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Let F be a presheaf of modules on a distributive lattice [; o = {x}

¢lements from L. A compatible ¢ -family of the presheaf £is defined

as a family of elements
Ve € F(x)} _ such that Ve lear= Ve fenre- By Fa) we denote a module of compatible ¢ -

families of the presheaf . If the family g ={y!

e be a family of

v, Telines the family ¢ |, then there exists the
homemorphism F(a) — F(B). If & runs through the family of coverings of the fixed

element z, z € L, then fF(a)} is adirect spectrum, and we assume that }:"(z) = Iim{F(cr)} :

If "<z and @ issome covering of the elementz, then a'={xrz'|x ¢ a} isthe covering

of the element z' which refines the covering & . Hence there is the homoemorphism

Fla)— F(a') which defines the homomorphism 13(2) — }?'(z') . F isthe presheaf on /.

There exists a natural transformation % : F— F which assigns the element of the module

j:“(:) fepresented by the compatible 3 ~family {V} to the element v € F(z), where the

family £ consists of the unique element z;

the presheaf 7' is called a completion of the
presheaf F.

Proposition 1. The presheaf Fon L is sheafifand only if k- F = f

Let F'be a presheaf of modules on £, and let ¢ = {x.} be a covering of £. For every

integer p 20 we define C* (@ F) as amodule of functions ¥ which assign to the ordered

set of p+1 elements Koy X 3eens X

«, Of the covering o the element
w(x%,...,xap)eﬁ'(x% A'--Ax‘,’),
C (a5 F) is defined by

(§w)(x%,...,xa‘+l): Z (-—1)'1,:/(::%,...,J’éar,...,xa’)Jx%A---Ax%

05iz pt]

The coboundary operator 5:C% (e, Fy—

"

Then &% =0, and the module C- (o F) = {C" (af;F),c‘S} is a cochain complex; its
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module of cohomologies
Hr‘j(a;F) = Fld).

Let £ be the covering
that x ;< ﬁ(xﬁ) forall x,
assuming that (4'v)(x, ..
homomorphism A°: 5|
ifp}= {ﬂ.‘w} does not &
modules and homomorphis

by itself a direct spectrum. 2

with coefficients in the presh

For every presheaf 7 we has

groups of cohomologies co
Theorem 1. I/ 0 — F°
then the corresponding con

e H? (L:F
is exact,

If (L/6,k,) e S(L) isa
define two presheaves F_,
0> F* 5 F>F,_.—>0
an exact sequence of the Ce
presheaf F, and
B*(L,Ll8;F)=H"(LF

Definition 1. The pres
element v of the module |
x (x=vx,)},suchthat v _

This is so ifand only if

Definition 2. Let & be
ing & issaidto be locally &

covering ¢' are open subsp
empty intersection only wit

Definition 3. The latic
every its open covering is
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“Uiiis of cohomologies is denoted by H* (a;F). It follows from the definition that
= a; F) —-F(cr)_
~zt 5 be the covering of L which refines o » and let the function 4: 8-> & be such

fiat x < /?.(xﬁ) forall x, . We define the cochain mapping A* : ¢ (F)—> C (B:F) by
ssuming that (E'V/)(I& yon 'nxpp) 2 W(l(xﬂo ),---,ﬁ(xﬂp )) Lﬂi_,\..,mﬂp . This implies that the
“imomorphism A" H' (& F)—> H (B;F) is defined correctly, and the element

= {/I‘y/} does not depend on the particular choice of functions 4. A collection of

medules and homomorphism {H' (e F), A } » where ¢ runs through the coverings of Z, is
7 iselfadirect spectrum, and the Cech cohomologies of the complete distributive lattice 7.
* 7 coefficients in the presheaf  is defined by the equality &* (L; F)=lim {H‘ (a; F), A } :

“orevery presheaf Fwe have H®(L;F)= F(L). If ¥is a constant presheaf on L, then these
=oups of cohomologies coincide with those defined in [2] and [3].

Theorem L.If 0 F'— F — F" 3’0 is ashort exact sequence of presheaves on I,
“wen the corresponding cohomological sequence

oy HP (LiF')—> H(L;F)— f:’”(L;F") - r’-ul"”(L;F') -3
5 exact,
It (L/é', kg) € S(L) isasubspacein L (see [4], [5]) and Fis a presheafon L, then we can
define two presheaves F,, and F“° on [ such that the short sequence of presheaves

D FHP _ Py Fy;p — 0 is exact. The corresponding cohomological exact sequence is
an exact sequence of the Cech cohomology of the pair (Z,L/ 6) with the coefficient in the
presheaf F, and we assume that H° (L/6;F)= A" (L; Fe) and
H” (L,L/6;F)= A" (L;F%),

Definition 1. The presheaf F of modules on [ is said to be locally zero, if for every

element v of the module F(x), xe L, there exists a covering a = {xa} of the element

x (x=wvx,), such that v, =0 forall x, e

This is so if and only if the completion F of Fis the zero presheaf,
Definition 2. Let @ be a system of subspaces in L ([41, [31), covering S(L); the cover-
ing @ issaid to be locally finite if there exists open covering ' of L (i.e. the elements of the

covering «' are open subspaces of L) such that every element of the covering ¢ has a non-
empty intersection only with a finite number of elements of the covering « ,

Definition 3. The lattice L is said to be paracompact if S(L) is Hausdorf (see [6]) and
every its open covering is refined by a locally finite open covering,

Bull. Georg. Natl. Acad, Sci. Vol. 173, No2, 2006




255 Z. Todua

Theorem 2. IfL is g paracompact complete distributive lattice, and F

is a locally zero
presheafon L, then F- (L; F)=0.

Definition 4. The homomorphism £: F - F of presheaves on £ is said to be a locally

isormorphism, if the presheaves ker / and coker J are both locally zero,
Corollary 1, IfL is paracompactand f:F — F' isthe local isomorphism of presheaves
onl, then f,: H* (LF)=H (L:F'} is an isomorphism,

Corollary 2. IfL is paracompact, then the natural homomorphism k: F — F induces
the isomorphisms k. : H' (L; F)= &* (L; I:“) _

Definition 5. The presheaf F on L is said to be fine, if for every locally finite open

covering & = {x} = { (1/6,, ko, )} of the lattice  there exists the family {e.}.., ofendomor-

phisms of the presheaf F such that: a) if ve F(y), then e (v) [{ =0 and b) if

L8,k }- (Lie, by iy )
the open subspace (L g,, ka}.) in L intersects only a finite number of elements of the family

{(LX Ok, )} , then for the element v e F(y) the equality v = Zex (v) holds.

reax

The lattice v-homomorphism f: Af — £ and the presheaf F on L defi

J.F on M, namely, (£.M)(x) = F(f(x), xeM
Proposition 2. Let F be 4 Jine presheqf of modules on 1. Then:
(a) for every presheaf of modules F' on L the presheaf F @ F' is Sine;

) if f:M > L s the homomorphism of the lattice, then f,F is the Jine presheaf on

ne the presheaf

© F isthe Jine presheafon I,

Definition 6. A shrinking of the open covering @ = {x} :{(1/9; vk )} is an open

covering 3 ={y} = { ( L6, oKy, )} of the lattice Z whose elements are in one-to-one corre-

spondence with the elements of the covering @ such that if to the element (L/ 6,k ) is
assigned the element (L/’gy ey, ) , then (L/é’y ey, ) < (L/é'r ok, ) (see [4], [5D.
Every shrinking of the locally finite open covering is locally finite,

Theorem 3. [fF is a fine presheaf on the paracompact lattice L, then HP(L,F)=0 Jor
all p>0.
Let 77 be a cochain complex of presheaves of modules on L; 27

respectively, the kernel and the image ofthe homomorphism &: F*
the presheaf z7/p#

and B"' denote,
— F* andlet H” be
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Proposition 3. Ler F
imteger p there exists a fi
0— kel 7°1L,
Proposition 4. [ #
paracompact L, then for
£xact sequence
0— ImlAlL; 87 ) B
Theorem 4. Ler F
on the paracompact L As

p<m and m<p
B (L)
A" (LH™(F)) > H

Theorem 5, Let L be .
a cochain mapping of on
L into the other one. Let

local isomorphism for p<

2 HP (P (L) > H(E
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Proposition 3. Let F~ be the cochain complex of presheaves of modules on L. For every

weezer p there exists a functorial with respect to F~ exact sequence

5

0— ker(ﬁf” (87 ))~+ A (L;Zp_l J-» 29 (L;Zp)—) HP (ﬁ ‘(L))o
Proposition 4. [f F~ is the cochain complex of presheaves of modules on the
“eracompact L, then for all integers p there exists the functorial with respect to F~ short
Zract sequence
1o {587 ) A' (1277 ) 52 (E ) ked (217 ) > 8 (1587 ) 0
Theorem 4. Let F* be a nonnegative cochain complex of fine presheaves of modules
o the paracompact L. Assume that for some integers 0<m<n HP(F*) islocally zero for

s<m  and m<p<n. Then there are functoral  isomorphisms
Heom (L; H"(F" )) =Hr (f" (L)) , p<n, and the functorial monomorphism
A (L H(F*)) - H” (ﬁ‘ (D).

Theorem 5. Let L be a complete distributive paracompact lattice, andlet T F* ~> F * be
2 cochain mapping of one nonnegative cochain complex of fine presheaves of modules on

L into the other one. Let for any number p<n the mapping v, H*(F*)—= H?(F~) be a
local isomorphism for p<n and a local monomorphism for p=n. Then the induced mapping

L HP(F (L) - H” (ﬁ‘ " (L)) is the isomorphism for p<n and monomorphism for p=n.
A. Razmadze Mathematical Institute
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