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ABSTRACT. Interytla-v of sim;llcx-cubc containcd in Scrrrc map of cutrc to sim;llcx isformalizcd' Tou'cr of cubical C}V-com;tlcxcs bchyccn simplcx and cullc is constructcd and
a llreparing rcsult l'or sttblc obstruction theor-v is gir.cn.

Key rvords: sirnplex. cr-rbe. CW-complex. fibration. cross seclion. obstruction.

1' Introduction' The probletn of existence of cross sections in stable rallges lvns
soh'ed b1'MMalrou'ald in Itl. The aim of thc prcscnt paper is 10 prepare tools for ner,v
approach to the problern. The tnain lechnical innovations ii constnrctioir of auxilian, CW-
colnple'rcs lvhiclt are close to sintplcx ancl cube. Thc Serre urap of cubc to sirnplcsl2] ,1,as
ttsed in [3-6]. The lormalistu cleveloped there is given here i1 rnore courcnic,t lbrrn.

2. Cubcs a(0,1,...,Q*t)) antl F(0,1,...,(n+l)). For thc standard (rz+I)_si_r.plex let
rtt(0. 1.....(r+ I )) bc a n-cube clcfi ned b.t thc forntulas

rt!co0"1.2.....(/?+t)) = co(O"1.2.....i....(r +t)" | <. i< n^

dl) co{C.1.2.....(n + t)) = co(0.1.2 "....i)ro(r.....(1 + l)). I < i < n.
(Lcfl side orilre second fbrmula is a caftesia, producl ortn,o cLrbes.)

Let ir(0. 1.....(n+I )) be 0r+I)-cLrbc defined bl. the fonuulas

A) Bf.O,t,Z....(rr+1)) = /J(0.1.2,..,(r-t).,(r+1))^ t< i <rt+1.
al'y;i10"t,2....,(r+l))=rr.r(0.1.2.....(i-t))co((i-t).....(r+t)). t<i<n+1.

Frornlorlnulasabor,citfollonsthatanarbitraryflaceofthecuberrd0.l...(r?+i))isthe$.ord

{D (o,,,..... e,, )co (a,,,.... a,. )co(a, 
" 

..... o,.). . . co(a, r, ..... n,u ) "

4il

u4rere

(a,,.a,.a".....o,r)c(0. l. . .(rr+l)).

ancr arbitrary race or cure pflil,l f.i,*?,, i]1,,,1ijo.7' 
= " 

*'

/J (.... o,, )a 7a,,..... a,. )at (a,. ..... ct,, )... co (o, r, .... 
" 
d,o ).

ryhere

(a,,,^a,.o..... "6,,)c(0. 1.....(r+l )). a,* = o Lt = n + l
and in Bsome a's precedenl to a,, rnav be ornitted. Note t]ra1 in the *rse of /thc first
nultiplier is ahvays l'ith Band all others rvith ro. Multiplier rvith ro has as argument not lessthan 2 r'ertexes and rnultiprier rvith B has as argument not less than r vertex.

There is a rnap
g : fij.1.2.....i)-+(0. 1.2.....r).
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wliich is surjective and homeomotphic on the interiors. it is defined inductively. Being B(0)
a point, the map B(0)--+(0) is defined. Assume the map is defined far i<k. Define it for fr+l
as follows.

We deilne the rlap ol boundanes
d {\0.1 "2.... "k+l)-+d(0. 1.2...../r+l )

as a map defined for dl-faces by

r:ti :rm

ll,: C\\ iornpjs\ -
l].: :eniark ::..:-,',.

,in llie other h.inl

r:d die tnansle

- 
{,f

,,i

:s :ontutulative. Herl,- :: :::::_:.: :.: _[r:.n_
\ou if (a .o.-a^.. -::.r,= _, ,: ilrmery

:hr-s i5 ns1 true for fut.t. .:,
{. Compler fl.-1(0....-r " l:c ;mner

,/.1tJ......r') b1' restonng son:: .fs,:::,:::-irlj f;l
First tuo prelintinln !.it,.-:i. i _J l&

.;;.r t ).. ....r') tvhich as the last ;.-s:::. ! :-:rsrxf,m
such a face is olkind p.," >. .. :i. _--:,:: .r:*" h
,:- I) rnulupliers ro of d.imclLr:::. _r-.s lx:
rs this. Let d te l-dirnen:rc.:-_ ::r-i ;,i I,r,ri,
rlurn r. Then its face utich lus .r ,o -dtryilet it be y''r and in tite plir, - : .,-r, i

Let r:n. We see that 6, r r ,- ,. :_,, ;s"]s
Construction of 1l . r{ r r - - -r- -1t t

parl ol p,,,u_,(0......s;'-:: and prr.:;..: :..Fsm
cells of dimension (r+l)- (r;-1 ,. .--: ,-d
some degenerated faces of alre:l:-. ::::r-:-l:rL
cell of kind 0 and let (d1-:.-.- ,h.: :,:--\;rr
of fftJ.....s) uhich ends uilh rru..:;. :: jJ
f.(O......s) it is mappcd in p..r,,. ,l;qrs
becornes a nerv (r+l)-cell. .A,iicr ::.-: i:-r-1
obviously defined attaching ntap fi,:: ""."r i
Considering (n+3)-dirnensional cel,s - =:,,r -2)-dirnensional cells u.hiclr tun:: "-_- :_- t
t'irst component of kind 1 of ccnipl<,: :-,,,',.
second coirrponent and after tius thc il:s: r-,m
attached with new attaching ntap -{nc r: .m

The projectiot"t Bn.u-1(0,. ...s1--+j_i .,.i.
procedure o.[ construction of corrrpler;. _:-,_
I a,,.a pd 1....ct )c(0"....s) is a subsimpler. :her ;,

5. Complescs Fnr_r,...,,_r(ooJr r.u-..-tt ; t
complexes

is a beginning ortower.Jl;;r;-llr-# ;t;i

d: /1 e.1.2. "i. .tr+r)) --)(0.1.2.....i. .(/r+l)).
for cl! -faces by composition of projekticn

&0.1.2.....i - l)d,{ft- 1),....(ft+1)+ffO. 1,2....^t-t)
and map

fi : /\0.1,2...."(l- l))-+(0. 1,2....,(r- 1).
The map is defined correcth,'. This defines factor space

a p$,t.2,...,(k+ 1)) I 
- 
=aQ J,2,....(r+t))

and hence the factor space

{ 0.r.2.....(k+1)) i :(0,1,2,...,(A+1))

3. Compler P,(0, 1,2,..., s). Fix the integer r and consider in B(0, l. 2,..., ^s) an
equivalence relation by assuming that in all faces of it ilre multipliers @(a..a1,d.,...,ar) lvith
dimension less than r and bigger that 0 is contractecl to point co(a,,ap) (i.e. if t<r<z+t).

Wewillhavethespace4(0, ],.2"....s)asacubicalCW-cornpler.itisdoneasfollor.vs.
Considerthe folloningfacesofp(0. 1.2. ....s)aspre-cellsof p,,(0. 1.2......s):

wrrere(ao<n, <a2< <ak).,,=.f.kl*flXfrr'lo,rllr(.?:1...,;?li;,i;dir,eirsio*orro,sarc0or
>n-l; ii) t\.vo or more ()-difirensional rr's are not standing together. iii) ra's may not be.

These cubes we are going to har,€ as all cells of B,(0. 1,2,.. , s) and we rnust give a
procednre how to build up frorn thern cubical cw-complex {J,,(0. l" 2...., s). wc need zr

following remzrk.
If

/X...,a r) 
r.da 

r,..., a.)... c,\a r_r....,sy
is an arbitran'face of cube P(a, 1.2. . s) their reduCing all the co(a ,...,a,)'s to ot(a ,a ) if
dimat{a,...,a,)<r, u'e becorne the face 1o rvhich we can project givdn fa6e: the nerv face
may have neighboring 0-dimensional rrr's. say o(a,.a,,) and cd1a,,a u) r,vhich we replace by
one Q) '.o(a "a.). Such l,vrt)' ive become onc of the siandard cclls of the kind described
above. So for each face of F(a, 1.2,..., s) lve have narned the standard cell (may be of
dirnension less) and the couiirruous rnap o{'gir,en face to this ccll.

Below u'itLlout conftision if in pre-celi iast ro is of dimension 0 lve can drop it. We see
that if p<n then lve hai'e only a cell of kin'J F@n,.. ,, ,,). we can this ccll identifu r.vith the
simplex (on ....a,;. So ri-skelcton olsfanciard sinrplcr (0. t. Z. ... r) is a parl o[rr-skelelon oF

0,Q. l- 2..... .t). other n-cclls are ol'k-rncl:

B{a,; c,\a,,....,a,,, 
1 
) and B(a r,) ro(a n a 

r) co(a r,..., a,*2).
Both of them. say ris altached to verrcx (a..,) with the attaching-rnap ar-+ao. The n-
skeleton li,t:a, t.2,.... t) " is constructed Assurne tiut (r+k)-skeleton is already con-
structed. Consider arbitran' {n+k-rl)-pre-cell o. The rernark rnade above defines the map
for each of the (n+fr)-faces in already constructed (r+/r)-skeleton, they define the attach-
ing map of its boundarl, do correctly.
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_l Tii: CW-complex /,,(0. l. 2..... .r) is constructed.
Tirc remark slio\\'s loo that (liere is a colliurous iniU)

on the orrrer hand. ,,,.,. ['#ti;;.ffi/t'"'''' ''"

-.rJ tlte triangle 
p" p'(0'1"2'""s)+(0' 1'2" "'

8Q.1.2.. .s) -+ 8,Q.1.2,.....r)\J
(0.1.2....il

'-r 'on,rrutative. Herep is idcnticar o, 1he r',i-sr<creto, orsirnpiex (0" r,2...."s).
Not! if (c,,.or.a"....a,-)c(()... .,s) is snbsiurplex t\'rcn f),,(ctrrot.a.....a,)c-f3,(0.....^r). of course

..rs is not true for /J(0.....i).
J. Cornfllcr fin,,r(A,...,s). Tirecomple.x 0,,.,,,1(0,.....s) ivillbeconstructedfrourcornplcx

U. ..') bl rcstoriug soure degencratccl faces of ils cclls.
First 1r!o prclltliinan'retnarks. Lct nalural r>() bc flscci and consider all faces of cube

' l(l- ...r.)rifiichasllte lastposililcdiniclsional n'rLrltiplicrhas ro ofdirnension/. Wesaythat
sirclt ti fitce is ofkindp.p>0. ilitnnicdiatell belore last positive dimensional rostalds eiactl1,
-:'-1)lltutrtiplicrsroofdinlensiotr 0.Otlierlaccslrcsavtiratareofkind0.Thesecoldrernark

:s this l-el d Ae k -dirnensional face of p,,(0....,.s) rvhich iras last urtiltipiier of diniension >
iltan /. Then its facc u'hich lns as lasr rnuiiiplicr ro of dirnension r-l is detennined uniquell,.
itt it be y'-i a',d in tirc pair (d.rr') boilr c.unponents definc Luiiquelv each otler.

Let t=tt. Wc sce that fl,(O.....,r.) has cells onlv olkilcl 0. t ancl Z.

.-..-. !:,:,",:lto,, t{,* ,(0. .r) procceds as folioys. L,er (n+l)-skeleton 8,,(0.....,r1(,,r)6"
Pilr.Lol F,,,,,t(0.. ..,1 )r 't'1.t arrd procecd coflsl,nictirl€J p,,,,,_r((),...,:;)(,,*]l by attacirilg to it nerv
cells of d,itnensiot (n+1\. (ttt2.). (r.r+3) and so u,r. fiili procedure will use rcstoration of
sonrc dcgenerated faces of alreaci,l' conslmctcd cclls. To begin u,ith let d,,2e p,,(0,.....r) b;
ccll of kind 0 and let (d" 

.2,r"-t) bc corresponcling pair. Th-en z-,,r 1 has as prc-ceil thc face
o1' flO,.....i) x,iricli errcls u,itli mrrltipiicr ro of clirncnsion (r_ l) and Lreing a degencratc face in
{,(0. ,.s) it is mappcd in /i,(0,.....r)(,'r. Consiclcring liris urap ouli, oir the LroundaS,. r,,,1
bccotnes a nelY (/?+l)-ccll. Afler this attach thc firs1 aornion.rit ol the pair ri,itl n*r,
obliouslv dcfined altachitg map This u,c do lor all 1n+Z;_6;n,rensional cells of kind 0.
considering (re+-j)-dirnensional cells o"'-le /!,(0......s) ri,e are forced to restore sorne of its(n+2)-dill^liqional cclls u,hich turns ou1 to be ot't irrO 1. Colsideriirg pairs 1y,, 

2. r,,"1) withfirst cotnponent of kiirci 1 of coniplcx {1,,(()....,.\) or olie of rcstored cclls rve attach tire
sccond coiirponcrl and afrcr this tirc first cr:rnpone[t. 'r]rc d,') ep,,{0,.."..i) ofkind 0lvill be
rtiaclrcd rvith nerv att.chi,g rnap. Aud so ori in liris rua,uer. p, ) ,p.. ..s) is constmcted.

The projection 8,, ,,_1(0,...,,r)-+/3,(0 "1.2.....,r,) is dcfiued ,n ofr.rlou, u al indicated bv theprocedrirc of constmction of conplix"-0,,,)(0. .,r) It is identical orr 4,1o..,rjo,;i ]fi,o,,.a1,a....-e,.)c-(0....,r)isasubsimplextheufl,.,,-,(a,,.o,.c.....a")cd,,,-,(0.....,r).

5. Complcxes $r.n_t....,r-t,{{trrr!rror...ruu). F.r.'gr."r, ,,-rorrt*riJj above totver of CW_
cornplexcs

rs a begi,ning of tor^,cr.#;;,;tlr1,*{';li .#-l;f,m(.- 's)
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(0, ..,.i) <- [J,,(0.1,2....,s)<- 8,.,_r(0....,s)+- F,.,_t.,_,(0.....s) <- ...€ fru,u-\.,,-2,...,2,1(0,....s).
Denote

L ,: B ,(0. ...s)

tlrerr rve rvill have above louer as "-' ' 
t,'n-t' 'n-('

1-,,*,= (0. ..t) 
'<- 

L, + L,_t ? Lu_t <- ... <- Ll
witlr projection ryr:Lr-sLr_,,. Let f" denole l-skeleton of complexK. The above torver has

irsrvellproperties: i)(0"...",s)oicL(tI.),andtheprojectionrg,,isidenticalonit, If;"l).f(;)r')
and the projection 1r,,_, is identical on it; t(;)r2) c f\il|) anathe projection grz,, is identi-

cal on it and so on Lfn;k-) .1(2n-k), lrn. n-1. n-2, ....2. 1. and the pro-jection y, is

identical on it. ii) as pre-cells are used the faces of cube B(0"1,2....,s) and in cells of I,,-o
does not occur multiplier of positive dimension less than n-k. 111) In cells of I,_* rnay occur
only once (r-lr)-dimensional ro as multiplier. iv) the tou,er is functorial.

Each nel'complc.r of to*er is constructed from precedent complex in the similar l,av
its fl,,,_,(0,. . ...s) was constructed frorn fl,(0... ..s) '. Lris constructed by attaching to (2n-k)-
skeleton oflo,, cells ofdirnensiol 2n-k+1.2n-k+2 and so on. The projections are defined
in obvions rvay indicated by 111. proceclnre of construction of complexes.

Torver is functorial.
6. Cross sections. Let for the standard simplex 0, I, 2, . . . , s) be given Serre fibration

F-+E-+(0,...,s)
Tlten for k=n, n-I, rt-2.... .2, 1. tower of precedenl section defines induced fibration

F-+E-+1,,
Thcorcm. If w'is a cror;s seclion of the fibraliot't ot)er the n-skeleton of siruplex (0, I,

2,.. , s) thenfor in&tcecl fibration there i,s a cro,ss.yeclionv,kover (2n-k+1)-skeleton of Lo,

k-n,n-l,n-2,...,2,l,sucltthatv,,,coincidesv,ithtuonn-skelelonofsimplex (0, 1,2,....s)
ond wr coincides with v:r*, on the (2n-li)-skeleton oJ'complex Lr*r.
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3J(,laJ(8)0.l)
6. d3d.r o.;t'63oqo (.:3.:p33 oSrnbo)

boBJq$boq$ 33bob336
6nto38n. ge.r63uqo%3d2qo.: boEJqgjbbs qor ..12db "Sodoob ,;o3'6odoo tu3sq2qo

b3Coolr o1tb3s"3o. ;5gd3qor CI,I'-;c.rBJqXjbSdob Jmtlo, dooSqob;oSJq3jbSdo 8q36.:-
CoSrnBg6 boEJqgjbbr qs ;glb ?cr6ob. b$u6oq16o 3o3r"r$r.rJoob orgr.r6oobm3ob p.r-

Qe1..1o63d21qo.: 3r.rbr&lo;1d;1qo ?3p36o.

'r ?trlt:rr

Or1 Rgt"a;* :rC:mp
;:e>aa,:<: :-, ! ir ,,rnsmr,s u Ll

.{-ts STL{CT tn thi* prytr rt tcrrlal r
lrurpr Hcre ere esrabli*Lrrl pqrrrcd
rEt.nrct-(|

Ke.r rrordr: Llqul\.1:-1-' :-::1r;g :J3:Eu,r

Introductioru h: li I \ * 1.! !:urar".,, ffi
il irr conrpl;t Hau;lcrl fil:i.s al:lu-I t![r

:":lllpAat LlqurvanAlll S,;;c ::u,:r-, li,c p
::oq. cornpact transfcni;::a,." .i=xuns uud.
;r.rnt ol r ien of thc tliE--1, :: ::r--i;_.

\\'rthout spe;rfi; cl!.1::::j_ .: '_- j: :@.
.\ topologiclrl translc-:-.:,: - -:rutr ri :'i .r topological spirce irnJ ':, t5

'-,rg '-9.-r) and O(a..rl=-r'for:e::, i. r-: ia
.--di. uhcrc Or: -\----r-i-ls ; :r:i1:,:;t:@Gt
nLlntonlgrphisllt orlhe gr'..up : :::: : , ,rr'rr

;tll (i-spacc. A continuous n:; ' ." 

-' d'
'.r hcno er-.lOLg--r)=o'(.e.:i"rr . ',r,;g1 - ':.
;i ,-spaccs and (J-uraps

Thc action O . C;^-r---+-";.' iS trl.:: :-, i]d I
- r :'-\'+-\- induces iln tJlliit - --: - . -- d
let-inition O' : Gx(-\-r1)-+-i.-, -' :s :r :;: 1rufu
subset . I c.\' is callcd inr lnllr ti ::": s&:fr g

An equivariant hotnolopr. 1-: :-h:s.Jffi
.u;hthat LI,,=JandH,.i ' Topc!.ir-r. -+
: i, .]-tnaps /. .\'-+)' fonn Cilteer-r', .:: ::o --[

'-hornotop) categon. For cach r., r:n:ml
:llcgory of d. Throughout rlrrs p:x.- : &

I. Equivariant retrircts and rrttanon
cquivariant tveaklv hereditan rE\\t[ prarx

i) if .J is closcd inrarianr subxl --: -"-er
ii) if-Ye,\ and/:-\--+) is an equ:', r:r*.r
For an1' rveaklr- hereditan class . ! ; i

rrltose elements are G-spaccs -i'rirlli '- 
l.u'

qucntlv. the class 11G(-\'(;.(-\(-.tr'. ^.,'. . -Co
rnal. collectionlise uonnal. full nonnai cs&r

-: T iJ H, i" r-\\ r"J: I


