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STOCHASTIC INTEGRAL REPRESENTATION OF POISSON FUNC
Omar Purtukhia, Vakhtang Jaoshvili
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A. Razmadze Mathematical Institute Georgian Natlon::fl Academy of Sci
; Georgia, e-mail: o. purtukhia@math.sci.tsu.ge

i represent-

0. In the theory of random processes special place tal;e the so-c\;}@ed T:;t;n}%zizsof s

i th.eorems which, for example, implies the representation of the Wiene - oy s

a::z(a)lz in the form of’ stochastic integrals. In the 80th of the I_)ast century, 1 i i R

;)Iarison and Pliska (1981)) that the martingale ‘representatlon tbeorims n§0de 1Tgl depas!
Girsanov's measure change theorem) play an important role in the

ic i ing in the
mathematics. In particular, using the integrand of the stochastic integral appearing

: Sl i f different
integral representation, one can construct hedging strategies in the European options o
type.

According to the well-known result obtained by Clark (1970), if F is a 3; -measurable

random variable with EF’ < oo, then there exists the adapted process @, (@) € L,([0,T]x Q),
such that the integral representation

7
F=EF + [p,(@)dw, (P-as)
0

holds. However, this result says nothing on finding the process ¢,(®) explicitly. In this direct-
ion we are familiar with one sufficiently general result, the so-called Ocone-Clark's formula by
which for the Wiener functionals: ¢,(w)=E[D]'F IS:"](co), where D"F is the stochastic

derivative (so-called the Malliavin’s derivative) of the functional F' . Another distinct method of
finding an integrand @,(@) belongs to Shyryaev, Yor (2003), when the functional Ehsol
"maximal" type. With the functional they linked the associated Lewy's martingale and used the

generalized Ito's formula. According to the this result, if S, =maxw,, then the following
us<t
integral representation is holds:

D

74
S -w
S, =ES; +2 |[1- O(——2L)]dw
r =ES, j =
where @(") s the standard normal distribution function.

One should note that application of the Ocone-Clark
hand, essential efforts, and, on the other hand,

formula needs as a rule, on the one
stochastic derivative, its application is imp

in the cases if the functional F has no the
ossible. Our approach within the classical Ito's
calucus allows one to construct @,(w) explicitly by using both the standard L, theory and the
theories of weighted Sobolev spaces, if the functi

Jaoshvili, Pu

rtukhia (2005)). It is known that the

onal F' has no stochastic derivative (see
derivative: more exactly,

events indicator has, in general, no stochastic
. . o ~w

% . the indicator function of 4 e J7 belongs to D), (where D}, denotes
€ space of square integrable Wiener functionals having t

: he first order stochastic derivative) if
?nd only if P(4) equal to zero or one. Consequently, one cannot apply the Ocone-Clzrk
ormul: indi

ula fo.r the indicator J e (F00 > 0)=1/2) whereas our approach allows one to write
the following representation;
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T
()= I, (x)/ c,) is a basis in the space L,

The ; i
» (the martingale is said to be e
e

al, if
a ) - > M
ng998) According 1o this formula if F <D;M>, =) is due 4, Ma, p
e : S » Protter, Martj
( resentauoﬂ 2,1 then the Ocone'Ha\JS A
1P . E 3 Smann-Clark's
=5 p
( )+j (DIMF)dMl

M 0
... here D,; denotes the s
i valids e pace of quadratically e

5 stochastic derivative, and g 0T F)

ord :
derivaﬁve DM F of the functional F But, i

i M] is not deterministic), unlike the Wi
; ) it is impossible to define in a ge

998))> I :
dlifferentiatlon to obtain the structure of Sob
i stochastic derivative operator in many cages. In reality

o (1998) shows that two definitions, Soboley space and ¢
if [M,M] is deterministic. Th i
. b S erefore in th i
€ martingale case the space D;’,’f,

(1<p< 2) cannotth be defined mdt_he usual way -- i.e, by closing the class of smooth functionals
«+ respect to the corresponding norm. I i
- g n work of Purtukhia (2003) the space p =

(1<p< 2) is proposed for a class of normal martingales and the integral representation

formula of Ocone-Haussmann- Clark is established for functionals from this space
Since, the Compensated Poisson process belongs to a class of normal martingales --

(M, M)I =¢, but its quadratic variation is not deterministic -- [M,M] =M, +t,

grable functionals having the first

is the red; -
Predictable Projection of the stochastic

n this cage (
exactly, whe
n the quadratic variati
va

mple from Ma, Protter, Martin

hthe example from Ma, Protter,
aos expansion, are compatible if

consequently, the Ocone-Haussmann-Clark’s formula makes it impossible to construct
explicitly the operator of the stochastic derivative of the functionals of the Compensated
Poisson process, saying nothing on the construction of its predictable projection. Our approach
within the framework of nonanticipative stochastic calculus of semimartingales allows one to
construct explicitly the expression for the integrand of the stochastic integral in the theorem of
martingale representation for square integrable functionals of the Compensated Poisson process,
and to derive the formula allowing one to construct explicitly predictable projections of their

stochastic derivatives (see Jaoshvili, Purtukhia (2007)).

1. Let (€, 3,P,(3,) a0 ) be a filtered probability space satisfyin
is given on it P(N,=n)= e d nks
=3J,. Denote M, = N =
be the Poisson distribution:
(x)=0, if x<0)

g the usual conditions.

Asume that the standard Poisson process N,
- ch &%
"=012,... and that 3, is generated by N (3,=3, )3

et Z*={02,.} and P={P,P,P,.}~
(x)=fx)~ (=D ff
1)"A"Px]/Px, 2t I, =1,

sis that the sequence {7, (X)} 20

sze_rT’/x!, x=0,12,.... Let us denote Af
#define the Poisson-Sharle’s polynomials: I, (») =1
It is wellknown from the course of Functional Analy

(z") (Lz(Z+)={f:§f2(x)<°°})‘
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1. (27} p(x,T)) the funct

jonal space on

-T7x /x| and denote by I
lel.,, =le2"* @,

is a Banach spa

Let p(X,T) =g
Z* with the finite norm
ce with basis { " p(x,T), nz 13

Proposition 1.1. The space Lo
T
chastic integral jE[F(MT) | 3,.1dM,

Proposition 1.2. If F(-T)e L7, then the sto )

), (VXF(MT):=VXF(x)\x=MT ).
P <l VXF(-—T)eL’Z"‘“ , then

is well defined.

Let us denote V, f(x) = Jugel) f

I F() e L and for some numbe

Theorem 1.1.
the stochastic integral below is well defined and the following representation is valid:
T
F(M,) = EIF (M) + [EY FMD SdlE, (P (1.1)
0
n holds:

e Theorem 1.1 the following relatio
2

Theorem 1.2. In the conditions of th
(dP®ds -as.), 1.2)

P[DF(M)]= EIV,F(Mp)|3,]
P[D¥F(M;)] denotes the predictable projection of the stochastic derivative (with

where
DYF(M;) of the functional F(Mp).

respect to the Compensated Poisson process)

andom variable M. ﬁ has the following stochastic integral representa-

Example 2.1. The r

tion:
T
M2 = E[MZ]+ [(+2M,)dM, (P -2s)
0
(note that in the Wiener process cases the Ocone-Clark’s formula gives us that:
T

w? = E[w; ]+ .[2w,dw, (P-as.)).
- 0
2. Fixnow 0< S <T <o and letus denote

p(x,»,8,T)= §_.e‘5 ._72_-:__‘6—(7‘—3) :
=)l

S - +, 5
Denote by L3 = L,(Z" xZ*; p(%,y,8,T )) the functional space on Z” x Z* with the

finite norm "g"z,” = "gp”z(S,T)“Lz.
Proposition 2.1. The space L;” is a Banach space with basis {x"y"p(x,y S,T)

nm=l)
For any function of two variables g(-,-) introduce the designation:

g 44 Vg(x,y)=g(x+Ly+D)-g(x,y)
It is not difficult to see that g
¥y ¥ o(x, )=V IV
* ,8(, =V [V. g(x,y)]
V? =
gxy) =V [V g(x, )]+ V. g(x,y)+V g(x,).
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Let us denote

+é s o r) =V IV e, Mo o) o (15
It is clear that f = S’{\JT)I[O'S]([)-FVyg(Ms’MT)IIO,Tl(’)'
e 5 or any function of two variables g(-,-) there exists the function h(,")
such that g(x,y) = h(x,y —x). Let us denote g(x,y) = g(x~S, y - x—(T - §)) sV
Th L)e IS : i
eorem 2.1. If F(,-)e L} and for some number 0 < @ <1: V (V. B(. e ] v
¥ y 3 2 ’

t ic i g
then the stochastic integral below is well defined and the following stochastic integral rep-

resentation is valid:
T
F(M;,M;)= E[F(Mg,M,)]+ [EIV2F(Mg,M;)|3,1dM, (P-as). (1)
0

Theorem 2.2. In the cqnditions of the Theorem 2.1 the following relation holds:

P M
[DYF(M;,M)]=E[V:F(Ms,M,)|S,.] (dP®ds-as), (22
M
where ?[DY F(M,, M,)] denotes the predictable projection of the stochastic derivative (with

respect to the Compensated Poisson process) D F(M;, M) of the functional F (Mg, M;).

The work has been financed by the Georgian National Science F oundation grant
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