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Abstract. We study two wave diffraction problems modeled by the Helmholtz equation in a half-
plane with a crack characterized by Dirichlet and impedance boundary conditions. The existence and
uniqueness of solutions is proved by an appropriate combination of general operator theory, Fredholm
theory, potential theory and boundary integral equation methods. This combination of methods leads
also to integral representations of solutions. Moreover, in Sobolev spaces, a range of smoothness
parameters is obtained in which the solutions of the problems are valid.

1 Introduction

Problems of wave diffraction by geometrical configurations involving cracks have been object of great
interest in the scientific literature in the last years. In part, this is due to their fundamental relevance
in a great variety of concrete applications. Indeed, they serve as models for a significant number of
complex situations in different sciences. In the present paper, we will be considering problems of
wave diffraction by a half-plane configuration to which we are adding a perpendicular crack to the
main boundary involving Dirichlet and impedance boundary conditions.

For different types of boundary value problems in domains with cuts or cracks, the specialized
papers [22]-[30] presented integral representation of solutions in the form of potentials. Some other
general works (cf. [S]-[12], [18]-[19], [31]-[40]) provided convenient settings, explained and de-
tailed justified why different classes of problems of diffraction by plane sectors admit exact analytic
solutions. Moreover, in some of these works, consequent exact analytic solutions were obtained.
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In our present case, the geometry of a half-plane with a perpendicular crack makes it possible to
separate the Helmholtz equation in two quadrants and to “reduce” (in a certain sense) each of the
original wave diffraction problems into corresponding boundary value problems involving also some
transmission conditions in a contact half-line which is comum to both quadrants. This allows extra
possibilities to derive the consequent solutions of the problems in appropriate Sobolev space settings,
as well as some other qualitative properties. Thus, in here, we continue our development of operator
theory methods to deal with wave diffraction problems involving cracks, and apply it to the important
problem of diffraction by a screen occupying a half-plane containing a crack characterized by having
impedance and Dirichlet boundary conditions.

The formulation of the problems in Bessel potential spaces and the derivation of conditions which
ensure corresponding uniqueness of solutions is presented in the next section. In section 3 we will
rewrite our original problems in convenient Wiener-Hopf-Hankel equations. Section 4 is devoted to
a Fredholm and invertibility analysis of Wiener-Hopf operators which we associate to the previous
Wiener-Hopf-Hankel equations. The main result is presented in the last section and arises as a natural
consequence of the previous constructions and results. It exhibits formulas for the solutions of the
original problems in Bessel potential spaces and a range of increased smoothness of the spaces where
that solutions are still valid.

2 Formulation of the problems and uniqueness of solutions

We start by introducing some general notation so that we will be able to present the formulation of
our problems from the mathematical point of view.

We use the notation S(R") for the Schwartz space of all rapidly decreasing functions and §'(R")
for the dual space of tempered distributions on R”. The Bessel potential space H*(R"), with s € R, is
formed by the elements ¢ € S'(R") such that

_ s/2
190l ey = 1F T+ 6P F Ol gy

is finite. As the notation indicates, | - || ys(gn is a norm for the space H*(R") which makes it a Banach
space. Here, ¥ = ¥, ¢ denotes the Fourier transformation in R". For a given Lipschitz domain D,
on R", we denote by H*(D) the closed subspace of H*(R") whose elements have supports in D, and
H*(D) denotes the space of generalized functions on 2 which have extensions into R” that belong
to H*(R"). The space H*(D) is endowed with the subspace topology, and on H*(D) we introduce
the norm of the quotient space H*(IR")/H*(R"\ D). Throughout the paper we will use the notation

1= {x=(xX1,...,%n—1,%) € R": +x, > 0}. Note that the spaces H°(R") and ITIO(R’i) can be
identified, and we will denote them by L,(R’, ). For a comprehensive treatment of Sobolev spaces
we refer to [1], for unbounded Lipschitz domains see also [33], and for domains with conical points,
edges, polyhedra, cuts (or cracks), slits or holes we cite [20].

Let

Q= {(x;,x) €R? : x; >0, x, € R},
I = {(x1,0) : x; e R},
I :={(0,x2) : x» € R},

and



Crack Impedance-Dirichlet Boundary Value Problems of Diffraction 3
C:={(x1,0) : 0<x;<a} C I

for a certain positive number a and Q. := Q\ C. Clearly, 0Q =I'; and 0Q, =T, U C.
For our purposes below we introduce further notations:

Q= {(x1,x) €R? : x; >0, x >0},
Q) = {(xl,xz) € R? : x1 >0, x < 0};

then, 0Q; = §;U S, for j = 1,2, where

S = {(xl,O) L X1 20} c Iy,
S = {(O,X2) ) 20} C Iy,
S = {(0,)62) ) SO} c In.

Finally, we introduce the following unit normal vectors n; = (0, —1 ) onI'; and np = (—1,0; only.
Lete € [0, %) We are interested in studying the problem of existence and uniqueness of an element
u € H'¢(Q¢), such that
(A+K)u=0 in Q, (2.1

and u satisfies one of the following two representative boundary conditions:

+
[am_u]z P ul-=gf on C, and [M]il =h on J, 02
[uo =g, on C, [ulg, =ha on 5,
+ _
[anll/l]—ci_ __P [u]—c‘i_ = g;r on C, and {anzu]j‘, - fl on '517 (23)
Ul =g, on C, [a,,zu]jz =f on S,

for j = 1,2. Here the wave number k € C\ R and the number p € C are given. The elements [u]}/ and
[anu]jj denote the Dirichlet and the Neumann traces on §;, respectively, while by [u]jcE we denote the

Dirichlet traces on C from both sides of the crack and by [9,, u]}r we denote the Neumann trace on C
from the upper side of the crack.

Throughout the paper, on the given data, we assume that k; € H'/?*€(S;), f; € H™1/2¢(§;), for
j=1,2,and gji € H'/2=i+¢((), for j =0, 1. Furthermore, we suppose that they satisfy the following
compatibility conditions:

X0 (ga —rchyo e*"%> e rcHY> (), (2.4)
X0 (gl+ +refio e"%) e rcH V2 (). 2.5)

Here, r denotes the restriction operator to C and xo € C*([0,4]) is such that xo(x) = 1 forx € [0,a/3]
and o (x) = 0 for x € [2a/3,q].
From now on we will refer to:

e Problem ?;_p_p as the problem characterized by (2.1), (2.2), and (2.4);
e Problem ?;_p_p as the one characterized by (2.1), (2.3), and (2.5).
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As about the just stated compatibility conditions, note that they are necessary conditions for the
well-posedness of the corresponding problems. Note also that, the compatibility condition (2.5) in-
cluded in Problem P;_p_p is an additional restriction only for € = 0.

Now, having formulated the problems in a rigorous mathematical way and having considered the
necessary compatibility conditions, we are in a position to look for conditions which will guarantee
the uniqueness result for the solutions of the problems in consideration.

Theorem 1. If one of the following situations holds:
(a) (Rek)(Smk) >0, Smp >0,
(b) (Rek)(Smk) <0, Smp<O0,
(c) [Smk|>|Rek|, Rep <O,
(d) Rek=0, Smp>0,

(e)

Smp#0, (Smk)>— (Rek)*+2(Rek)(Smk) =2 >0,

€ Smp

then problems P;_p_p and F;_p_n have at most one solution.

Proof. The proof is somehow standard and uses the Green’s formula (being sufficient to consider the
case € = 0). Let R be a sufficiently large positive number and B(R) be the disk centered at the origin
with radius R. Set Qg := QN B(R). Note that the domain Qg has a piecewise smooth boundary Sg
including both sides of C and denote by n(x) the outward unit normal vector at the non-singular points
X € Sg.

Let 4 be a solution of the homogeneous problem. Then the first Green’s identity for u and its
complex conjugate & in the domain Qg, together with zero boundary conditions on Sk yields

/ [yvu\z—kzm\z]dx:p/ I[u]*[2dx + (Oput) @dSi. 2.6)
Qr c AB(R)NQ

From the real and imaginary parts of the last identity, we obtain

/QC [19uP+ ((3m#)? — (ek)?) yuﬂdx—(mep)/cuu]ﬂzdx:s)te /BB(R) () @Sy,

NQe

_2<9tek>(smk)/ uf?dx— (3mp)/ [u]*[2dx = Sm () @S

Q¢ C OB(R)NQ

Further, for each of the conditions (a)—(e), arguing similarly as in the proof of [13, Theorem 3.1], we
get that u =0 in Q.

3 Potentials and Wiener-Hopf-Hankel formulation of the problems

In the present section, we will start by recalling some results from potential theory. Then, using such
results, we will be able to rewrite the original problems as Wiener-Hopf-Hankel equations.

From now on, throughout the remaining part of the paper, and without loss of generality, we
assume that 3mk > 0; the complementary case 3mk < 0 runs with obvious changes. Let us denote
the standard fundamental solution of the Helmholtz equation (in two dimensions) by

i

K(x) = — g Hy' (kIx)
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where Hél)(k|x|) is the Hankel function of the first kind of order zero (cf. [19, §3.4]). Furthermore,
we introduce the single and double layer potentials on I';:

Vi) = [ Ka—y)wO)dL;, gL,

Wi@)) = [ B0, K(x—3)00)AT;, ¢ T,

L

where j = 1,2 and v, ¢ are density functions. Note that for j = 1 sometimes we will write R instead
of I'}. In this case, for example, the single layer potential defined above has the form

VW) = [ Kln —yo)vO)dy. A0

Set R := {(x1,x2) € R? : x, =0} and let us first consider the operators V := V; and W := W.

Theorem 2 (cf. [8]). The single and double layer potentials V and W are continuous operators
ViH'(R) » HRY),  WiHTI(R) - HU(RY)

for all s € R.

Clearly, a similar result holds true for the operators V, and W,.
Let us now recall some properties of the above introduced potentials. The following limit relations
are well-known (cf. [8]):

VOl = VOl = 20w), PVl = [F4Tl(w),
WO = [E501(0), W (Ol = B (9))s = £(9).

where
HW)E) = [ K=y)w0)dy, z€R,

L@@ =, lim By [ Puy KO—0lo0)dy, €,

RZ 5x—zeR

and / denotes the identity operator.
In our further reasoning we will make a convenient use of the even and odd extension operators
defined by

ern_ JOO), YER ocry_ JOO), YyeER
g(p(y)_{tp(—y),yeRi and E(p(y)_{—w(—y),yeRi’

respectively.

Remark 1 (cf. [18]). The following operators

(CHHRY) — HEHR), 400 g ATH(Re) — HOVH(R),
£ :HS’%(]Ri) —>H€’%(R), g, HS 2 (Ry) — Hai%(R)v

are continuous for all € € [0,1/2).
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Lemma 1 (cf. [8]). If 0 <& < 1/2, then
moVolPy=0, oW ol$=0,
rr, 00y, V o 4y = 0, rr, 00, Woléo=0

forall y € HE2(8), § € rsHE 2(S), ¢ € HE'2(S), and § € reHE 2 (S).
Note that analogous results are valid for the operators V, and W,.
Finally, let us assume that one of the conditions (a)—(e) of Theorem 1 is satisfied and note that the
operator
1 _1
A,:=L—-% :HR) — H 2"%(R), (3.1

(SRS

is invertible, cf. [8].

Now, we will equivalently write our problems in the form of single equations characterized by
Wiener-Hopf plus Hankel operators. In view of this, the use of the pseudodifferential operators intro-
duced in the last section together with an appropriate use of odd and even extension operators will be
quite important. In addition, the reflection operator J given by the rule

Jy(y)=wy(—y) forall yeR.

will also play an important role here.
We start with the Z;_p_p problem. This boundary value problem can equivalently be rewritten in
the following form: Find u; € H'7¥(Q;), j = 1,2, such that

(A+K)u;=0 in Qj 3.2)
[, =h; on 5 (3.3)
Onur]—pluls=gf, [wls=g on C, (34
and
1] e = (2l e =0, (O] e =[O 2] e =0 on ¥, 3.5)
where C¢ = S\ C.
Let us consider the following functions
Uy = Wlﬂ;1€”r5l|I+H1 in Qp, 3.6)
and
Uy = —2W1€0r5(p+H2 in Q», (3.7)
where
Hy =W 4, (00(0eg] +2pWa(€m)] L)) +2Wa(Ehy)  in Q,
and

Hy = 2Ws(£°hy) —2Wy (°(L4 g5 —2[Wa(£°h)]5))  in Qy;

here y and ¢ are arbitrary elements of the spaces H 7%“(6'6) and H %“(Cc), respectively; £, g1 €
H*%H(S) is any fixed extension of g € H*%“(C), ligy € H%+S(5) is any fixed extension of
g €H %JFS(C ), while a, ! denotes the inverse of the operator A,, cf. (3.1). Note that, the functions
H, and H; are well defined (cf. Remark 1 and compatibility condition (2.4)) and are known.
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Using the properties of the operators introduced above (see also [8]) it is easy to verify that u;,
j=1,2, belong to the spaces H'™¢(Q;) and satisfy equations (3.2)-(3.4). Thus it remains to fulfil the
conditions (3.5), which lead us to the following equation

ree KKOFSY = H[D, (38)

where

-
K= ! _Eﬂp Y:= <—2(p>
2L L4, v

I is the identity operator and H;p = (H};,,H?,) " is a known vector function with
- !
HYy = 2[Ha) o — 2{H 5 € HETE(CY),
- _1
Hppy := 2[0n Hh ]} — 2[00 Ho) oo € H™2T5(CF).

Note that to simplify further arguments in Section 4 we prefer to have the equation (3.8) in the just
derived form.

As a consequence of the equation (3.8), in view to obtain more information on the elements y and
¢, we need to investigate the invertibility of the operator

ﬁ%—&-S(Cc) H%-&-E(CC)
FCCK€075 . 8P — S
]_le%+£(Cc) H*%+S(Cc)

With the help of the operator J and the shift convolution operators
Op(Tea) = F 'Taa- F
where T, (&) := e, € € R, we equivalently reduce the problem to the invertibility of the operator

H>'(R)  H(Ry)
rr, K —: ® — @ (3.9

HYe(Ry)  H3E(Ry)

where
K__ := Kdiag{I — Op(t_24)J,] —Op(T_24)J }

Let us note here that because of Theorem 1 and having in mind the exhibited limit relations of the
potentials, we already know that Kerrg, X__ = {0}.

Let us now turn to the boundary value problem ?;_p_p. This can equivalently be rewritten in the
following form: Find u; € H'"¢(Q;), j = 1,2, such that

(A+K)u;=0 in Qj (3.10)
Pwujl, =f; on S, (3.11)
O]l —pluli =g, =g on C, (3.12)

and



8 L.P. Castro and D. Kapanadze

1] e — (2] e =0, [Onyur] e — [0t e =0 on (3.13)

where ¢ = S\ C.
Let us consider the following functions

uy=WiA  rsy+F  inQy, (3.14)
and
Uy = —2Wilrs@+F  in Qy, (3.15)
where
Fo= Wi, (E(0g] +200 V2 A)]D)) —2a(E°f) inQ,
and

F2 = —2V2 (fofz) — 2W1 (ﬂe(€+g6)) in QZ'

Here y € H _%+€(CC )yand ¢ € H _%+8(CC ) are arbitrary elements as above. Due to (2.5) the functions
Fy and F, are well defined and known. Note that u;, j = 1,2, belong to the spaces H e ;) and
satisfy equations (3.10)-(3.12). The conditions (3.13) lead us to the following equation

ree KE6rsY = Fyp, (3.16)
where .
P e (j@) 7
2L £, M
I is the identity operator and Fjp = (F}},, F2,) " is a known vector function with
Fip :=2[P]c = 2[A]¢,
Fp :=2[0n Fi]f =200 B -
Thus, we need to investigate the invertibility of the operator

HYe(C)  H2Ye(C)
FCCKKeVS . b — D
Iflf%ﬁe(Cc) H*%+€(Cc)

which we equivalently reduce the problem to the invertibility of the operator

H>'(R.)  H(Ry)
R, K++ . (S5) — ©® (317)

HYe(Ry)  H3'E(Ry)
where
K+ = Kdiag{I + Op(t_24)J,1+Op(T_24)J }

Similarly as before, let us note here that because of Theorem 1 (and the limit relations of the poten-
tials), we already know that Kerrg, K} = {0}.
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4 Fredholm and invertibility analysis of associated Wiener-Hopf operators

Now, we will exhibit operator relations that will be applied to the operators which appeared in the last
section. Such relations will help us in obtaining their Fredholm and invertibility properties.

Having in mind [2, 17], we recall that two bounded linear operators 7 : X; — X, and S: Y| — Y5,
acting between Banach spaces, are said to be (toplinear) equivalent after extension if there are Banach
spaces Z; and Z; and invertible bounded linear operators E and F such that

T O S0
0] =Elo)*
where Iz, and Iz, represent the identity operators in Z; and Z;, respectively. In particular, in case we
will simply have T = ESF for some boundedly invertible operators E and F', we will say that T and
S are equivalent operators. In such a case, we will write T ~ S. These operator relations between two
operators T and S, if obtained, allow several consequences on the properties of these two operators.
Namely, T and S will have the same Fredholm regularity properties (i.e., the properties that directly

depend on the kernel and on the image of the operator).
Let us consider

AL(E) = (i) = (1+8&)Texp {siarg(§+i)} ,

with a branch chosen in such a way that arg(§ +i) — 0 as & — +oo, i.e., with a cut along the negative
real axis (see Example 1.7 in [21] for additional information about the properties of these functions).
In addition, we will also use the notation

_AE b
(TG e SF

Lemma 2 (cf. [21, §4]). Let s,r € R, and consider the operators

Ay (D) = (D+i)’
A (D) = rg, (D—i)*0")
where (D+i)™ = F~1(§+i)* - F, and ¢) : H' (R, ) — H’(R) is any bounded extension operator

in these spaces (which particular choice does not change the definition of A* (D)).
These operators arrange isomorphisms in the following space settings

A(D): H'(Ry) = H*(Ry),
A (D):H'(Ry) = H *(Ry)
(for any s,r € R).
Bearing in mind the purpose of this section, let A;; = Op(a;;) = F ~'a;; - F and B;; = Op(b;j)
be pseudodifferential operators of order y;; € R; thus, (-) "ia;;, (-) *ib;j € L”(R), where (§) :=
(1 —|—§2)% and i, j = 1,2. Since the operators rg, (A;; + B;;J) arrange continuous maps

rr, (Aij+BijiJ) : H(Ry) — HS7Hi(R,)

for all s € R, then 2 x 2 matrix operator
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An+BnJ A +BIZJ>

= (Aij)ij=12, B= (Bij)ij=12
A1 +Ba1J Ay + BooJ R o

A+BJ = (

arrange continuous maps

Hi8(Ry)  H2'E(Ry)
— ©®

rr,(A+BJ): ®
H2*E(Ry)  H PE(Ry)

where Ajj =1, Ay = —34,1, Ay =2L, Ay = LA, and B;j = A;;Op(T_5,), for i, j = 1,2.

-4,

Recall that the complete symbols of the pseudodifferential operators L and A, are (cf. [8, 9]):

()& =" and o)) = -EL,

where w = w(§) := (p? + pz)% (cos § +isin§), with

p=p() = (Rek)’ — (Smk)* — &2,
p:=2(Rek)(Smk)

and
( arctan% if p>0,p>0
7 if p=0,p>0
n—arctanﬁ if p<0,p>0
a:=4T if p=0
2n—arctan%if p>0,p<0
L if p=0,p<0
\n+arctan% if p<0,p<O

Lemma 2 allows us to construct an equivalence relation between rg, (A + BJ) and
e, (A+BJ) : [L2(R1))? = [La(R4)],
which is explicitly given by the following identity
. e, —ite . T
R, (A+BJ) :=diag{A> ,A_> "}z (A+BJ)diag{A,*> A} '},
where 4 := (/qij)i,jzl,l, B .= (ﬂij)l}j:l,% with

/qij = (D—l')r"Aij(D—i‘l-)irj, 3,']' = (D—l')riB,'j](D—Fl')irjj,

for ry := 1 +¢€,ry ;= —J +&. Due to the fact that A” " : H* #*(Ry) — L,(R;) and AJ*

- -2
H*(R,) are invertible operators (cf. Lemma 2), the identity (4.4) shows that

rr. (A+BJ) ~rg, (A+ BJ).
Note that

N (-8 =A (€)™, A (-E)=A(E)e™

.1)

4.2)

4.3)

(4.4)

4.5)

Ly (R+) —
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which in particular allow us to describe the operators 4;; and B;; and their symbols in the following
way

A;j=O0p(ai;), a;(&)=A"(8)ai(&) A7 (),
Bij =Op(bij), bij(§) = A" (&) bij(&) AL (&) = A" (&) byj(§) e ™.

In particular, we have 6(4)(§) = (G;;(§))i,j—1,2 with

an (&) =4 (), an(8) = —38(8) (&) [o(4,)(8)] ",
a1(8) =285(8)o(L) () (€) ",  an(E) =L 2"(§)o(L)(€)[0(3,)(8)] ",
b

and 6(B)(§) = (5;j(§)):.j-1.2. where

bi1(8) = =it 2a(§) e ™,

bia(8) = —%i(i—i) T2(8) e [0(2,)(8)] 7",

bo1(8) = ~2i(§—i)'1-24(8) e ™0 (L)(E),
b2 (&) = it2a(8) e o(L)(E) [0(,) ()] "

Thus
R, Ky ~rr, (A+BJ) and rr, K _ ~rr, (A—BJ). 4.6)

Further, let us consider a pseudodifferential operator Op(E) with 4 x 4 matrix symbol E(&) parti-
tioned into four 2 x 2 blocks o;;, i, j = 1,2:

with

The direct calculation shows that oy; is the null matrix, i.e., o1 (§) = 0, while

o12(§) = ("'Tza(é)eﬂ"c%ﬁ(é) 0 )
N 0 it 2(8) LR )

e (ma@ TG 0 )
” 0 it (&) e o) )

o (&) — ( _% 82£ni§%+8(g‘;) — 2 (E) 6 (H) (E) CE(E) > |
— P (8)10(4,)(E) C(E) —L ¥ o(A,)(B)lo( L)) 1L HHe(E)
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Under the above conditions it is straightforward to conclude that
re,0p(E) : [L2(R4)]* = [La(Ry)]* 4.7

is a continuous operator. Moreover, it is easy to see that the determinant of the symbol of this operator
is always nonzero, for all £ € R.
The importance of the operator rg,Op(&) is clarified by the next result.

Theorem 3. (i) The operators
FR+“q + Ry BJ: [LZ(R-F)]Z - [LZ(R+)]2

(defined in (4.3)—(4.5)) are both invertible if and only if the operator rg,Op(Z) (given in (4.7)) is
invertible.

(ii) The operators rg, A+ rg. ‘BJ and rg, A — rr, BJ have both the Fredholm property if and only if
rr,Op(Z) has the Fredholm property. In addition, when in the presence of the Fredholm property
for these three operators, their Fredholm indices satisfy the identity

Ind (rg, A+ rg, BJ)+Ind (re, A — g, BJ) = Ind rg, Op(E). (4.8)

In fact, this theorem is a consequence of a stronger fact which basically states that g, Op(E)
is (toplinear) equivalent after extension to a diagonal block matrix operator whose diagonal entries
are the operators rg, A+ rgr, BJ and rg, A — rr, ‘BJ. Moreover, it is interesting to clarify that all the
necessary operators to identify such (toplinear) equivalence after extension relation can be built in an
explicit way (see [14, 15, 16, 17]).

Having in mind the Theorem 3, now we would like to investigate the Wiener-Hopf operator

e, Op(E) : [La(R))* — [La(R4))*.

We have that E belongs to the very general C*—algebra of the semi-almost periodic four by four
matrix functions on the real line ([SAP(R)]**%); see [41]. We recall that [SAP(R)]**# is the smallest
closed subalgebra of [L=(R)]*** that contains the (classical) algebra of (two by two) almost periodic
elements ([AP]4X4) and the (four by four) continuous matrices with possible jumps at infinity.

Due to a known characterization of the structure of [SAP(R)]*** (see [3, 4, 41]), we can choose a
continuous function on the real line, say 7, such that y(—eo) = 0, Y(-+e) = 1 and

E=(1-7E +YE,+ Eo,

where Ej is a continuous four by four matrix function with zero limit at infinity, and E; and Z, are
matrices with almost periodic elements, uniquely determined by E, and that in our case have the
following form (due to the behavior of Z at £o0):

0 0 iT_pge &M 0
0 0 0 —iT_ 2,4 e M
El == ’
. —emi 1 1
—iTy,e 0 3 3
: —E&mi 1 1
0 iToqe 3 5
0 0 —iT_p, ™ 0
0 0 0 IT_p, ™
H. =
=r i Ty ™ 0 1 2emi 1 Demi
a
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Here, it is worth noting that we had in consideration that (&) — i|§| as § — £eo (cf. (4.1)—~(4.2)), and

') =1 as §—eo

and
C'E)—e ™ as E— —co.

Theorem 4. For 0 <& < 1/4, the operator rg,Op(Z) : [Lo(R4)]* — [L2(R4)]* is a Fredholm operator
with zero Fredholm index.

The proof repeats word by word the arguments given in the proof of [12, Theorem 7.4] since the
matrices &; and Z, are exactly the same as corresponding matrices considered in [12, Section 7] and
therefore it is omitted here. Note also that if we would allow the case € = 1/4 then our operators
would not have the Fredholm property (and therefore would not be invertible operators).

Corollary 1. Let0 <e< Alf and one of the conditions (a)—(e) in Theorem 1 be satisfied. The Wiener-
Hopf plus and minus Hankel operators (3.9) and (3.17) (which characterize our problems) are invert-
ible operators.

Proof. As a consequence of the equivalence relations (4.6), we have:

dimCoKerrg, X;4 = dimCoKerrg, (4+ BJ), 4.9)
dimKerrg, X+ = dimKerrg, (4+ BJ). (4.10)
and
dimCoKerrg, X__ = dimCoKerrg, (4 —BJ), 4.11)
dimKerrg, X_— = dimKerrg, (4 — BJ). 4.12)

From Theorem 3 and Theorem 4, we obtain that rg, (A4 BJ) and rg, (A4 — BJ) are Fred-
holm operators. Moreover, recalling that under one of the conditions (a)—(e) in Theorem 1 it holds
Kerrg, K+ = {0} and Kerrg, X__ = {0}, from identities (4.8), (4.9)—(4.12) and Theorem 4, it fol-
lows

O=Indrg, (A+BJ)+Indrg, (A—BJ)=Indrg, Ky +Indrg, K__
= (0 —dimCoKerrg, K+ )+ (0 —dimCoKerrg, X__).

Thus, we have
dimCoKerrg, K, = dimCoKerrg, X =0
and so we reach to the conclusion that both operators in (3.9) and (3.17) are invertible (under the
announced conditions).
5 Main result

We are now in a position to derive the main result of this work. This is obtained as a direct combination
of the results and constructions of the last two sections (with special emphasis to Corollary 1).
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Theorem 5. If 0 <& < % and one of the following situations holds

(a) (Rek)(Smk)>0, Smp >0,

(b) (Rek)(Smk) <0, Smp<O0,

(¢) |Smk|>|Rek|, Rep <O,

(d) Rek=0, Smp >0,

(€) Smp#£0. (3mk)’—(Fek)® +2(%ek) (SmA) 3L >0,

then:

(i) the Problem ?;_p_p has a unique solution which is representable as a pair (u1,u,) defined by the
formulas (3.6) and (3.7), where the components @ and y of the unique solution Y of the equation
(3.8) are used.

(ii)the Problem ?;_p_x has a unique solution which is representable as a pair (u;,u;) defined by
the formulas (3.14) and (3.15), where the components @ and y of the unique solution Y of the
equation (3.16) are used.

Moreover, in the present conditions, the two problems Z;_p_p and P;_p_y are well-posed (since the
resolvent operators are continuous).

We conclude by pointing out that although from the natural assumptions in the formulation of the
problems (cf. Section 2) we were looking for the eventual possibilities for € € [0, %), we now realize
that the last result is optimal from the point of view of the possible variability of the Bessel potential
spaces smoothness orders (in view to have corresponding well-posed problems).
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