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ABSTRACT. Interplay of simplex-cube contained in Serre map of cube to simplex is
formalized. Tower of cubical CW-complexes between simplex and cube is constructed and
a preparing result for stable obstruction theory is given,
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L. Introduction. The problem of existence of cross sections in stable ranges was
solved by M.Mahowald in [1]. The aim of the present paper is (o prepare tools for new
approach to the problem. The main technical innovations is constriction of auxiliary CW-
complexes which are close to simplex and cube. The Serre map of cube (o simplex|2] was
used in [3-6]. The formalism developed there is given herc in more convenient form,

2. Cubes w(0,1,...,(1+1)) and B0,1,...,(n+1)), For the standard (n+1)-simplex let
@(0.1,....(n+1)) be a n-cube defined by the formulas

do(012. .+ D) = o012 F...(n+1). 1<i<n,
dFOOL2.... (1 +1) = 0O L... Darti... (n+1)). 1<i<n,
(Lefl side of the second formula is a cartesian product of two cubes.)
Let 0.1.....(n+1) be (2+1)-cube defined by the formulas

SO Dy = POLD, o U= bl i,

d,.“ﬁ (OL2...n+ 1)) =012, ( Do =Dn+1)). L<igspt],
From formulas above it follows that an arbitrary face of the cube a0, 1.....(n+1)) is the word

alay .....a, ).:"u'(’r;r‘,.l,....-a‘,_2 Jaa, .....a; s T
where
_{.rzfj-_;al,_az,..,aq)c:(()'.l,...._.__(fﬂ*Fl))-.,
@, =ay=0 and q =a, =n+l
and arbitrary face of cube A0.1.....(n+1)) is the word
ﬁ(.,.,aj.] Jara, oty Je(a, oty )eolay amatel, T,
where '

{a,Na,‘,ag,.....,aq)c(()‘l‘_,,,(ﬂ-+1)_)-._ a, =a,=n+l

and in /4 some s precedent (o a, may be omitted. Noic that in the case of /4 the first

multiplier is always with Sand all others with co. Multiplicr with @ has as argument not less
than 2 vertexes and multiplicr with [ has as argument not less than 1 veriex.,
There is a map

¢: F0.12... )—>(0.1.2....5),
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which 1s surjective and homeomorphic on the interiors. Tt is defined inductively. Being MK0)
a point, the map HK0)--(0) is defined. Assume the map is defined for i<k. Define it for k+1
as follows.
We define the map of boundaries
BAOL2.. ke D)—E(0.1.2._k+1)
as a map defined for o) -faces b_y

@ [)’{0.1.2_,., LA D) (02, L (1)

for ¢ -faces by composition of pro_]ektmn
BOL2 - Ded(-1),. (1 )—>A0.12... 1)

and map

@1 ZO.L2, . G-1)—(0,1.2.....-1)).

The map is defined correctly. This defines factor space
GHOL2,.. (1) =302 (k1))

and hence the factor space

BOL2. (1) =002, D).

3. Complex 8. (0, 1, 2,..., 5). Fix the integer » and consider in M0, 1, 2,..., 8 an
cquivalence rclation by assummg that in all faces of it the multipliers @la,.a,.q,,....a,) with
dimension less than n and bigger lhan U is contracted to point w{a,,.a,) (1 e il J<R<n+])

We will have the space £(0,1.2..... 5) as a cubical CW-complex. It is donc as follows.
Consider the following faces of[)’(o l 2 ~saspre-cellsof £(0, 1.2, s):

K. )w(a ). m(a el
where (a,<a, <0< ~<a). a,=s.1sa wbsu ol‘ (01,2 5“} and: 1) dimension of 's arc O or
>n-1; 1i) Iwo or more (- dnnmmmml @’s are not smnclm g together: 1il) @'s may not be.

These cubes we are going 0 have as all cells of £ (0. 1, 2..... 5) and we must give a
procedure how to build up from them cubical C W~con1plex B, (O b2 08, Weneed 2
following remark.

If

Kewa)ha,,...a,).. Xy,
is an arbitrary face of cube A0, 1. 2 ... s) then reducmg all the efa,.. rqg 510 w(a,a ) if
dimexa,....,a J<n, we become the face to which we can project given face; the new facc
mayv ha\c uughbormg O-dimensional o's. say ala, aﬂ) and o{a .a,} which we replace by
one @ :w(a.a,). Such way we become one of the standard cells of the kind described
above. So for cach facoiot gl L2 5) we have named (he standard cell (inay be of
dimension less) and thie continuous map of given face to this cell.

Below without confusion if in pre-cell last @ is of dimension 0 we can drop it. We see
that if p<n then we have only a cell of kind Hay...a ). We can this cell identify with the
simplex («,...., a). So s-skeleton of standard simplex (0. 1. 2.. ... 5) is a part of n-skeleton of
A0, 1,2.....s). Other n-cells ars ofkind:

ﬂ(a))w(a ) and Kaolaa)ala,....a, )
Both of them, say ¢ is allachcd [0 vertex (a,) mth the atl'ichmg map ¢r—>a,. The n-
skcleton (0, 1, 2,.... s)™ is construcied. Assume that (n+k)-skeleton is aerd\f con-
structed. Consider drbmar) {rth+1)-pre-cell oo The remark made above defines the map
for each of the (n+k)-faces in already constructed (n+4}-skeleton: they define the attach-
ing map of its boundary éc correctly.

* v Sy

The CW-complex 5(0. 1.2 _s)san
The remark shows too that these 5 2¢
c ARll

On the other hand. there = 3n cbeions
FER1Y

and the triangle
A0l12_5-—> .1,
&

ts commutative. Here p is identical om e s
Now if (a,,. a).a.....a )i0,__s) s subamg
this is not true for,f;tn )
4. Complex 8, (0,....s). The compiies
B(0....s) by rﬂsionnv some degemeraind
First two preliminary remarks Let mam
5,(0.....s) which as the last positive damensios
sucha face is of kind p. p>0. if immeduanety &
(7-1) multipliers & of dimension 0 Other fac
is this. Let 6" be & -dimensional face of 8
than ¢. Then its face which has as las Joa 5=
let it be 7' and in the pair (&*. ) both con
Let /=n. We see that £.(0___s) has celis
Construction of B, e (0....5) procondsn
partof B .(0....)""" and pm‘ed ComsiTy
cells of dimcnsmn {ntl). (n+2). (7=3) 2nd
some degencrated faces of already construcy
cell of kind 0 and let (0" °. 7" ') be correspe
of AO.....s) which ends with multiphier esoff g
B,(0.....5) it is mapped in BL0._<F Coms
becomes a new (n+1)-cell. Afier this =g
obviously defined attaching map. This we ¢
Considering (+3)-dimensional cells = =,
(7+2)-dimensional cells which turns out 1o be
first component of kind 1 of complex 50,
second component and after this the first com
atlached with new dttachmg map. -\m s0 on
The projection 2 1 —=>B.(0
procedure of conslmctmn of cemplex. -
(@y.a.a,....a,)(0.....5) is a subsimplex ‘.ﬂz ,6

5 Camplcxes B, itk Ggstdy ol ). F
complexes

(0., < S0.12
1S a beginning of tower con51slmg from n+1 ¢
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The CW-complex B0, 1,2,.... s)is constructed.

The remark shows (oo that therc is a continuous map
@ 40,12,...9-60.12...5).

On the other hand, there is an obvious map

P BO0.12. . 5>0.12...5
and the triangle ;

BO12....8) - B0.12,..5)
N &
(©.12.....5)

1s commutative, Here p is identical on the n-skeleton of simplex (0,1.2.....).

Now if (a,a,,a,....a, )=(0....s) is subsimplex then B la..a, s.,a)f (0....5). OF course
this is not true for A0.....7).

4. Complex ﬂm_l {0,...,8). The complex 4 1 (0 ..8) will be construcied from complex
#,(0.....5) by restoring some degenerated Maces of its cells, _

First two preliminary remarks. Let natural #>0 be fixed and consider all faces of cube
5.(0.....s) which as the last positive dimensional multiplicr has e of dimension ¢, We say that
such a face is of kind p. p=0, if immediately before last positive dimensional e stands exactly
(p-1) multiptiers @ of dimension 0. Other faces we say that arc of kind 0. The second remark
is this. Let o* be k -dimensional face of £10,....s) which has last multiplicr of dimension =
than r. Then ils face which has as last multiplier & of dimension ¢-1 is determined uniguely,
let it be 7' and in the pair (¢*.7*"!) both components definc uniquely each other.

Let 7=n. We see that 3, (0.....s) has cells only of kind 0.1 and 2.

Construction of £, (0.....5) proceeds as follows, Let (n+1)-skeleton £.00....5)" Dbe
part of £, .(0,....)""" and proceed constructing B 10,97 by attaching to it new
cells of dimension (1), {n+2). (n+3) and so on. This procedure will usc restoration of
some degencrated faces of already constructed cells. To begin with Iet 6" *ef3 (0.....s) be
cell of kind 0 and let (6™**,7"'!) be corresponding pair. Then 77*! has as pre-ceil the face
of A0....s)y which ends with multiplier @ of dimension (;7-1) and being a degenerate face in

B0,....8) it is mapped in B,(0.....5)" Considering this map only on the boundary, ¢!
becomes a new (n+1)-cell. Afier this attach the first component of the pair with new
obviously defined altaching map. This we do for all (n+2)-dimensional cells of kind 0.
Considering (7+3)-dimensional cells o £,(0.....5) we are forced to restore some of its
(n+2)-dimensional cells which turns out to be of kind 1, Considering pairs (¢ 2. 7"1) with
first component of kind | of complex B 10.....5) or one of restored cells we attach the
second component and after this the first compaonent. The o e B(0,....5) of kind 0 will be
attached with new attaching map. And so on in this manner, B, .10, ...5) is constructed.

The projection ,6’“,”_1(0, 8) > (0.1.2... ) is defined in obvious way indicalcc_l by the
procedure of construction of complexe Py 0......5). Tt is identical on £(0,....5)""0, If
(.a,.a,....a,)c(0.....5) is a subsimplex then @x;n.ff%ai‘ffz---ﬂrﬁ:ﬁa__m (0. 8),

5. Complexes Byt i @58y sttyennstt ). FOr given 1 constructed above tower of CW-
complexes

, .. € B0.L2...8) ¢ B, 0.....5)
1s a beginning of tower consisting from n+1 CW-complexes
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(U’ i ‘-‘S) ) ﬁr;(OI 2 S') &= ﬁn,n—l “““ .’S) T [}rr n-1 n—7‘(0 \-) ot ﬂn.u—l,n—
Denote

L
then we will have abovc lower as
R T o T T s S

Let K denﬂte i- skeleton of c:omplex A The above tower has

T a1, e k(o 8

J +]
with projection .l —7.

e

as well properties: i) (0.....s)"< 7" and the projection y, isidentical onit, LY < g
and the projection y, , is identical on it L(n”f) = L;”_f) and the projection g, , is identi-

cal on it and so on Lg"] % CLf”_kJ, k=n, n-1. n-2, .2, 1. and the projection y, is
identical on it. ii) as pre-cells are used the faces of cube £(0.1.2.....s) andin cells of L,
does not occur multiplier of positive dimension less than n-k. iii) In cells of I, , may occur
only once (n-k)-dimensional was multiplier. iv) the tower is functorial.

Each new complex of tower is constructed from precedent complex in the similar way
as ﬁn)”_}{ (0.....5) was constructed from 5 (0. .. .s) : L, is constructed by attaching to (2i-k)-
skeleton of L, cells of dimension 2n-k+1, 2n-k+2 and so on. The projections arc defined
in obvious way indicated by the procedure of construction of complexes.

Tower is funclorial.

6. Cross sections. Let for the standard simplex (0, 1. 2..... 5) be given Serre fibration

FaF—=0.....5)
2. 1. tower of precedent section defines induced fibration
Fabi—L,

Theovem, If W is a cross section of the fibration over the n-skeleton of simplex (0, 1,
2., 8) then for induced fibration there is a cross section w, over (2n-k | 1)-skeleton of L,
k=n n-1, n-2, ...,2, 1, such that w, coincides with w on n-skeleton of simplex (0, 1,2,. )
and w, coincides with w,,, on the (2n-k)-skeleton of complex L, .

‘The research deseribed in this publication was made possible in parl by Award No. GM1-2083
of the U.S. Civilian Research and Dievelopment Foundation for the Independent States of the
Former Soviet Union (CRDF),

Then for k=n. n-1, n-2.... .
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On Retraces of Comp

Proseptad by Camx Momies of dhr

~ ABSTRACT. In this paper we dicwesing 4

groups. Here are established pragesrsics af
retracts.

Key words: equivanans shape cncsnes

Introduction. In [1] Yu M Sourmow s
§2] for compact Hausdorfl spaces wulh a8y
compact equivariant shape theors The g
egory compact transformation geowps amd ¢
point of view of the theory of reacs
Without specific citations. = fhes s
A topological transformation soup E 3
X a topological space and & - Go 11 L
B(g"g.x) and O(ex)=x foreach g’ g=C
20, . where © - \>Xisa w:m.m
homomorphism of the group C 1080 full how
call G-space. A continuous map /- 1= af!
whenever, fO(g x)=0'(g fix)). whee & =
of (-spaces and G-maps.
The action © : Gx1>.X is calied rrvmll
6 : GxY—>Yinduces an action © oa Tel o
definition ©': Gx((Ux))—>XxJ 1s 2 map such
subset 4\ is called invariant if for caxch @
An equivariant homotopy. or G-Bomete
such that A =fand H =/". Topologcal G=p
of G-maps /: Y'Y form category Fi{Top,)
(:-homotopy category. For each full subcass
category of K. Throughout thus paper G de
L. Equivariant retracts and extensors.
equivariant weakly hereditary (EWH) proww
1) if 4 is closed invariant subset of 1<l
i) if Yek and /. \> ¥ is an equinanam
For any weakly hereditary class [3] L
whose elements are (G-spaces \ with 1 i
quently, the class [ (N,.CN..FN..PN_Ca
mal. collectionwise normal. full normal perfe




