 \|Duk||pjj (/|Du|p<x) dx) .
Q/
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Since [ |DulP(®) dz is arbitrarily small, if we choose the measure of €’ small enough, it follows that
Q/

the negative part (o(x, Duy) : Du)~ is equiintegrable. On the other hand, by the coercivity condition
in (f1), we have
o(z, Duy) : Duy, > —Nay(2) 4 ¢o|Dug [P > —Ny(x).

Thus
/(a(x,Duk) : Duy) dz < /|N2(x)|d:c.
o) o)

Hence (o(z, Duy) : Duy)~is equiintegrable. We infer from Lemma 2.2 that

I= likm inf [ o(x, Dug) : (Dug — Du)dx > / / o(xz,A) : (A = Du) dvy (M) da.
—00
Q Q MmXxn

We prove that I < 0. In fact, according to Mazur’s theorem (see, e.g., [29, Theorem 2, p. 120]), there
exists (vg,) € WP (Q; R™), where each vy, is a convex linear combination of {us, ..., u;} such that
v — u in WHPE) (Q: R™). This implies that v;, belongs to the same space as u. It follows that

1= likminf/cr(:c,Duk) : (Dup, — Du)dx
— 00
Q

= likminf</0(:1c7Duk) : (Dug, — Dvg) dx + /U(x,Duk) : (Dvy, — Du) dsc)
—00
Q

S IIICH%lLEDIfHO'(.’E, Duk)Hp/(m)HDuk — D’Uka(z) + ||U(£C, Duk)Hp/(m)Hka — Du||p(m) = 0,

by the boundedness of o (z, Dug) in L () (Q; M™*™), the construction of the sequence vj, and the
following fact

lug — vg |1’p(w) < lug —w Lp(z) T lvg — UJHLP(@ — 0 as k — oo.
Since
/ / o(x,Du) : (A — Du) dv,(\)dz = /a(x,Du) : ( / Advg(A) — Du) dz =0
Q MmXn (9] MmXn
together with I < 0, the inequality of Lemma 3.4 follows. O

Remark 3.1. An intermidiary result is the following inequality:

likm inf/(o(m,Duk) —o(z,Du)) : (Dug, — Du)dz <0.
— 00
Q

To see this, it suffices to repeat the proof of Lemma 3.4.

Lemma 3.5. For almost every x € ), we have
(o(x,\) —o(x,Du)) : (A\— Du) =0 on supp vg.
Proof. By Lemma 3.4, we have
/ / (0(2,\) — oz, Du)) : (A — Du) duy(A) dz < 0.
Q MmXn

By the monotonicity of o, the above integrand is nonnegative, thus must vanish with respect to the
product measure dv,(\) ® da. Therefore,

(o(x,\) —o(x,Du)) : (A\— Du) =0 on supp v,. O
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Now, we prove Lemma 3.3 for each case listed in (f3).

Step 1. Suppose that o satisfies condition (f3)(a). We have

/|Duk — DuP® dz < c/(a(amDuk) —o(z, Du)) : (Dug, — Du) dz.
Q Q

We remark that the inferior limit of the right-hand side of the above inequality is less than or equal
to zero by Remark 3.1. It follows that

lim inf/ | Duy, — DulP@) dz = 0.
k—oo
Q

Let Ey e = {x : |Dug — Du| > €¢}. We have

/|Duk — DulP™® dz > / |Duy, — DulP™ dz > P B,
Q

Ey.c

which yields
1
|Eg.e| < —@) / |Duy, — DulP™ dz — 0 as k — co.
€ x
Q

Since by the Fatou Lemma,

_ (z) , p(z)
[ (2 4y < s ([ 1= P) "
€ k! — o0 €
Q

Q

we have
||Duk — Du”Lp(m)(Q,Rm) < sup {”Duk’ — DukHLp(m)(QJRm)} < 6/,
k/

that is to say, Dugy — Du in LP®)(Q, R™). Hence
Duy, — Du in measure on 2 (for a subsequence).

After extracting a suitable subsequence, if necessary, we can infer that Duy — Du for almost every z €
Q. Then o(x, Dug) — o(x, Du) for almost every z € ), and in the measure. By the equiintegrability
of o(x, Duy) : Dv, the Vitali theorem implies

/a(a:,Duk) : Dvdx — /U(a:,Du) : Dvdx as k — oo.
Q Q

Step 2. For the case (f2)(b), we argue as follows: We start by proving that for almost every x € Q,
supp v, C B, = {)\ e M™*" . Z(x,\) = Z(x,Du) + o(x, Du) : (A — Du)}
Let A € supp v, then by Lemma 3.5, we get
(1 =7)(o(z,\) —o(x,Du)) : (A\—Du) =0 V7 €[0,1]. (3.2)
On the other hand, by the monotonicity, for 7 € [0, 1] we have
(1—=7)(o(z,Du+7(A = Du)) — o(z,A)) : (Du—A) > 0. (3.3)
Subtracting (3.2) from (3.3), we get

(I1-71) (U(x, Du+ 7(A — Du)) — o(x, Du)) :(Du—X) >0 for T€]0,1]. (3.4)
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By the monotonicity,
(o0(z, Du+7(X — Du)) — o(x, Du)) : 7(A — Du) > 0,
and since 7 € [0, 1], we have
(o(x, Du+ 7(A = Du)) — o(z, Du)) : (1 —7)(A — Du) > 0.
The above inequality together with (3.4) implies
(o(x, Du+ 7(A — Du)) — o(x, Du)) : (A\— Du) =0 V7 €[0,1].

Integrating this equality over [0, 1] and using the fact that

97 (z, Du+ 7(A— Du)) : (A= Du),

o(x,Du+ 7(A — Du)) : (A— Du) = 27_

we conclude that
1
Z(x,\) = Z(x, Du) +/0xDu+'r)\ Du)) : (A — Du)dr
0

= Z(x,Du) 4+ o(xz, Du) : (A — Du).
Hence A € E,, i.e., suppv, C E,. In view of the convexity of Z, we have
Z(x,\) > Z(x,Du) + o(x, Du) : (A — Du).

For all A € E,, put A(\) = Z(z, ) and B(\) = Z(x, Du) + o(x, Du) : (A — Du). Since A\ — A(N) is
continuous and differentiable, for all S € M™*"™ and 7 € R we obtain

AN+78) — AN S B(A+7F)— B()\)

= if 7>0,
T T
AN+ 715) — A(N) < B(A+718)— B()\) i <o
T T
Thus DA = DB and therefore
o(x,A) =o(x,Du) VY€ E; D suppvg. (3.5)

The equiintegrability of o(z, Duy) implies that its weak L!-limit is given by

() := / o(x,\)dvg(\) = / oz, \)dvg () = / o(x, Du)dv,(\) = o(x, Du),  (3.6)

Mmxn Supp Vg Supp Vg
where we have used (3.5) and ||vg||m = 1. Now, consider the Carathéodory function
w(x,\) = |o(x,\) —a(z)], AeMm*".

The sequence wy (z) := w(x, Duy(r)) is equiintegrable by that of o(x, Du(z)), hence its weak L!-limit
is given by
wp — @ in LY(Q),

where

w(x) = / lo(xz,\) —7(x)| dv.(A)

MmXn

= / lo(z, A) —7(z)| dvg(A) =0 (by (3.6) and (3.5)).

Supp v
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Since wy, > 0, we deduce that wy, — 0 in L'(Q) as k — co. Hence

/a(x,Duk) : Dvdx — /U(x,Du) : Dvdzx as k — oo.

Q Q

Step 3. For the last case (f2)(c), we claim that for a.e. z € Q and every S € M™*",
o(z,\): S=0(z,Du) : S+ (Vo(z,Du)) : (Du—S)

holds on supp v,,, where V is the derivative with respect to the second variable of ¢. The monotonicity
of o implies that for 7 € R,

(o(x,\) —o(x,Du+7S5)): (A—Du—1785) >0,
which implies
—o(z,A): 78 > —o(x,\): (A= Du) +o(x, Du+7S5): (A= Du—715).
By virtue of Lemma 3.5, we get
—o(z,\): 78 > —o(z,Du) : (A\—Du) +o(x,Du+715): (A — Du—15).

Note that
o(x,Du+785) = o(x,Du) + Vo(x, Du)TS + o(1),

thus
o(@,Du+78): (A—Du—718)=0(x,Du+7S): (A= Du) —o(x,Du+75): 75
=o(x,Du) : (A — Du) + Vo(x,Du)rS : (\ — Du) — o(x,Du) : 7S — Vo(x, Du)tS : 75 + o(7)
=o(z,Du) : (A — Du) + 7[Vo(z,Du)S : (A — Du) — o(x, Du)] + o(7).

Therefore,
—o(z,A) : 78 > 7[(Vo(z, Du)S) : (A — Du) — o(x, Du) : S] + o(7).

Since 7 is arbitrary in R, our claim follows. By the equiintegrability of o(x, Duy), its weak L!-limit
is then given by

o(z) = / oz, A)dvg(A)

Supp ve
= / o(x, Du) dvg(A) + (Vo (z, Du))’ / (Du — X)dvz (M) = o(x, Du),
Supp vz Supp Vg
where we have used our claim and the fact that Du(x) = (vs,id). On the other hand, since

LP' @) (Q; M™*") is reflexive, the sequence {o(x, Dug)} converges weakly in LP' () (Q; M™*™) and
its weak LP'(*)-limit is also o(z, Du). Thus we conclude that

/a(x,Duk) : Dvde — /U(:B,Du) : Dvdzx as k — oo.

Q Q

Hence [o(x, Duy): Dvdz — [ o(z,Du) : Dvdz as k — oo in the cases (a), (b) and (c).
Q Q

Now we show that
<uk|uk|p(z)72,v> — <u|u|p(z)72,v> as k — oo.

Since uy, — u in W5HP(®) (Q: R™), the continuity of the inner product implies

(ug,v) = (u,v) as k — oo.
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Therefore, by Theorem 2.1, we have that (u|us|P®) =2, v) is bounded for all uy > 1 a.e in Q, p(z) > 1.
Hence, by using ug — u, we get

<uk|uk|p(m)_2,v> — <u|u|p(m)_2,v> as k — oo.

Next, passing to the limit, we get

(Lug,v) = /o(m,Duk) : Do + (ug|ug [P® 72, 0) da
Q

— /o(w,Du) : Dv + (u|u|P® =2 v) dz = (Lu,v).
Q

This is the strong-weakly continuity of L on Ky g. Thus the proof of Lemma 3.3 is complete. [J

Now, we can apply Theorem 2.3 and the above lemmas to obtain the existence. In sum, we
conclude the existence of an element u € KCy ¢ such that (L(u),v —u) >0, i.e.,

/O’(:E,Du) : (Dv — Du) + <u|u|p(m)*2,v —uydz >0 for all v € Ky,.
Q

4 Uniqueness of weak solutions to problem

In order to obtain the uniqueness of the solution, we need to prove the following theorem.

Theorem 4.1. Suppose Ky g # ¢ and p(z) satisfies (1.3). Under conditions (f1)—(f2)(c), there exists
a unique solution u € ICy g to the obstacle problem (1.1). That is to say, there exists a unique u € Ky g
such that

/U(x, Du) : (Dv — Du) + <u|u|p(‘”)_2,v —uydz >0 forall veKyg.

Q

Proof. 1t is immediate to obtain the existence from the above lemmas. If there are two weak solutions
ur, ug € Ky 9 to the obstacle problem (1.1), then

/a(x, Duy) : (Dug — Duy) dx + <u1|u1|p($)72, Uy — u1> dr >0 forall velyg

Q
and
- /a(x, Dus) : (Dug — Duq) da + <uz|uQ|p(w)_2, Uy — u1> dz
Q
= /o(a?, Dug) : (Duy — Dug) dx + <u2|u2|p(x)_27u1 — u2> dz > 0.
Q
Furthermore,

/a(x, Duy) — o(z, Dug) : (Du; — Dusg) + <u1\u1|p(m)72 — ug\uQV’(m)*Q,ul — u2> dz <.
Q

In view of (f2)(c), we can further infer that

/U(m, Duy) — o(x, Dus) : (Du; — Dug)dx =0 on
Q
and
/ <U1\U1|p(75)72 — U |up|P) 2y — ug) da = 0,
Q
that is to say, u1 = us a.e. on (2, and now the proof is completed. O
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