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Let 'tr be a presheaf of modures on a distributive lattice L; a ={x}*r_ be a family ofelements &om z' A compatible a -family ofthe presheaf.Fis defined as a family of elements
iv, e F(x)|,,. such that v,l,n,,= v,,i,",, . By F(a) we denote a module of compatible a _

families ofthe presheafF Ifthe fam iry p ={l}r." refines the family a , then there exists the
homomorphism F(a)--+ F(P). If a runs through the family of coverings of the fixed
element z' z e L, trren {r1a;} is a direct spectrum, and we assume that i1r1 =lim{.n(a)} .

lf z'< z,and a issomecoveringoftheerementz,then s,={xrr,z,lxea} isthecovering
of the erement z' which refines the covering a. Hence there is the homomorphism
F (a) -+ F(a') which defines the homomorphism .t1z; -> rp1. .tr, is the presheaf on r.

There exists a natural transformatio n k: F _+ F which assigns the element of the moduleF(:) represented by the compatible B -family {r} to the element v e F(z),where the

Iffirll.fa.*nsists 
of the unique element z; the preshear r ;s cailed a compretion of the

Proposition l. The presheaf F on L is a sheaf if and only if k: F - F .

Let F be a presheaf of modules on z, and ret a ={x, } ue a covering ofZ. For every
integer p>0 wedefine Cp (a;F) asamoduleoffunctions Vr whichassigntotheordered
set of p+l elements xao;x6,;...;xoo of the covering q the element
v(xo,"',x,,)er(x"" n... n*,,). The coboundary operator 6 :ce (a;F)_+
CP-'(a;F) is defined by

(au)(*^,.. ., xo n) = 
..I_, Gr), w (* 

^,..., 
io,,..., xo,) I roo 

^ 
. . . 

^ 
xo,, .

Then d2 =0' and the modure c' (a;n)= {c' (a;r),a} is a cochain comprex; its
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: ro..i cf cohomorogies is denoted by H. (";r).It foilows from the definition that
"' ::i) = F(q)

-.e. fi be the covering ofz which refines a , and ret the functio n ).: p -> a be such

:"rr : :S i(xo) forall xr. Wedefrnethecochainmapping 2. :C.(a;F)_+ C. (B;f)Uy

r.:,,-::ing tnx (s.'v)(xr,,..,,xFr)=v(t(*0,),...,r(*0,))l*^.^r, . This implies thar the

: : :"rnorphism ./' : H' (a;F) -+ u' (f;r) is defined correctly, and the erement

- I = {^'r} oo"tnot depend on the particular choice of functions Z . A collection of
:: :':';les and homomorphism {a' (a; r},1'} , where a runs through the coverings ofr, is
:' :-elf a direct spectum, and the Cech cohomologies ofthe complete distributive lattice L
, :i coefficients in the presheafF js defined by the equaliry E. (t; f)=,,y {r. (a ; f),.t". } .

: -'i every presheaf Fwe have .Eo (L f ) = f 1Z; . If f.is a constant presheaf on Z, then these
;:ups of cohomologies coincide with those defined in [2] and [3].

Theorem l. If O -+ F'-+ F -> F,, -+'0 ls a short exact sequence ofpresheaves on L,
: ::n the corresponding cohomological sequence

...-+ E, (t;r,) -+ Eo (t;r) -+ En (L;r,) _+ il0"(z;r,) _+...
:: etact,

rf (Ll0,k0)e s(r) isasubspaceinr(seel4l,[5])andFisapresheafonz,thenwecan

lefine two presheaves F4, and Ftlo on z such that the short sequence of presheaves

0 -+ FLlq -+ -F + F4o -+0 is exact. The corresponding cohomological exact sequence is

an exact sequence of the cech cohomology of the pair (L,Ll?) with the coefficient in the

presheaf F, and we assume that n, @1e;f) = Fto (L;t r,r) ana

nP (r,tla;r)= H, (rrr,,').
Definition l. The presheaf ,F of modules on r is said to be localry zero, if for every

element v of the module F(x), xe z, there exists a covering a={*,} of the element

x (x=vro),such thatvl,.=0 for all xoea.

This is so if and only if the completion F of F is the zero presheaf.
Definition 2.Let a be a system of subspaces in r ([4], [5]), covering .s(r) ; the cover-

i'g o it said to be locally finite if there exists open covering a, of L(i.e. the elements of the
covering a' are open subspaces ofZ) such that every element ofthe covering a' has a non-
empty intersection only with a finite number of elements of the covering a .

Definition 3. The lattice Z is said to be paracompact if s(z) is Hausdorf (see [6]) and
every its open covering is refined by a locally finite open covering.

Bull. Georg, Natl. Acad. Sci. Vot. 173, No2, 2006



255 Z. Todua

Theorem 2. If L is ctparqcompact complete distributive lattice,
presheof on L, then E. (t; r) = O .

Definition 4. The homomcrphism f : F -+F , ofpresheaves on z is said to be a locary
isomorphism, if the presheaves ker/ and coker/ are both locally zero.

corollary r. If L is paracompact and f : F --+ F , is the rocar isomorphism ofprxheaves
on L, then "f, , Ft. (l;f1= g. (t;f ,) is an isomorphism.

corollary 2' IfL is paracompact, thenthe naturar homomorphism k: F -+ i induces
the isomorphisms k. : E' (t; r)= fi . (t; F)

Definition 5. The presheaf ,F on z is said to be fine, if for every roca,y finite open
covering 

"={*}={(tlt,,&a,)} ordreh*icerthereexisrsthefamily 
{e,}"., ofendomor-

phisms of the presheaf .F such that: a) if v e F(y) ,then e* (v) l@r".r,,)_(t,Jui= 0 and b) if
the open subspace (tf er,4n\ in I intersects.only a finite number of elements of the family

t@u;).., , then for the element v e F(y) the equality v = f e,(r,) holds.

The la*ice v-homomorphism / : M -+r and the p..rt .urr on Z define the presheaf
fF onM,namely, (f"u)t l=F(.f(x)), xeM.

Proposition 2. Let F be afinepresheafofmodules on L. Then:
(a) for every presheaf ofmodules F, on L the presheaf F @ F, is Jine;

oo, 

(o) rf "f : M -+ L is the homomarphism of the rattice, then f-F is thefine presheaf on

(c) F ri rhefinepresheaf on L.

Definition 6. A shrinking of the open coverin g a={xl={(rlr,,fr,)} ,, an open

covering fr = {y} = t$ltr, i.r, )} or tne u.fiice Lwhose erements are in one_to-one corre-

spondence with the elements of the covering a such that if to the erement (t1o,,t r,) i,
assigned the element (t1e, , h,) , tnen Fpil = 

(Lf 0, , k0.) tsee [al, tsJ).
Every shrinking ofthe locally finite open covering is locally finite.
Theorem 3' If F is a/ine presheaf on the paracompact rattice L, ,r"n p r (t;F)=0 fo,all p>0.

Let F' be a cochain complex of presheaves of modules on L; Zp ufld Ba,r denote,respectively,thekernerandtheimageofthehomomorphism 
6:Fp _+Fp*,,andlet Hp bethe presheaf Zp f An .
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Proposition 3. ie: .:
:':a:a. : lrcr? arl..'-, --,i

,..
tJ + (a:t--:
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: ''::antpact L. t,:en _'':,
.:i;:; sequetlce

t;i-+tm[H[f:8''-l
Theorem 4. Lei F

. x the paracomp;:; " .4s.

;<m and 4<F

7, -(L;H"(F'))=.;,

i' " (L;a'1F') ) ---+ .{'

Theorem 5. Let - :e ;
a cochain mapping c.; :,,r,

L into the other one ie,"

i ocal isomorp his m.:':, :"<'

i. : Ho (i" (Z)) + r ',.F
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Proposition 3. Let F' be the cochsin complex ofpresheaves ofmodules on L. For every

trr.::r p there exists afunctorialwith respect to F* exact sequence

o -+ r.".(r0(2, ;ap))-+ d(r;zoa)- AoQ;zo)- ur(i,1zy)-+ o.

Proposition 4. If F' is the cochain complex of presheaves of modules on the

: :- ::ompoct L, then for all integers p there exists the functorial with respect to F" short
::;:; sequence

-, - rrn(E(z; r r 
)) -+ ut fu; z, -') - H, V 

- 
f zl)- u",{fr o 

{r; s o 
)) - n, 

Q.; 
a, 

) - o.

Theorem 4. Let F" be o nonnegative cochain complex offine presheaves ofmodules

.': ;he paracompact L. Assume thatfor some integers 0 < m < n H o (F' ) is locally zerofor
:<m and m<p<n. Then there are functoral isomorphisms

p <n, qnd the functorial monomorphism

i"-' (4n' 1.' )) - n' (i' 1q)

Theorem 5. Let L be a complete distributive paracompact lattice, andlet r : F * *+ F'* be
; cochain mapping of one nonnegative cochain complex offine presheoves of modules on

I into the other one. Letfor any number p<n the mapping r.:HP(F')-+ Hp(F") be a
.'ocal isomorphismfor p<n and a local monamorphismfor p:n. Then the induced mapping

i. : Ho (F' (r)) -+ Ho (i', (I) is the isomorphismfor p<n and monomorphismfor p:n.

A. Razmadze Mathematical Institute
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