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“BSTRACT. To a cubical set O we assign functorially a simplicial set 50 oh-
Wwooed by canonical "cutting of cubs into simplexes™ so that the realizations of G
w2 50 are homeomortic. The corresponding natural chain map CO)—=C SO of
e normalized chain complexes which is a DG-coalgebras map and, for a monoidal
wetical set @, a DG-Hopf algebras map as well, is also constructed.

Key words: (co)simplicial object, (co)cubical object, tensor product of functors,
-Hopf algebras map.

In this paper we present a construction which assigns to a cubical set () a simplicial
"0 so that the realizations |Q] and |SQ| are homeomorfic. This construction is functorial
‘s based on the standard cutting of a cub into simplexes. The construction generalizes
* = standard cutting process for an arbitrary cubical set. A DG-coalgebra map (a map of
-Hopf algebras if  is a monoidal cubical set) ¥ (0) - C.N(SQ) is also constructed.
remark here that the similar chain map ¢ (0) — C3"(SQ) from the singular cubi-
chain complex of a topological space X to the normalized singular simplicial one was

sidered in [1,2].

I'he need in such construction arises if we attempt to iterate via cubical set models
= modeling process for loop spaces or for total spaces of some fibrationos B
==sides, such a construction may have an independent value as well, This construction we
“= lo obtain simplicial models for iterated loop spaces.

For used notions and results from simplicial theory we refer to [4.5].

I. (Co)cubical objects. The notions of cocubical and cubical objects are analogous
the notions of cosimplicial and simplicial objects. Note that the notion of cubical sat
=5 introduced in [6]. _
Definition 1. A cocubical object in a category 4 is a graded object K={K'e ohA,

“0.1,...} together with operators - morphisms of 4 & k"™ sk, e=0)
Eaag™ el 6, satisfying the following identities: .fej‘ =e§'+|ef for i<,

P = pip e for igjand

efp),-_l for i<
ef =4 id for 3=7 .
Fr

el p; for i>j

Example 1. An example of a cocubical topological space is the sequence of cubs

SR {nsnt, )€ R7,0<; S 1} with operators ¢f and p, which are

ef(fl EYREPY s )= (fl seees i | ,Eaf;"r“-):n—l)s pa’“l ,""{n) = (fl REY I8 PY W ETTPRY }
Example 2. Let /" be the set of vertexes of the n-cub /", ie. V"={(£|,...,£”), g=0,1}.
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L -1 i
hen the operators & " Voggrke e ).[)J,:.V'l — V", defined by
S B =8 B B ) pil€15nEy) S (81 €1, €158, TOrM 2 CO-
el o rr® A2
cubical st ¥ =¥ .V ¥°,.; e, p;}

Definition 2. A cubical object in a category A is a graded object O={0g0bA,i=0,1,..}
“ooether with the face and degeneracy operators - morphisms of A di 0, =0, €=0];
= O, —0,. =l..,n, satisfying the following identities: did} =d{'djy for isf;
ss=s s for i<j and

siadi for i< j

ot
et B BF =1,

sidiy for i>j

A morphism of (co)cubical objects is a morphism of graded objects f:Q — ('
which preserves all the structure maps.

An example of cubical set is the singular cubical set of a topological space.

As in the simplicial setting, it is possible to represent cubical and cocubical objects
as functors from certain category, which we describe now.

The cocubical set V' from the example 2 can be extended to a category (which we
denote by the same symbol), whose objects are the sets ¥,/ .... and morphisms are maps
V' 1" obtained by compositions of operators ef , p As in simplicial setting, any such

composition can be represented by canonical form ef‘ ef; s ef b; Pj ...pj with
1702, fi<..j,. This allows to show that any cocubical object in a category A can be
considered as a covariant functor K:¥ "—4 and any cubical object ( in the category 4 can
be considered as a contravariant functor 1V "—A.

2. Tensor products. Let {Q,4%,,} be a cubical set and {K.,ef ,p;} be a cocubical

set. Let us define their tensor product Q@K as the factor
o®k={Jo,xx"/~, (1)
n
where ~ is the equivalence spaned by identifications

{dfqml !kﬂj = (Qn+l!efkn) E (SIQMk”H) ={du pik“H )
In fact O®K is the tensor product of functors o V°"—>Sets and K:V *”—Sets.
This tensor product is defined also for cubical and cocubical objects Q:V"—A4 and

B

AV " =8 whenever all the operations in (1) are given: there is given a paring AxBe C, there
exists L, and factorization by ~ in C. In this case O ® K will be an object of the category
C. Analogously is defined the tensor product of a simplicial and cosimplicial objects.

Here are some tensor products which arise bellow. i

. 1 £J is a cubical set and K is a cocubical set, then Q@K is a set.

2.1f Qs a cubical set and K is a cocubical topological space, then O®K is a
topelogical space. Particularly the realization of a cubical set ( is the tensor product
[0=0®1" where I” is the cocubical topological space from the example 1.

3. If ¢J is a cubical set and X is a cocubical simplicial set, then Q® K is a simplicial set.

4. If Xis a simplicial set and Y is a cosimplicial topological space, then J®K is a
topological space. Particularly the realization of a simplicial set X is the tensor product

=T 2A°, where A" = (A" A' &%,

dard ssmplexes.
§ If X is a simplicial cocuhee
W% 0 s a cocubical topological sg
3. Simplicial cutting of a cul
@b 1”7 is (partially) ordered (see ¢
o 1<i<n. So to the ordered set ¥
» smplicial set V= |V . 7"
Proposition 1. The realizan

Proof. By definition 3," =¥
spaned by the identifications (4 3,

- ; P -
s-simplex, = (tﬁ,...,fp)EA and v,
<A —1"by @3, =7, (=Zz.
toned equivalence and it defines

Remark. In fact V" =F, »

Note that the maps ¢ ¥

[ V", ef, p; } are monotonic. T¢

5 V. >V, The obtained ob
plicial set with operators ¢ . 2
operators d,, s, from another
The homeomorphisms ' @°
(V) | 1", n=012,.} is
Proposition 2. The sequence
somorphism of cocubical ropols
4. Simplicial cutting of a cul
going to assignee to ¢ a simplic
Let us define SO=0® V., hes
simplicial set, so the tensor proc
tensor product, (SQ]p is the factor

by identifications

(dfgu -, =13

The face and degeneracy ope
3g,, v, )=lls

This assignment 1s functoria’
map Sf :SO—-SQ' given by SAlig,

Proposition 3. The realizarc
homeomorphic.
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BA", where A" = (A%, A, A? ,..;8;,0,} is the cosimplicial topological space of stari-
k. : """'=\e~'s
A is a simplicial cocubical set and Y is a cosimplicial topological space, then
a cocubical topological space.
Simplicial cutting of a cub. The set V'={{E ~£,), €=0,1} of vertexes of the n-
is (partially) ordered (see e.g. [2]) as tollows (Epiy E)Z{E i € ) if £5€’, for

= =<1 So to the ordered set V" of vertexes of I we can asmgnee (b\« Slal'ld‘l[‘d manner)

W

cial set V)= {0, 0" ..; 3.8,
Propesition 1. The realization |Lﬂf;"' is homeomorphic to 1" _
Proof. By definition |V," = V" ® A" is the factor of U, ﬁ; xA” by the equivalence
vened by the identifications (9, Fp B)=( Up 1), (.e.gp B=( I}p ,01), here A” is the standard
mplex, = (t;,... ) A’ and e AL V . We define a continuous map P, V"
/"by o vy r}— v, (0= -2.t:v,. Direct checking shows that ¢ fits with the above men-

equwa!emc dl]d it defines a correct homeomorphism &"| B s,
e Remark, In fact V) =7 x.. XV and |7, =1, Thus i g SUA Ix...x| 7l |=1",

Note that the maps ¢f :¥"' > ¥" and pi V" =™, forming the cocubical set

S s g : . L e ~
s ; .ef,p,— t are monotonic. Thus they define simplicial maps &f : )" —7."

ff V R obtained object V = V{} f ,...,I:’,”,...}actually is a cocubical sim-

o icial set with operators ¢f ., p, from one hand side and a simplicial cocubical set with
n sperators d,, s, from another,

The homeomorphisms {®"} are compatible with operators gf and p;, so

AV > 1" n=0,2,.} is an isomorphism. Thus we cbtain the

Proposition 2. The sequence of homeomorphisms {®" | I}—,” > 1" n=01..} is an
somorplism of cocubical topological spaces.

4. Simplicial cutting of a cubical set. Let (0,4.s,) be a cubical set. Here we are
going to assignee to Q a simplicial set SO obtained by "cutting of cubs into simplexes".

Let us define SO=0® V. , here O is a cubical set and V. is regarded as a cocubical
simplicial set, so the tensor product is a simplicial set. Actually, by definition of the
tensor product, (5Q), 1s the factor of U;_, O, XI}:,," by the equivalence relation, spanned

by identifications

{ d fr’r;+| } (ql'i+i Ba vp ) * (.Sr'(?fn‘ V } {gn ~"+[ }
The face and degcneracy operators of SO are given by
' af’[.(qn’ : J ..... “qn a "’ ]’ 'sl."!-(qﬂ-' ;; )]:an‘jf ;: )]
This assignment is functorial: any momhism of cubical sets /:0— () determines a
map Sf:SQ—SQ" given by SAll{q,. v, D = [(fg,, vy )l

Proposition 3. The realizations of the simplicial set SQ and the cubical set O are
homeomorphic.
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Proof. It follows from this string of equalities
SQ=(SQIBA=QB ! )BA=QB( Vs ®A =0 V" [<081™=| (),
“which needs some comments. The realization of SO by definition is the tensor product
SOI®A". By definition of SQ this is the tensor product (O® 17.' Y®A" where: Qis a
cubical set, V' is regarded as a cocubical simplicial set and A” is a cosimplicial topologi-
-2l space. This tensor product (a topological space) is homemorphic to Q®( Ty ®A")
where now V" is regarded as a simplicial cocubical set. The tensor product VP ®A" is the

realization |V, | which, by the proposition 2, is isomorphic to /. But O®!" is the realiza-
ton |0}

5. Chain complexes. The chain complex (C),d) of a cubical set O is defined as
C.(Q) =span{q,eQ } and d(qn)zz'.(—l)f{d}' _d;.‘ Mg,). The normalized chain complex
(CHQ) DY) of © i defined as the quotient C(Q)/D,(Q), where D,(Q) is the
subcomplex of (C.(Q).d) generated by degenerate elements of o.

Note also that both C,(Q) and CN(Q) are DG-coalgebras with respect to the
comultiplication Vi€ Q) CADRC(OQ) defined in [7]: quz,d?q" ®d}'f}'n where
il 2y, TUT=(1,...n)and g, =d; ‘dj, - d

Let fC(Q)>C(SO) be a homomerphism given by

£an)= Lionen O M, 501,

where (1)) is defined as follows. Ta each Va = (Vg..s vy) COITEsponds a permutation
f1:o-id,) where i is the place of first occurrence of 1 in the vector Vs Iy 15 the place of

occurrence of the next 1 in v, ete, Then (=1)"") is the sign of this permutation. This map

induces [ :c¥(0)— ¢'(s0).

i

The straightforward verification shows that ¥ = ® r¥)WV and af‘N——-de that is
" s 2 map of DG-coalgebras.

Let 0®0'={(0®Q), = Ug:u _,0:®0;,_,} be the tensor product of two cubical

seis Oand Q' (see [6]). A monoidal cubical set (see [3]) is defined as a cubical set 0 with

cubical map p:Q®Q0 — Q@ which is associative and has the unit ee 0, Clearly, for a

monoidal cubical set its chain complex (C,:(Q},d) 1s & DG-Hopf algebra. Similarly, for a

hcial monord S its chain complex (C":.{S],) is a DG-Hopf algebra.
Let now O be a monoidal cubical set. Then we can define a simplicial monoid struc-

wre on SO by setting [(qm,E;)]OI(Q,‘,;;)]Z[(Q,”oq,,,a(_;;;’,;;))], where the map

[ 8 xl-‘; —)lv’;”" 1s induced by the clear map V" xy” - y"™* which sends

(€180 (€1 87)) 10 (1,008, ,6],0EL) . Let the map

BV XV X4l = () <...<i,) S (Lt n)} - 710

be given by 8 =a(s; Xs57) where fuf=(],...,m+rz) and sy =s; .8 It is possible to

check that B is a  bijection. Using this fact one can easily check that

P 0 (5D s gl
= — =
Pewpesiton 4. /7 O = o moncad
N

S of e U S Civilian Research
s of &2 Former Sowiet Unsom |

Goorp=s Academy of Scacaces
A Razmadre Mathematica! Insomae

% Sieriashvili Georgian Math J_ 3. 1. 199
¥ Fefir S Halperin, J-C. Thomas. Tms N
¥ Kadeishvili, S. Suneblidze. Bull. Georgam
. ® Mgy, Simplicial objects in a.!ge‘rn:t_p
8 X Bousfield, D). M. Kan. Lecture Notes =
B M Kan. Proc. N.AS_USA 41, 1955, SR
J £ Serve. Ann. Math. 54, 1951, 425-505

R BN N

o. ey

36960 bodGages

63?.10-333, li("j)nﬂgyaf{l()'ljﬂ:" J
Aenggbydom gagge Q0 g3
E 3990 SO boddgmogoge |

LedgHaome  Ggamohaoghe
Soédsmobgdymo xodgate g
CAO)-CLSQ), dmdgmo afhab
oo boddsgamgs, op®gmay




Simplicial Cutting of a Cubical Set 209

o d,' or— C,N( SQ) is multiplicative as well. Thus we obtain the following
; Frspesition 4. 11 Q is a monoidal cubical set then SQ is a simplicial monoid and
|

.I L0 = CN(SQ) is a natral map of DG-Hopf algebras.
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