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STOCHASTIC INTEGRAL REPRESENTATION
OF THE PAYOFF FUNCTIONS OF EUROPEAN
EXOTIC TYPE OPTIONS

O.G. PURTUKHIA,
Ivane Javakhishvili Thilisi State University,
Thilisi, Georgia

o.purtuk hia@gmail .com

The question of representation of wide class of Wiener
functionals in the form of Ito's stochastic integral
with the explicit construction of integrand is studied,
which includes the stochastically non-smooth func-
tionals and therefore it is impossible to use the well-
known Clark-Ocone formula (1984), as well as our
generalization of the Clark-Ocone formula (2017).
keywords: - European Option, payoff function,
stochastic integral representation,Clark-Ocone
formula.

In contrast to the standard European Option payoff function (ie.
(S, —K)"), which is stochastically (in Malliavin sense) differentiable, we 4

will discuss European type options with non-smooth payoff functions. The
payoff functions of derivative securities with more complicated forms than
standard European or American call and put options are known as exotic
options.
One of such kind exotic option is so-called Binary Option. It is an op-
tion with discontinuous payoff function. The simplest examples of the Bin-
ary Options are call and put options "cash or nothing". The payoff function

of the call option has the form BC, = QI .y, and for the put option --

BC, =01 (s,<k)» Where K is the strike price at the time of execution T

(it should be noted that indicator of event G is Malliavin differentiable if
and only if probability P(G) is equal to zero or one [3]). Moreover, so-

called Asian Options also are type of Exotic Option.
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Here we will explore the stochastically pq X
5 F LA

,. nals that can be cons.idered in the future as 5 ko SMooty, v .

? exotic Eur(?pean (?ptl(?n'and study the issyeg o¥0ff f““ctignner funct‘ ol
representation, which it is known to play Signiflhelr : azfacert‘?\ T
problem of European Options. It is possible in ICant rq, i tic ingg, " felaria

any Caseg the g_*al order of

form of thfa reprc?sentlatlon using Malliavin thii oy S 10 dogg, ‘_gdgmg b
Malliavin differentiable. We consider non-gmq s, i " the followmgz
functionals and have developed some methods OfO;Et in Manian;:m“a

martingale representation theorems. The obtaineq alning op COHStSense)
establish the existence of a hedging strategy in Varfesults can by lIucrwe .
with corresponding payoff functions. 0US Buropeqy Osed ty

. ; .’T
After Clark [1] obtained the formula for the stochastic ; Pliong u()P(
Niegra|

sentatlon‘ fqr Wiener funptionals_, which asserted only the exjgq Tepre. =
representation, many authors tried to find the integrang o SLENCE f g P
corresponding results were obtained when the funcﬁOnalsX\zhcl‘[l > and g, Z‘Ecthau
. . € ;
some sense. In many papers using Malliavin calculus of S(r;:nzm(}othm the requ
differential calculus for stochastic processes, the results are quitekmd of ectation.
but unsatisfactory from the explicitness point of view: the integrandge.n T which a
stochastic integral representations always involve predictable pro_se:;the Clarg—O
or conditional expectations and some kind of gradients. T butd isstf
~ . ; an '
Theorem (Ocone, [2]). If I is differentiable in Malliavin sense, i 3
e D;Vl then the stochastic integral representation is fulfilled e
s
F = EF + [ ELD,F| 3! 14, v
0 \
Where D,F is the stoqhastic derivative of F.
Shiryaev, Yor and Graversen (2003, 2006) proposed a meth.od ba;fi wher
on Ito's formula to find explicit martingale representations for Wletnifmo ,
ctionals which yields in particular the explicit martingale rePresezfaJaosh_ =)
the running maximum of Wiener process. Our approach with %rn tﬁe i - ;d
vili (2005-2009) in the framework of the classical Ito calculust,)Olev o ‘
, : 0
of the standard L, theory and the theory of weighted S et e

ade it possible to construct an explicit formula for the egra

al does not have the mentioned smoothness.
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heorem (Jaoshvili, Purtukhia, 2005). Ler 1he Sfunction

0<a<l, and it has the generalized derivative of the first

féLz,T/ﬂ’
o 5f/5x’ such that@f/@xeLz,T/ﬂ, 0 < B<1/2" then e

gral representation holds

following e r
FO%) = EFOV,)+ | BT 07, 5 aW,.

where Loy denotes the set of measurable functions u, such that

()P Nel,= L,(R,B(R),A) (where B(R)is the Borel o -algebra
on R, A is the Lebesgue measure and p(x,T)=exp{—x"/(2T)}.

As it has been already noted in all cases described above investigated
functionals, were stochasticaly (in Malliavin sense) smooth. It has turned
out that the requirement of smoothness of functional can be weakened by
the requirement of smoothness only of its conditional mathematical exp-
ectation. We (with prof. O. Glonti, 2014) considered Wiener functionals
which are not stochastically differentiable. In particular, we generalized the
Clark-Ocone formula in case, when functional is not stochastically smooth,
but its conditional mathematical expectation is stochastically differentiable

and established the method of finding of integrand.
Theorem (Glonti, Purtukhia, [5]). Suppose that g = E[F\3]

is Malliavin differentiable (g, € DZ ) for almost all t €[0,T). Then

we have the stochastic integral representation
.

gr:F:EF+ImﬂW; (P-as)

0

where v, :=lim E[D,g, | 371 in the L,([0,T]x€2).

(_';5

Theorem 1. For the Wiener functional F =W, “C1)—I{(22TW,SC2}

(G20, C,<C,) the following stochastic integral representation
holds
o 1l 4

F=EF+}®(2C2
) T ot

Yaw, .
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functionals which didn't satisfy ey,
ionals belong, for
h functionals g example, Lebesgu

n theSe

. (6} 1
weakened ?l(;ﬂ‘::;‘;ec-t {0 time variable) from stochastically nop Mooty
integral ot ses.
square integrable proces It the deterministic funcgi,
: Theorem i
E[ff 0 bW, =] sarisfies the vequirements G
‘f. V(t, x) = Ol e
/ he following stochastic int
alized Ito theorem, then the egral repre.
gener .
sentation IS fulfilled - T 5
T os 2
frema=z|[1 <f’Wr>df}f g
- 0 2
0

Corollary. The following stochastic integral representation j

fulfilled
T 1

1 i
X — X = W =
- e . x—c,l dt+ { A-c,ld o :
[fgaast=J oI o s,

References.

1. Clark M. C. The representation of functionals of Brownian motion
by stochastic integrals // J. The Annals of Mathematical Statistics.

| S1970. — Vol 41. — P. 1282-1295. act
2. Ocone D. Malliavin calculus and stochastic integral representation i
formulas of diffusion processes // J. Stochastics. — 1984. — Vol. 12. -
—P. 161-185. -
3. Nualart D. The Malliavin calculus and related topics. — Berlin héi
* Springer-Verlag 2006. — 383 p. P
gogl Q.., J.aosshvili, V., Purtukhia, O. Hedging of European Opt-ion -

ol Exotic Type I Proceedings of A. Razmadze Mathematlcal

= 2015. - Vol. 168. - P, 25-40.

' urtukhia 0. On One Integral Represcntaﬁ,_fﬁ
tion // SIAM J. Theory of Probad* :
Vol. 61. — P. 133-139.




