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Abstract We consider a class of mixed boundary value problems in spaces of Bessel 
potentials. By localization, an operator L associated with the BVP is related 
through operator matrix identities to a family of pseudodifferential operators 
which leads to a Fredholm criterion for L. But particular attention is de
voted to the non-Fredholm case where the image of L is not closed. Minimal 
normalization, which means a certain minimal change of the spaces under 
consideration such that either the continuous extension of L or the image re
striction, respectively, is normally solvable, leads to modified spaces of Bessel 
potentials. These can be characterized in a physically relevant sense and seen 
to be closely related to operators with transmission property (domain nor
malization) or to problems with compatibility conditions for the data (image 
normalization), respectively. 
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1. Introduction to mixed boundary value problems 
and normalization 

We confine our attention to the following model boundary value problem 
(BVP) based on considerations in [38, p. 186 ff.] and [37]. Let 0 C IR2 be 
a bounded domain with smooth boundary r = ao divided into two simply 
connected parts and their common boundary points, i.e. (see Figure 1.1) 

(1.1) 

Let A be a linear differential operator with smooth coefficients in 0 of order 
2m where m E Nl and Bl, B2 are vectors of linear boundary operators both 
with smooth coefficients on r (extendible to 0) of order m l = (mL ... , m;') 
and m2 = (m~, ... , m~), respectively, such that 0 :::; m}, m; :::; 2m - 1. More 
precisely we have Bk with components 

bj = bj(x, D) = I: bj,s(x)T~(Ds<p) = T~ ( I: bj,S(X)DS<P), k = 1,2 
Isl~m7 Isl~mj 

(1.2) 

where T~ denotes the (usual) trace operator on rk. 

Figure 1.1: Mixed boundary value problem. 

We look for all solutions u E H2m+l(o), l ~ 0, such that 

A(x, D)u(x) = f(x), x E 0 

= (bt(x, D)u(x), ... , b~(x, D)u(x)) (1.3) 

(gt(x), ... , g~(x)) , x E rk, k = 1,2, 

where f E Hl(O), gj E H 2rn+1- Tn j -l/~rk) are (arbitrarily) given, j = 1, ... , m, 
and refer, for short, to the mixed BVP (1.3). It is called piecewise elliptic, if Bk 
(k = 1,2) have extensions Bk to the whole r such that (1.3) with Bk replaced 


