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ABSTRACT. In the category of complete distributive lattices the isomorphism
of functi,onal Kolmogorov type groups of homology with projective type groups of
homolory is proved.
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Let S(l):{r=(L',f')l/':L-+L'} (an epimorphic v-homomorphism) be a complete lat-
tice of all subspaces of a complete distributive lattice Z (S(r) is the same as the complete
lattice Q{L) of all v-congruences on Z). Subspaces of the type a=(C(;r),i). where
C\x):lzl*r, xge Ll and i(z)=xrc are open; subspaces of the type F=(LIC(x),h) are closed,
wlere LIC(x) is the factor-lattice of L with respect to y-congruences: fzeyvx:zyx;
yJeL; i is the natural v-homomorphism h:L-+LlC(x) [,2]). We shall consider only those

subspaces which have complements in S(Z). The closure V and the interior Inte of the

subspace e are defined by the equalities 7 = n{f lFe S(L), eS F} and lnte= I -l* ,

respectively (by 1-e is denoted the cornplement ofthe subspace e). The subspaces e and
e'are said to be nonintersecting, if ete':O.

Definition 1. An open subspace ae S(t) is said to be canonical, if u =lnti. A closed

subspace FeS(Z) is said to be canonical, if .F=tIF.
Proposition L. The complement in S(L) o/'the canonical open (closed) subspace is

canonicallv closed (opeQ subspace.
Proposition 2, U'f and F' are canonic'all1, 61otrO xtbspaces, then FvF is cano,ni-

call1, closed, as yvell. Consequently, iJ'u and r/ are canonicallv open xtbspaces, tlrcn
lhe same is u.nu'.

Proposition 3. IJ' F(u) is a closed (open) subspace then Iil.F(D is a canonical

open (closed)' .subspace.

Proposition 4. lJ'u and u' are canonically open subspaces, then
Proposition 5. $' a:{F-,,...,fin} ls a Jinite closed covering of L (i.e

- , - --,u<u (= u<u
VF,:1, F,eS(L)

are closed subspuce.s) ancl u,:IntF, B=lu,\, then f =1;.1

snd F is the covering of L,

is reJinentent oJ' a (B >a),

Definition 2. A family of nonintersecting canorrical open subspaces efut;| for which

d = liil1 is the covering of l, we call Kurosh type covering of the lattice I.
Similar definitions and constructions in the case of topological spaces can be found

in [3].

Proposition 6.lJ'w{u,l and p ={ul1} are Kurosh t1'pe coverings of the lattice L,

lhen the same is d n p = {u, nu}} .

Let {a} be a family of all Kurosh type coverings of I andKobe nerve of the covering
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- ,',,- sar that Bisrefinernent of a,6B,if a={11o}, 0={aB } if everyelement 4B-

- . contained in sorne element ud of a,. Correspondence up. -) aa. defines uniquely

-::ron (simplicial map) ff:Kp-;I{". By proposition 6, the systern {a} tums into a

':-:id set. Thus I = \Ko,pf I itthe sirrrplicial spectrum with uniquely defined projec-
-'. thcrcfore it may be hclpful for cleterrnination of spcctral and projective hornologi-

:: cori es.

-ct G be topological Abelian group .The spectral honrology groups of z which are

'-::i or.l spectrum A= {Ko,p!} am on a simplicial spectrum A, of all t-rnite closed

::ings of L over the group of coefficients G, we denote ay U!1t;C1 and Af (t;G) ,
":,t.Ctively.

Theorem l, Spectrrl hontology gloup.t uzrlt;c1 and aF(t;G) ttre isomorphic.
Proof. Sincc I is a subspectrum of l'. the theorem follows from the fact that the

- .'scd Kurosh type covering can be inscribed into cver:y firrite closed covering.

Srnce ,4 ={x*,p!} is the sirnplicial single-varuecr spectrum, the projections p!
- jscss the properry of transitivity o! " ofi = p/ , rvhen ct'=ftynotonly with respect to
-: homology classes, but also with respect to the chain. This fact makes it possible to
::.oducc thc following projective grorrps of chains, cycles, bounding cycles:

C p(L; G) = lim{C p( Ko;q, p f },
Z p(L;G) =lim{Z p(Ko;G), p!)} ,

B p (L;G) = l.rrii B p (Ka; q, p I )

::spectively.

lf group of coefficients G is compact then Bp(L;G) =m.
Definition 3. Denore Hp(L;G)=Zr(L;G)/ffi and call as pr-ojective homol-

r.'tv group of L.

Lc:t Cp = lCpple C p(L:G). i.c. CpB = S,N;, whcre S,B , S,Be G,is the chain coef-

:rcient; Ceo= plCrO for alBand, tpge Kr.tf d.Bandthe simplex tfi. is encountered

tn Ko , then we can easily see that the chain coefficients cpg and, cru coincid e on fu .

Irr other words. the coeftlcient depends only on the sirnplex tfi, and therefore we can

ri,ritc it as the functio" si=Wr?fi) of one oriented simplex fB, or,likewise,as the
'irnctirrrt EpoBrt-.,op.ip) of thc ortlcrccl r., ,)0u.....%p olvertices of the simplex tfr;
to gct rid ol thar ordering. wc t.lefine ep@[i,,, ,Dpjp) in terms of a skew-symmetric
lunction of all its argurnents.

Let r(n be a nerve of all canonical closed subspaces of L. Then the subcomplex Kof
thc complcx Kn consisting of all sirnplices, whose vertices have nonintersecting interiors,
lornr a closed subcornplex. If t, =(rtrr,...,Or1 is the simplex from K and,
8r*1 = lnt(l - v4 ) , then (ds,...,r)-r,or*,.y is a Kurosh type covering ofZ, and its nerye has
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. u r : -: :, ..,::,r:e this special covering and its nerye by a|P) and KUpl,: -,: r-. j_-:\e chajn c.p. L,peCr(L:Gl lhcre corresponds tlre chain of the

'" 5'?: :' :e =.a:ion', p =2EpQP yP orbysummation with respect to all sets

' orn*a**, { .1.-= r rrithnonintersectinginteriors: '"r=*>;Qo(g-r,...,grw-j,...,0r.
-'rr ':'ifi .r - .-.'j c.'fines the isomorphism r '. c,,(L;G)-->'c,,(K:G)ccp(K;G) of groups.- r r ..fl :,:d: :€: r: 6 and ugpl:{crltpr(tp)eu,creCr(L;G)},then {u(t|1} ana tAutfii}r': lirf,Erl!, s :.: :orh groups of chains. consequentry r is the isomorphism.

-: _,= _". . is rhe projective chain, then ,u"h i. dr,,:{drrrli for cnowe have
r,. 1" =.-..;- ir*=gtftfr,tf,I1, Sincethecoefflcientfor $. 

1 indc,,odoesnotdepend

{- -r i s -':n replace K oby any other nerve containing t[, . Let the notation be chosen in
.r*- 3 ir.a\ that tr-, =(6u,...,8r_i,a={O(),...,grs,gq,...,g*}. Then
.r;.,= u ,ir-, ,d-1 .*h"r. r9=lnt(l -VB,),andtherefbre a1tt,1<u.Theprojection

-'-i-. -.(ri'-:r is defined by rhe equaliries p(4) =tt,, p(Til=S). thl, and the fact that

: - _:opCno imply that the coefficient for /,-r in DCno is gp_t(h,...,g0_)=

= o--, J. O0.... ,Br_,) Therefore dC, can be defined as a chain 6Co =

;Ierto,oo, ..,4-,), Fr,...,4-, orth'e bo,ndary,operarorD over gpcan be clefined by

:re eoualiry, dq o = g ;@, 60,...,dr_t).
Let {F} be a set of all closecl subspaces of I.
Definifion 3. For any integer p>0 we car as p-dirrensionar Kormogorov type chain

r'-:he lanice z over tlre topologicar group of coefficients G the function 
-rp,,ttrn,...,,r; 

*rtt",'.:lucs in G uhich satist'ies the following conditions:

.-_.i ,?,-r:ltains 
urrchanged under cven pemutation of argulxents and c}ranges its sign

:!r: :nerr odd pcnnutation: q,,:0 if two arguments coirrcide (skew_syumetry).
I Il F,' and F,' have rronintcrsccting inte riors, lnt4, ,.lntFi _0, then

c'. 1 f,r. , F,'v F;..., F r) = e o(F0,..., Fi', . , Fr,) + e p(F0,..., Fil',..., r; (additivity).
-1 Ii nF=0. then rpr(F',....F):0
\\e introduce in the group CI O;Cl of all Kolntogoroy type chains of I over thei:.'*: of cocltrcicnts G thc boundary opct.aror 

-rJ, 
as lbllow s: den=e,,_t(F,,,...,F,_,):

=c''1.F,...f,-,). u'hcrc I is trrc rargcsr crcnrcnt of rhe larticc L. ob.ior(1y. ab=0. 6on-
sccuenrll. r'e have obtained ordinary groups both of cyctes z[(L;G) ancl of bounding
-'.-:* 8j' tL:G) .

, -*: 
see that in Er(F',. ..Fr) all F can be replaced by canonical closed subspaces il4

:::-r- lcar ins the values of the function g,unchanged. The values of tl.re function gronthe
: '.t..,..F.,) are knotvn whenever they are known on r)0,...,4, whcre t}i are pairwisc
l'trill"lters€ctlog canonical open sr.rbspaces in l. Let r(u be a nerve of all canonical closed:-f s;:css and ( be a subcomplex of the complex Ko consisting of alr simprices rvhose
":alJes hrve nonintersecting interiors. We can consi<I"er gras a-function on the set ofp-: :--:i3\:3:.'irhe cornpler,(u. The value of the lirnction gr"onp-simplices of the complex

iitm,El

,lr: Homolrgl G-:*:E:s nq

lf lgfmr:: :€ ii.::le furci:".:: 'o, t _ -;
k ::tom -r. rr€ C /L.Gt. The cc::eryn
rpmr,llrcr. :e-,-qe r : cf tt:ct --+ C ,t L-l
rys !s :re: s€Ls the eroups C-tI:Gt q

-t .t-:--'=:l:sm r rn its turn ;:er
i,"-f =BitL:Gl.

Drfiairion {. Denore the ti::-::;-r{,.q
r-.u:mc'-.r.-.:.i group the Koln:o:orrr :
:rsfri'c:-is G.

-t-.s :-.. follog.ine theorem r_< rilxi
Iltorem 2. Projectir.e hamr".o.g, g

rry 5,€; oJ'the lattice L oyer:he t:Vilt
H- L(
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frbt sanre functior, 'er(&,...,8r) as above and, consequently, the projection offt5 c, creClLrG). The correspoird"n." ep+Cpdefines the isomoqphism in the
Fat L*e t : cf tt;G) -+ c ,(L;G). If {u}'are open sets of the group co(L;e, we
l&.rt.'r sets the groups c oQ;G) of the set { a'(r)}, turing z into the isomorphisrn;
i[Drphism r in its turn provides isomorphisms zo(L;G)=Zf (L;c)ana

-. y= nf G:Ct.
r.don 4. Denote the factor group Zf e;q/46 ay af g;G1and cail asiFhiroal group the Kolmogorov fype homologies over the topological group of&'.-,

Ib fre following rheorem is valid.
rhrem 2. Projective homology groups and Ji,mctional Kolmogorov type hontol-

{irrFs of the lattice L over ihe topological g'oup of cofficients G are isomorphic,i.e.
H ,(L;G)= uf (L;c).

Gcorgian Academy of Sciences
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