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ON THE SECONDARY COHOMOLOGY OPERATIONS

SAMSON SANEBLIDZE

Abstract. The new secondary cohomology operations are constructed. These operations together
with the Adams operations are intended to calculate the mod p cohomology algebra of loop spaces.
In particular, the kernel of the loop suspension map is explicitly described.

1. INTRODUCTION

Let X be a topological space and H*(X;Z,) be the cohomology algebra in the coefficients
Z, = Z/pZ where Z is the integers and p is a prime. Given n > 1, let P¥(X) C H*(X;Zp) be
the subset of elements of finite height

Pi(X)={r € H*(X;Zp) | 2" =0, n > 1}.

Let Py : H™(X;Z,) — HP™PT1(X;Z,) denote the Steenrod cohomology operation. Given n,r > 1,
we construct the maps

$py t H (X Z,) — H>™ U TY(X;Z,)/Im Py, p > 2, (1.1)

and
Vo 2 PP(X) — HMOHD=20"+H1(X 7.3/ Tm Py (m is even when p > 2) (1.2)
in which 1y ,»_; = 1y is the Adams secondary cohomology operation for p odd or p = 2 and k > 1
(cf. [1-3]). Note that when n > 1, these maps are linear for n +1 = p*, k > 1 (e.g., H*(X;Z,) is a
Hopf algebra). Let QX be the (based) loop space on X. Let o : H*(X;7Z,) — H*"1(QX;Z,) be the

loop suspension map. Theorem 2 (cf. [3]) explicitly describes Ker o in terms of the operations P; and
1,» and higher order Bockstein homomorphisms 8j associated with the short exact sequence

0—Zp = Zprrr — Zpr — 0.

The calculation of the loop space cohomology algebra H*(QX;Z,) in terms of generators and
relations will appear elsewhere.

2. THE SECONDARY COHOMOLOGY OPERATIONS ;.

The secondary cohomology operations are constructed by using the integral filtered model of a
space X considered in [4].

2.1. The Hirsch filtered models of a space. Given a commutative graded algebra (cga) H, there
are two kinds of Hirsch resolutions

pa: (RH,d)— H and p:(RH,d)— H,

the absolute Hirsch resolution R,H and the minimal Hirsch resolution RH, respectively. The first
R, H is endowed, besides the Steenrod cochain operation E;; =1, the cup-one product, with the
higher order operations E, 4, p,q > 1, as they usually exist in the cochain complex C*(X;Z); the
second RH is, in fact, endowed only with the cup-one measuring the non-commutativity of the cup
product - :=— . In general, the operations F, , appear to measure the deviations of the cup-one
product from being the left and right derivations with respect to the cup product. But in RH the
freeness of the multiplicative structure enables us to fix the relationship between the cup and cup-one
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products by explicit formulas, while the relation between RH and the cochain complex C*(X;Z) is
fixed via zig-zag Hirsch maps

(RH,dy) & (R H, dy) L C*(X; 2). (2.1)

In fact, RH = R,H/J for a certain Hirsch ideal J C R,H. Thus, the Hirsch algebra (RH,d},), being
generated only by the —i-product, becomes an efficient tool for calculating of the loop cohomology
algebra.

Denote H* = H*(X;Z). Given a prime p, let by, - RH — RH ® Z, be the standard map. For
z =[] € H(X;Z,) with ¢ € RH ® Z,, let z( := t;pl(c). If ¢ € P¥(X), then in RH there is the

equality dr; = /\x"+l =0 mod p, some 1 € RH, and p does not divide . Note that the essential

idea can be seen for n = 1 (the case n > 1 is somewhat technically difficult only). Each z € P}
produces an infinite sequence of elements (2., )m>0 in RH given by the following formulas:

drog+1 = Z (*l)lzl ATy o T2, T+ E T2i4+1T254+1 + PTok41,
i1 tinr1=k i+j=2k—1
don — (1) gz; + pa i k>0
Tk = T Px2g, tm,%, ], R =2 U.
itj=2k—1

(The signs are fixed for |z] and n + 1 to be not simultaneously odd above.) In particular, when z is
odd dimensional and n, A = 1, one gets for k,¢,7 > 0:

dxy = Z T + pTg.
i+j=k—1
In turn, the sequence (&, )m>0 by means of the —1- product induces four kinds of infinite sequences
bz e {bi:?, bZ:;, by b,lcé} in RH for n > 1 (more precisely, one sequence (bg ¢)k ¢>1 when n = 1)
with by == by = by (k1 > 2 when n > 1, while k,1 > 1 when n = 1), by, = b3i%., 0,5 > 1,
defined by the recursive formulas: b1 = —(—1)|Z|b?)’11 for (k,¢) = (1,1), and

Ln 2x1 + Az —1 ), |z| is odd,
dby’y =

o —1 4§, |z| is even,
(in the latter case, we, in fact, have b1 1= X xi(xoUsmo)a}),
i+j=n—1
iyt = % xob“fxo, and for k, £ >1:
i+j=n—1
dby = —(=1)* oy apl, y + 20 = w

+ Z ( EIH tas bZ’*M m Trtm—1 (*1)62@:—)1 1 xgzt)—l)bzfr,é—m> T PbZZZ (2.2)

0<r<k
0<m<t
: : _ _ 11 nmn inm _ nd, .
with the convention x_1 1 Ty, = Ty, —1 To1 = —Tm, and oy 1= 0 = 0 ), Qg = agy; in
particular, for |z| odd:
s+t o
( s )7 n= 17
((Sj;%/z), n > 1 and s, ¢ are even, mod p,
At = ((s+t71)/2) -1 dsi dti dd d
g2 ) m and s is even and ¢ is odd, mod p,
0, n > 1 and s,t are odd, mod p,
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and for |z| even:

((S':;%/Q), n > 1 and s, ¢ are even, mod p,
Qg t = ((H;Ql)/?), n > 1 and s is even and ¢ is odd, mod p,
0, n > 1 and s,t are odd, mod p.

Therefore, when |z| is odd and n, A = 1, formula (2.2) takes the form

k+24
dbye = < i > Thgo—1+ Tho1 —1 Te—1

r+m
- Z <( r ) bk*’f"e*m Tr4m—1+ (xT*I ~1 xmfl) bkr,lm)

1<r<k
1<m<¥{

- Z ((bkfr,f + bk,lfr)xrfl - xrfl(bkfr,l + bk,ffT)) + pgk,ﬂ
1<r<k,l
The values of the perturbation h on z, and by, are, in fact, purely determined by the transgressive
terms yg 41 := hag|popor—1m and ¢’y = h(byy)|roHer-1 1, respectively. Namely,

Usr; Usa7; ~

hl'q: E _xmvlyi2t+yj '7+phxq
iri=q—m,r; >1
jrij=q+1, r;=>1

0<m<q
3 ; k% _
and denotlng ’7’%@ = aao’eo . aks’es and m[s] =m + e + My,
o *7* ... *)*
h(bk E) z : kel k0+£0 1 TG e —ey T TG e e—ts
1<k;<kit1
1<l;<lit1
k% * ok k% 7% %
Y Ala Y B (0 ) + it + ph(B). (2.3)
k=k[t] ;€=E[t] 1<r<k

1<m<¥¢

Furthermore, by means of by ¢, we define the elements b, , € RH as follows. Fix the integer k > 1.
Denote by, = by and grr = 1. If by i has already been constructed for 1 < m < q and o qx :=
Ok (q—=1)k - - - Ok 2k Ok k> let

b gk = Ok,qkbk,qk — Th—1 ~1 b (—1)k = Ok,qk Ok qk

—Ok,(q=1)k Th—1—1 Dk (q—1)k — == — Ok2k T 1 brok — T4 I ) bk
Then
drbrgk = Ok,qk Thtqh—1 + Tp_q N g gk + P Brgk + Pk gk
= Ok,qk Thtqk—1 + wk,l( Y4 Wi, gk T Ok,qkCh,qk > (2.4)
where Wy g1 = Up, gk +p[~)k’qk + (hbg gk — Okqk C,q) and ug 4, is expressed by x; and b, with

(s,t) < (k,qk).
a) Let p be odd. Set k = p" and ¢ = p — 1 in (2.4), and define (1.1) for 2 € H*"*1(X;Z,) and
r>1by

Yra(2) = [tzp(%\):l—pl + wpﬁ(p—l)pr)};

b) Let p and m be not odd simultaneously. Set k = 2p"~! and ¢ = p — 1 in (2.4), and define (1.2)
for z € P™(X) and r,n > 1 by

¢T,n(z) = [tzp('x;;igl_l + U]2pr—172(p71)p7‘71):| .
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Theorem 1. For any map f: X — Y, the following diagrams

B2 (X;2,) 2 BT (XG2,) T Py

[t et

H2H (v z,) 2 g (Y z,) o Py
and

pr(x) Lo gOneED=2p"4 (X 7Y/ Tm Py

1 1

pr(y) Lom g D-20"+1y, 7))/ Tm Py
commute.

Sketch of the proof. Define the cohomology operations on H*(C*(X;Z,)) by means of the canonical
operations {E, 4}pq>1 on the cochain complex C*(X;Z,) ([4]) that agree with v,.,, on H*(RH,d})
via zig-zag maps (2.1). O

Let D* := HY(X;Z,) - HY(X;Z,) C H*(X;Z,) be the decomposables and le) denote m-fold
composition Py o--- 0 Py.

Theorem 2. Let H*(X;Z,) be a Hopf algebra. Given r > 1, let p(r) denote the largest integer such
that pP(") divides the factorial p"). Let T* C H* (X;Z,) be the subset of indecomposables defined for
a € I*, = € H*(X;Zy) and the integer k. > 1 such that B, Pft)(z) = Byt P{t_l)wlyn(z) =0
mod D* fort < k., and

a) Forp>2:

Bp(r.) 771KZ)(Z), n =1 and z is odd dimensional,
- Bp(x.) 73&271)1/}1,”(2), n > 1 and z is even dimensional;
b) Forp=2:
a = Pa(r.) Sqffl)wl,n(z)v n > 1.
Then Kero = 7% U D*.

Proof. Themap 7: RH®Z, — V®Z,, a®1 — aly @1 realizes the loop suspension map o as (cf. [4])

o H™(X;Z,) ~ H™(RH ® Zp,dp) = H™ YV ® Zp, dy) ~ H™ QX Z,).

The inclusion D* C Kero immediately follows from the above definition of 0. Let a € Kero be
indecomposable. Then for y € RH with [tz, (y)] = a, there is the sequence (2,)m>0 in RH and r > 1
such that

dh(mmfl) =Y + Um—1 mod b,

dp(z;) = u; mod p, wu; € D*, i<m for

P, p and |zg| are odd,
m =
2pm L, otherwise.
p(r) o .
Let z = p;T[th (z0)]. Denote k. := r. Then taking into account (2.3) and the coefficients g, qr of

Thtqk—1 in (24) for g =p—1and k = p' and k = 2pt~1 1 < t < k,, we establish the equalities of
Ttems a) — b) as desired. Hence, a C Z*. The implication Z* U D* C Ker o is obvious. 0
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