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A theory T is a small category with products and a model of T is a functor M : T —
Set which carries products in T to products of sets. Let model(T) be the category of
models; morphisms are natural transformations. Since the work of Lawvere [5], it is
well known that many algebraic categories (like the categories of groups, algebras,
Lie algebras, etc.) are such categories of models of a theory T.

In this paper we are interested in theories arising in topology. Let R be a ring
and let K(R) be the homotopy category consisting of products X = K (n;) X --- X
K (n,) of Eilenberg—Mac Lane spaces K(n;) = K(R,n;) with ny,...,n, > 1
and r > 0. Then products obviously exist in K(R) and hence K(R) is a theory
for which the category of models model(K(R)) is defined. What kind of algebraic
category is model(K(R))? We show for the field R = Z/pZ = 7/ p:

THEOREM A. Let p be a prime. Then the category model(K(Z/ p)) is equivalent
to the category of connected unstable algebras over the Steenrod algebra 4 ).

For R = Z the algebraic category equivalent to model(K(Z)) is not known.

We observe that the theory K(R) has additional structure; namely it is an $2-
theory as studied in [3]. In addition multiplication maps in K(R) give K(R) the
structure of an “$2-algebra”.

THEOREM B. The Steenrod algebra 4y has an unstable structure (B, D) which
determines algebraically the Q2-algebra K(Z/ p).

In fact, we show that a “Hopf algebra + with unstable structure (B, D)” deter-
mines algebraically an Q2-algebra K (A, B, D) which for A = #A,) coincides with
the topological Q2-algebra K(Z/p).
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We have seen in [3] that the universal Toda bracket (K(Z/p)) is an element in
the third Q2-cohomology of the Q2-theory K(Z/ p). Hence we obtain by Theorem B:

COROLLARY. The universal Toda bracket is an element
(K(Z/p)) € HY(X (). B, D)),

where the right-hand side is defined algebraically in terms of the Steenrod alge-
bra A([,).

The universal Toda bracket (K(Z/ p)) contains all information on stable and un-
stable secondary cohomology operations mod p. In the book [2] we study algebraic
properties of the class (K(Z/p)). The main result of this paper is the fact that this
class is an element in the cohomology HS2 (K (A, B, D)) which is completely
determined by the Steenrod algebra A ).

1. Graded Q-theories

A theory T with zero object * is a small category with products A x B for which
the final object * is also initial. Hence we have the zero map 0 : A — % — B. An
Abelian group object A in T is given by maps my : A X A — A,ny : A - A
satisfying the usual identities. A map f : A — B between Abelian group objects
is linear if f commutes with m4, mp and nu, np.

For an object X in T let T(X) be the category with the same objects as in T and
with morphisms a : A — B given by commutative diagrams in T where px is the
projection:

X
XxA 4 X x B
X X *.

Each map f : ¥ — X induces a functor T(f) : T(X) — T(Y) which is the
identity on objects and carriesa : X X A - X x BtoT(f)(a) : Y xA — Y x B
given by the coordinates py and pga(f x A). In particular O : ¥ — = induces
the functor T = T(x) — T(Y) which preserves products. This functor carries an
Abelian group object in T to an Abelian group object in T(Y).

Motivated by infinite loop spaces in topology (see Adams [1]) we introduce the
following algebraic concept which describes a special case of an Q2-theory studied
in [3]; see Example 1.2 below.

DEFINITION 1.1. A graded Q2-theory T is a theory with zero object * with the
following properties. A product preserving functor

(1) :T — T termed loop functor
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and a sequence of Abelian group objects K (n), n € Z, are given with
(2) QKMm)=K(@n-1)

such that all objects X of T are finite products of objects in this sequence. The
product preserving functor 2 : T — T carries the structure maps of the Abelian
group object K (n) to the structure maps of the Abelian group object K(n — 1).
Hence for objects A, B in T the set [A, B] of morphisms A — B in T is an
Abelian group since the product B of Abelian group objects K (n;) is canonically
an Abelian group object in T. We denote the group structure in [A, B] by +. In
addition T is an Q2-theory; that is, a system of functors

3) Lx:TX)— TX)

is given such that Ly preserves finite products and carries each map to a linear
map. These functors are natural in the sense that for all f : ¥ — X the diagram of
functors

T(X) -~ T(X)

“) T(f)l J/T(f)
T(Y) 2~ T(Y)
commutes. Moreover for X = s the functor L, coincides with €2 in (1). This

completes the definition of a graded 2-theory.

Let [X x A, B]x be the group of morphisms @ : X x A — B for which the

composite morphism X = X x *WX X A——B trivial. Then o determines

the map ¢ = (px,a) : X x A — Y x B in T(X) for which via the functor
Ly in (3) the induced map Ly (px,«) = (px, Lxa) : X x QA — X x QB in
T(X) is defined. Hence @ +— L x« yields the homomorphism, termed partial loop
operation,

() L=Lx:[XxA,Blx = [X x QA, QB]y.

One can check that the following rules are satisfied. We consider the composite

fry
yx T x At B

Then we have the formula
fpy _ fpy
o 1) (1)

with f 1Y — X,a € [Y xT,Aly and b € [X x A, B]x. The projection p, :
X x A — Aisanelement of [X x A, A]lx with

(7Y L(pa) = paa, the projection X x QA — QA.
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Finally for b € [X x A, B]x the map Lxb : X x QA — QB is linear in QA, that
isfor o, B € [Y, QA] we have

®) (Lxb)(f,a+ B) = (Lxb)(f,a) + (Lxb)(f, B).

In particular maps Qf : QY — QX are linear, that is, they are homomorphisms
of Abelian group objects. In general, maps ¥ — X in T need not be linear.

EXAMPLE 1.2. Recall that an infinite loop space X is a sequence of pointed
CW-spaces X (n), n € Z, together with homotopy equivalences

QX(n) ~X(n—1), ()

where QX (n) is the path component of the base point in the loop space of X (n).
We use () as an identification in the homotopy category (Top;)~. Now let T be
the full subcategory of (Top*)~ consisting of finite products X (n;) x --- x X (ny)
of spaces X (n;) given by the infinite loop space X. Since the track category 7 in
Top;; with 7. = T is Q-representable, we see by Baues and Jibladze [3] that T is
an Q-theory and hence T is a graded 2-theory with the properties in Definition 1.1.

Of course for each Abelian group A we have the infinite loop space K (A) given
by Eilenberg—Mac Lane spaces K(A)(n) = K(A,n), n € Z, with K(A)(n) = *
for n < 0. Let K(A) be the associated graded €2-theory consisting of products of
Eilenberg—Mac Lane spaces K (A, n),n > 1.

Now let T be a graded 2-theory as in Definition 1.1. Then we obtain the algebra
A of stable operations in T as follows. A stable operation of degree k € Z is a
sequence of maps o,

a=(a,: K(n) > K +k))yez

with the property Qo,, = «,,—;. Hence all ¢, are linear and therefore the set +A; of
all stable operations of degree k is an Abelian group. Moreover for k, r € Z one
has by composition the multiplication

(1.3) ot Ap @z Ar = Ay

carrying o ® B to wo 8. Here p is a homomorphism of Abelian groups which yields
an associative multiplication for the graded Abelian group A = (Ay)iez-

The stable operations of degree O yield the ring +q so that +A; is an 4Ag-bimodule
and the multiplication u of +4 is actually defined on the tensor product over A

(L4) 12 Ay @y Ay — Apsr.

In this sense + is a Z-graded algebra over .

For example if the graded Q2-theory T = K(Z/ p) is given as in Example 1.2 by
Eilenberg—Mac Lane spaces K(Z/p,n), n > 1, then A = A(p) is the Steenrod
algebra; see [7], with A, = 0 for k < 0.
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2. Q-algebras

Let R be a commutative ring. Then the graded 2-theory K(R) given by product of
Eilenberg—Mac Lane spaces K (R, n) has canonically the structure of an $2-algebra.
This is the reason why we introduce and study in this section the algebraic concept
of an Q-algebra.

Let Mod. (R) be the category of Z-graded R-modules X = (X;);cz with the
graded tensor product X ® Y given by

@) XeY.= (P X;erY;

i+j=n

Here X is non-negative if X; = 0 for i < 0. A non-negative graded R-module A
which has the structure of a monoid in (Mod, (R), ®) is termed a graded algebra.
Let R be the graded R-module concentrated in degree 0 which is R in that degree.
Then of course R is also a graded algebra; in fact, the initial object in the category
of graded algebras. A map ¢ : A — R between graded algebras is termed an
augmentation of A and A is a connected algebra if ¢ is an isomorphism in degree
0, A° = R. The interchange map

(1) T:X®Y>Y®X

isdefinedby T(x ® y) = (— Iy @ x, where | x| is the degree of a homogeneous
x € X,1e. |x| =nif and only if x € X,,. The graded algebra A is commutative if
the multiplication m : A ® A — A satisfies mT = m. We also write

2) mx®y) =x-y.

The tensor product A ®z B of graded algebras A and B is canonically a graded
algebra with the multiplication

B) xRNE' ®Y)= (=D (x.x)® (y-y),

where |y| is the degree of y € B. One readily checks that A ® B is commutative if
A and B are commutative.

Let Alg, be the category of connected commutative graded algebras over R.
This is a category in which R is the initial and the final object (zero object).
Moreover the sum in the category Alg, is given by the tensor product with the
inclusions

@ A=AQR-2 A®B,
B=R®B -5 A®B.

Here ! : R — A is the unit. Let

5 A= kernel(e : A — R)

be the augmentation ideal of A, i.e. the kernel of the augmentation ¢.
We introduce the algebraic concept of an Q2-algebra over R as follows.
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DEFINITION 2.2. Let T be a graded Q2-theory as in (1.1) with
(1) Km)=x forn<0.

Assume a ring homomorphism R — A(T)g is given, where +4(T)y is the ring of
degree 0 stable operations of T. Then we have for any object X in T the graded
R-module H*(X) with

(2) H"(X)=[X,K(n)] forneZ.

Clearly ~by (1) we have H" (X) = 0 for n < 0 and we have a canonical element
[n] € H*(K(n)) given by the identity of K (n). We define the graded R-module
H*(X) by the direct sum

3) H*(X)=R® H*(X),

where R is concentrated in degree 0. Then T is an Q-algebra (over R) if multipli-
cation maps

@ p=pij: K@ xK(j)—> K@i+ j)
are given for i, j > 1 which induce an R-linear map
) ps - H*(X) ®r H*(X) — H*(X) by
ws (€ ®@n) = i j (&, )
for & € H (X), n € HI (X) such that (H*(X), ) is a connected commutative
graded algebra (hence an object in Alg,) with R — H*(X) — R given by

the inclusion and projection respectively. The trivial map K(i) — * — K(j)
represents the zero element in H/ (K (i)) and the composite

K@) % k) x K(j) - K@+ )

is trivial, where [i] is the identity of K (i), since u([i], 0) = [i]-0 = 0. Hence with
the notation in Definition 1.1(3) we have

i € [KG@) x K(j), KT+ j)]Ika)s
so that the partial loop operation L is defined on u; ;. In addition let

for j > 1,

Mi,j—1

This completes the definition of an 2-algebra (over R).

In an Q-algebra T over R we have for objects X, Y € T the canonical map in
Alg,

23) t:H*X)Q@r H*(Y) > H*(X xY)

which carries £ ® n to the product (p%€) - (pyn), where px : X x Y — X and
py : X X Y — Y are the projections. We say that the Q2-algebra T over R has the
Kiinneth property if this t is an isomorphism for all objects X, Y.
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LEMMA 2.4. For any Q2-algebra over R the induced map
Mj‘] CH'K( + j) —> H*(K(@{) x K(j))
carries [i + jlto t([i]1 R [j]).
Proof. In fact sz[i + jlis represented by p; ; : K(i) x K(i) - K(i + j) and
7([i] ® [j]) by definition is represented by the composite

K() x K() P2 K () x K(j) —“= K (i + j),

where p; and p, are the projections, so that (p;, p,) is the identity. O

EXAMPLE 2.5. Let R be a commutative ring and let R,, be the underlying
Abelian group of R. Then the graded 2-theory K(R) associated to the Eilenberg—
Mac Lane spaces K(n) = K(Ru,n) (see Example 1.2) is an Q-algebra with
multiplication maps (i, j > 1)

wij K@) x K(j) —= K@) AK(j) —— K + j).
Here ¢ is the quotient map for the smash product X AY = X x Y/X VY and [

is up to homotopy the unique map for which the following diagram of homotopy
groups commutes withn =i + j.

Ta(K (i) A K () > maK (i + J)

R ®7 Ry

Rp.

Here mp is the multiplication map of the ring R.

We call K(R) the Eilenberg—Mac Lane 2-algebra of the commutative ring R.
It is well known that K(R) has the Kiinneth property if R is a finite field. This is
an obvious consequence of the Kiinneth theorem.

Now let T be an $2-algebra over R which has the Kiinneth property. Then H*
in Definition 2.2 yields a contravariant functor

(2.6) H*:T — Alg,

which is faithful and carries products to coproducts. Hence the opposite category
TP can be considered to be asubcategory of Alg,. This leads to the following
concept of 2-sequence of algebras with H(n) = H*(K (n)).

DEFINITION 2.7. An Q-sequence of algebras (over R) consists of a sequence
H (n) with n € Z and the structure (x, 2, ) with the following properties.
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The object H (n) is an Abelian cogroup object in Alg, with the structure maps
in Alg,

1) +:Hn) — Hn)® Hn),
—:Hm) — H(n)

and H(n) = R for n < 0. This shows that Homye, (H (n), X) is an Abelian group
with addition induced by + in (1) where X is an object in Alg,,. For n, m > 0 the
structure x is a homomorphism of Abelian groups

(2) x =x": H"(n) > Homug, (H (m), H(n))

and we write x («) = a. There is an element [n] € H" (n) with

(a) [n] = 1H(n) (identity),
(b) &(m]) =,

(c) B(a) = Boafora € H"(n), B € H"(k),
(d) r[n] : H(n) — H(n) is linear (i.e. a morphism of cogroups) for r € R.

Now (d) together with (1) implies that for each object X in Alg, the set
Homyg, (H (1), X) is an R-module. See (2.8) below. Next the structure

B Q=Q,:Hn)—> Hn—-1

is a degree (—1) homomorphism of graded R-modules satisfying

(@) QIn] = [n — 1],
(b) Q(B(a)) = QB(Qa),

(c) Q2(&n) =0for &, n € H(n) where £ is the product in the algebra H (n),
(d) QB:H(n—1) — H(k — 1) is linear.

Finally for i, j > 1 the structure
@ p=pHi+))—> HO®H()
is a morphism in Alg,, satisfying

@ w7 (i +jD =1 /],

(b) T = (=17 /' (see (2.1)(1)),

(© (U @ Dt = (1@ p/Hu"™,

(d) (a1, a)p"™ =ar-a; foray € H'(k), y € HY (k).

Moreover p*/ is linear in H (j), that is, for all X in Alg, and o : H(i) — X,
B1, B2 : H(j) — X we have

(©) (@, fy + Pt/ = (. pu' + (e, o)y’
() (1 ® ' = wh7li + J1forr € R.
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Next we introduce for X = H (i) ® H(j) the homomorphism of R- modules
x : X™ — Hompg, (H(m), X)
which carries £ ® n with § € I:I“(i) andn € I:I”(j), a + b = m, to the composite

XE@n) : Him) "~ H@) ® Hb) 2> H() ® H(j).

TNhis homomorphism is well defined by (e) and (f). Moreover y satisfies for o €
H"(i + j) the equation

(g moa=x(ua): Him) —> H(@) ® H(j), wherep = pu'.

This completes the definition of an 2-sequence of algebras.

The condition (2)(b) shows that x is injective so that [n] is uniquely determined.
We define an R-module structure of Homyg (H (m), X) by the Abelian group
structure in (2) and by defining for » € R and o : H(m) — X the element r - o via
the composite

2.8) r-a=aor[ml.
Then we have forr,s € R

r+s)a = ao(r+s)m]
= oo (r[m] +s[m]) see(2)
= ao (r[m], simD)(+)

= (ar[m], as[m])(+)

= ar[m], as[m]

= roa + sa,
r@+B) = (a+prim]
= (&, B)(+H)rlm]
= (o, A)(r[m] @ rlmD(+) see (2)(d)
= (ar[m], BrimD)(+)
= ar[m] + prim]
= ra+rp.

The homomorphism x in (2) is actually an injective homomorphism of R-modules
since we have fora € H" (n)

rea =

Qi
o)
~
)

I
S\I
s
s

Qi
3

ey =

\|\
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The condition (4)(c) shows that u yields a canonical map
@ =" Hen A+ 4n) > Ho) @ -+ @ Hny)

forn; > 1 and v > 1. For example u"/' = (u'/ @ 1) /' For v = 1 let u be the
identity.

LEMMA 2.9. Each Q2-algebra T (over R) with the Kiinneth property yields the
associated Q2-sequence of algebras (over R) by defining

H(n) = H*K (n),

x (o) = o,

Q () defined by the loop functor L2,
uhl = r_l(ui,j)*, see (2.3).

One readily checks that the properties in Definition 2.7 are satisfied.
On the other hand we get

THEOREM 2.10. Each Q2-sequence H of algebras (over R) yields an associated
Q-algebra Ty (over R) which satisfies the Kiinneth property. This yields a 1-1-
correspondence between isomorphism classes of Q2-algebras with Kiinneth prop-
erty and Q2-sequences of algebras respectively. The inverse of this correspondence
is given by Lemma 2.9.

Proof. Let an Q2-sequence of algebras be given as in Definition 2.7. We construct
the associated $2-algebra T = Ty as follows. We first define a subcategory with
coproducts

(1) Ty C Alg,

and T as a category with products is the opposite category of Ty, thatis T = Tgp.
Of course Ty corresponds to the image category of the functor (2.6). Objects in T
are tensor products

2 X=Hn)®---® H(n,)
with n; > 0 and v > 0. We define for m > 0 the homomorphism of R-modules
(3) x :X™ — Homyy, (H(m), X)

which carries 1 ® - - - Q &, € X™ with o € H™i (n;) to the composite

H(m) % Hm) ® -+ ® H(m,) —=" X,

For o € X we write x (o) = a. Now we define the morphisms ¥ — X in T with
Y =H(k)® - ® H(k,) to be the maps

@ Bi,....B): Y >XeT,
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with B,» : H(k;) — X given by an element §; € X% via x above. Here we use the

coproduct property of the tensor product in Alg,. Using Definition 2.7(4)(g) we see

by an induction argument based on the other properties in Definition 2.7(4) that T,

is a well defined subcategory of Alg,. Of course the category T has coproducts.
Nextwe set QH(n) = H(n — 1) and

S QX=Hm -1)®- - @ H(n, —1).

Using €2 in Definition 2.7(3) we define the degree (—1) homomorphism of graded
R-modules

© Q:X—>Qx
as follows. Take a; ® - - - @ ), € X with o; € H™ (n;). Then we set
Qa1 ® - Qu,) = Qq;

ifaj € Rfor j#i,j=1,...,v,and we set Q(o; ® --- ® ,) = 0 otherwise.
We now define a functor

7 Q:Ty— T
by (5) and by
QB -, B) = (QB1, ..., QB),

where we use (4) and (6) and (3). The functor €2 in (7) defines a functor  : T — T
by Q(f)° = (£2f)°P and this is a functor as in Definition 1.1(1). Next we consider
the partial loop operation L in T which is obtained by the function

@B L:[B,X®Alx — [QB,X ® QB]ly,

where [, ] denotes the group of morphisms in Ty and X, A, B are objects in Tj.
Here L is compatible with the coproduct structure in B by Definition 1.1(5) so that
it suffices to define L for B = H (m). In this case we have

X

9 [H(m), X ® Alx kernel(py : (X ® A)" — X™),

where X ® A is the augmentation ideal of X ® A. Hence we get
(10) [H(m), X ® Alx = A" & (X ® A)".

For x € A™ let L(x) = Qx € @m_l be given by (6) and for x @ a € X @ A
let L(x®a) =x ® Qa € X ® QA. This defines via (10) the function (8). Now it
is easy to check that (T, 2, L) is a graded €2-theory in the sense of Definition 1.1.
Finally let p; ; in T be the dual of ™/ in Ty given by w"/ in Definition 2.7(4).
Then one can check that Ty = (T, ) is an Q2-algebra over R. O
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3. -algebras over a Hopf Algebra

It is well known that the Steenrod algebra -y is a Hopf algebra and that the
cohomology ring H*(X; Z/2) is an “algebra over the Hopf algebra +4)”. This
implies a certain structure for the Eilenberg—Mac Lane Q2-algebra K(Z/2) which
we study in this section. This leads to a complete algebraic characterization of the
Q-algebra K(Z/2) by use of a classical result of Serre [6] in the next section.

Let R be a commutative ring. Recall that the tensor product A ® B of graded
algebras over R is a graded algebra. We say that an augmented graded algebra 4
together with an algebra map

Gl) ViAo ARA

is a Hopf algebra if the compositions

AL AR A AR A

and

A A DA R A A

are both the identity. The Hopf algebra is coassociative, resp. cocommutative, if
WDy =00 y)y,resp. Ty = .

Now let M be a left A-module, where 4 is a Hopf algebra and assume that M
is a connected graded commutative algebra (over R) with multiplication

B2 m: MM — M.

Here M ® M is an A4 ® 4A-module and hence via (3.1) an A-module. We say that
M 1is an (connected graded commutative) algebra over the Hopf algebra A if m is
a homomorphism of +A-modules.

Let Alg,(4) be the category of such algebras over the Hopf algebra +. Mor-
phisms are maps in Alg, which are also homomorphisms of #4-modules. The ring
R is an A-module via ¢ : A — R and hence an object in Alg,(+4) which is the
zero object of Alg,(A).

DEFINITION 3.3.  An Q-algebra T over the Hopf algebra A is an Q2-algebra
(over R) as in Definition 2.2 together with a map between algebras over R

1) A — A

with the following properties. Here 4 (T) is the algebra of stable operations of T
and (1) extends the algebra map R — A(T)q in Definition 2.2, see (1.4).

Each object X in T yields the graded algebra H*(X) as in Definition 2.2 which
via (1) is a left A-module. In fact 4 acts on H*(X) by composition and on R by
the augmentation &. Now we assume that H*(X) in addition is an algebra over the
Hopf algebra A so that

(2) s H(X) @ HY(X) - H*(X)
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in Definition 2.2(5) is a homomorphism of A-modules. This completes the defini-
tion.

If the Kiinneth property holds in T we can characterize an 2-algebra over a
Hopf algebra + by the following data:

DEFINITION 3.4. An Q-sequence of algebras over the Hopf algebra A is an Q2-
sequence of algebras as in Definition 2.7 with the following additional properties.
Each H (n) is an algebra over the Hopf algebra +4 in Alg,(+). Moreover for each
o € Ay the map

Hn)—> Hn+k), xm— ax

is linear with respect to the Abelian cogroup structure Definition 2.7(1). This gen-
eralizes Definition 2.7(1)(d). Moreover x in Definition 2.7(2) carries elements o
to morphisms & in Alg,(+), that is & is a homomorphism of #-modules. Also
Q and u’/ are homomorphisms of #-modules; see Definition 2.7(3) and Defini-
tion 2.7(4). This completes the definition.

As in Lemma 2.9 we see that each 2-algebra T over the Hopf algebra 4 for
which T has the Kiinneth property yields canonically a sequence as in Defini-
tion 3.4. In fact this yields the following specification of Theorem 2.10.

THEOREM 3.5. There is a 1-1-correspondence between isomorphism classes of
Q-algebras over the Hopf algebra A which satisfy Kiinneth property, and isomor-
phism classes of Q2-sequences of algebras over the Hopf algebra 4.

4. The Eilenberg—Mac Lane -algebra K(Z/2)

Recall that the Eilenberg—Mac Lane 2-algebra K(Z/2) is the full subcategory of
the homotopy category of pointed spaces consisting of products of Eilenberg—Mac
Lane spaces

“4.1) Kmn)=K(Z/2,n), n=>1.

It is clear that K(Z/2) is a graded Q2-theory (see Section 1) and also an 2-algebra
with the Kiinneth property (see Section 2).

PROPOSITION 4.2. K(Z/2) is an Q2-algebra over the Steenrod algebra A ) in
the sense of Definition 3.3.

This follows readily from the fact that the cohomology ring H*(X; Z/2) of a
space is an algebra over the Hopf algebra +(z), see [7]. Hence by Theorem 3.5
the Q-algebra K(Z/2) is completely determined by the associated Q2-sequence of
algebras over the Hopf algebra +4 )

4.3) Hn) = H*(K(Z/2,n); Z)2).

These algebras are computed by Serre [6] as follows; compare [7], II, Section 5.
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EXAMPLE 4.4. The Steenrod algebra +4(;) has an unstable structure (B, D)
given as follows. The structure B consists of a sequence of left ideals (n > 0)

1) ---CcBm+1)CBm C---C B0 C Ap

in the algebra +4 ;). Here B(0) = kernel(¢) is the augmentation ideal and B(n) as
a Z/2-vector space is spanned by all admissible monomials of excess greater than
n; see [7], IL.5. An A»)-module X is termed unstable if B(n)X" = 0 forn > 0 or
equivalently if for x € X one has

(2) i>|x| implies Sqi(x) =0.
Moreover for each unstable +)-module X the structure D consists of an ideal
() Dx CT(X)

where T (X) is the tensor algebra of X. Here Dy is the ideal generated by the
elements (x,y € X)

x®y— (=DHly ® x,

Sq"(x) —x ®@x for x| =n > 0.
Compare [7], I1.5.3. Accordingly an algebra H over the Steenrod algebra + ) is
termed unstable if (2) holds and if for x € H
4) i=|x| implies Sqi (x) =x-x.

Here (2) and (4) correspond to axioms for the squaring operations Sqi in [7],
Section 1.

The unstable structure (B, D) of +4(,) has additional properties as described in
the next definition.

DEFINITION 4.5. Let R be a commutative ring and let 4 be a Hopf algebra over
R. We say that «4 is an unstable Hopf algebra if a structure (B, D) is given with the
following properties. The structure B consists of a sequence of left ideals (n > 0)

(1) ---CBm+1)CBm) C---C B0)CA4,

where s is the augmentation ideal of +. We say that a (non-negatively) graded
A-module X is B-unstable if

(2) B(n)-X"=0 forn > 0.

Moreover the structure B has the property that for B-unstable modules X, Y the
tensor product X ® Y with the 4A-module structure given by A — A ® A is
again a B-unstable 4A-module. This shows that the tensor algebra 7' (X) which is
the direct sum of tensor powers X®" = X ® --- ® X, n > 0, is an algebra over the
Hopf algebra + and T'(X) is B-unstable as an 4-module.
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For each B-unstable module X the structure D yields an ideal
(3) Dx CT(X),

where Dy is an s-submodule and x ® y — (= D*Ply @ x € Dy forx, y € X. Let
H be an augmented graded commutative algebra over the Hopf algebra +. Then
we say that H is (B, D)-unstable if H is a B-unstable module and if the canonical
algebra map T(H) - H extending the inclusion H — H carries Dy to 0. The
structure Dy in (3) is natural in X and D has the property that for (B, D)-unstable
algebras H, H' also the tensor product H @ H’ is (B, D)-unstable. In particular
we obtain for a B-unstable module X the (B, D)-unstable algebra generated by X

@ UX) =T(X)/Dx.
We define for a B-unstable module X the B-unstable modules X/~ and X/~ by

X/~ = image(X — l:](X)), ~ 3 5 3 . .
X/~ =image(X — U(X) - U(X)/UX) - U(X)) = U(X)/U(X) - U(X).

We in particular have the B-unstable modules (4 /B(n))[n] generated by a sin-
gle element [n] in degree n. Then (B, D) has the property that there is a map of
A-modules (n > 1)

(5) Q:(A/Bm)Inl/~ —> (A/Bn—1)n— 1]/~

which caries [n] to Q[n] =[n— 1]. Since the left-hand side is generated by [n] as
an A-module, we set that 2 is uniquely determined. This completes the definition.

For an unstable Hopf algebra (4, B, D) we obtain the full subcategory
(4.6) Algy(A, B, D) C Algy(A)

consisting of connected (B, D)-unstable algebras. This subcategory is closed under
tensor products and hence has sums. Moreover the object (n > 1)

(1) H(n) =U((A/Bn)[n])

has the following freeness property. For each object H in Alg,(+, B, D) and
element x € H" there is a unique morphism in Alg,(A, B, D)

2) x:Hmn)— H

which carries [n] to x. Here H (n) is termed the completely free (B, D)-unstable
algebra generated by [n].

The result of Serre [6] on H(n) in (4.1) now can be stated as follows; com-
pare [7].

PROPOSITION 4.7. The Steenrod algebra + ) with the structure (B, D) in Ex-
ample 4.4 is an unstable Hopf algebra and

H*(K(Z/2,n); Z/2) = H(n)
is the completely free (B, D)-unstable algebra generated by [n].
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We are now able to determine algebraically the Eilenberg—Mac Lane $2-algebra
K(Z/2) in (4.1). For this we need the following result.

PROPOSITION 4.8. Let (A, B, D) be an unstable Hopf algebra. Then one gets an
Q-sequence of algebras over the Hopf algebra A by the completely free algebras
Hn),n > 1, in (4.6)(1). For this let

+:Hn) - HMn)® H(n),

—:Hm) - H(n)

be the maps in Alg,(A, B, D) which carry [n] to [n] ® 1 + 1 ® [n] and —[n]
respectively. Moreover let

x : H"(n) — Hompg, (H(m), H(n))

be the function which carries x to x as in (4.6)(2). Let Q be the composite

Q: A () — (A/BO)nl/~ %= (/B — ) — 1]/~
—H@m —1)
where S is defined in Definition 4.5(5). Finally let
ph THG+ ) > H(@) ® H(j)

be the map in Alg, (A, B, D) which carries [i + j] to [i] ® [j].

Proof. One readily checks that the properties of an unstable Hopf algebra in Def-
inition 4.5 imply that the data in the theorem satisfy all properties in Definitions 2.7
and 3.4. O

Hence we get by use of Theorem 3.5 the next result.

COROLLARY 4.9. Each unstable Hopf algebra (A, B, D) yields canonically
an Q2-algebra K (A, B, D) over the Hopf algebra A for which the associated
Q-sequence is given by H (n) in Proposition 4.8.

Moreover we get:

THEOREM 4.10. The Eilenberg—Mac Lane Q2-algebra K(Z./2) over 4 ) of prod-
ucts of Eilenberg—Mac Lane spaces K(Z/2,n), n > 0, is isomorphic to the Q-
algebra K (A ), B, D) over A given as in Corollary 4.9 by the Steenrod algebra
) with the unstable structure (B, D) in Example 4.4,

Proof. Using Proposition 4.7 we see that the Q2-sequences for K(Z/2) and
K(+4«), B, D) are isomorphic. O
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A similar result is available for the Eilenberg—Mac Lane 2-algebra K(Z/p),
where p is a prime. For this we need the computation of Cartan [4] of H*(K(Z/p,
n); Z/ p) in terms of the Steenrod algebra A,).

For an unstable Hopf algebra we get by Corollary 4.9 the 2-algebra K (4, B, D)
for which the 2-cohomology

HS (XK (A, B, D))

is defined; see [3]. If A = +A(y) is the Steenrod algebra then we know that the track
category associated to K(Z/2) is classified by the universal Toda bracket

(K(Z/2)) € H3(K (4@), B, D)).

Here the right-hand side has a completely algebraic description in terms of ).
The Toda bracket (K(Z/2)) however, is not understood algebraically. It is the
purpose of this paper to prepare the ground for the computation of this class.

5. Models of K(Z/2)

Recall that a theory with products is a small category T with a final object * and
with products denoted by A x B. A model of T is a product preserving functor
M : T — Set which carries * to a point. Let model(T) be the category of such
models. Morphisms are natural transformations.

For each commutative ring R we introduced the Eilenberg—Mac Lane Q2-algebra
K(R) which is the full subcategory of the homotopy category of pointed spaces
consisting of products of Eilenberg—Mac Lane spaces K(R,n), n > 1. Hence in
particular K(R) is a theory with products and we obtain the category model(K(R))
of models of K(R).

The Steenrod algebra +4,) is an unstable Hopf algebra with the unstable struc-
ture (B, D) in Example 4.4 such that the category Alg,(+42), B, D) is the category
of connected commutative graded algebras H over the Hopf algebra -4 ) for which

i _ 07 i > |x|’
Sq(-x)_{x.x’ l:|.x|
THEOREM 5.1. There is an equivalence of categories
model(K(Z/2)) = Algy(A«), B, D).

Proof. By Theorem 4.10 we know that K(Z/2) coincides with K (A ), B, D)
and it is easy to see that models of K (s, B, D) coincide with objects in
Algo(eA(z), B, D) O

The theorem shows that models of K(Z/2) have a surprisingly simple descrip-
tion by use of the Steenrod algebra + ). In general a similar result for models of
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K(R) where R is a commutative ring is not known. For R = 7Z/p with p an odd
prime we get the following result.

For an odd prime p we have the Steenrod algebra ) (over Z/ p) generated by
the Bockstein operator 8 of degree 1 and the reduced powers P’ of degree 2i(p—1),
i > 0, with P° = 1. Moreover 4, is a (coassociative and cocommutative) Hopf
algebra with an unstable structure (B, D) such that the category Alg,(A ), B, D)
consists of augmented commutative graded algebras H over the Hopf algebra +4 )
with

Blx-y) = (Bx) -y + (—DMx - (By),
i 0,
Pi(x) = {xp’

for x, y € H. Similarly as in Theorem 5.1 we get

THEOREM 5.2. For an odd prime p there is an equivalence of categories
model(K(Z/p)) = Algy(A(p), B, D).
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