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V. KOKILASHVILI AND A. MESKHI

POTENTIALS WITH PRODUCT KERNELS IN GRAND
LEBESGUE SPACES

Let Ry be a fixed bounded parallelepiped in R™ with sides parallel to the
coordinate axes. In this note we discuss the boundedness of the product
kernel potential operator

t1y.eytn)
= dty...dt,, = (x1,...,2,) € Ry,
/H”mtva Levdtn, @ = (@1,...2) € R
and the appropriate strong fractional integral operator

(Mo f)(x) = sulePa/lf e, @ € R,

(here the supremum is taken over all subintervals R C Ry containing x
with sides parallel to the coordinate axes containing) in grand (weighted)
Lebesgue spaces.

Let © be bounded subset of R™ and let w be almost everywhere positive,
integrable function on Q (i.e. a weight). The weighted generalized grand
Lebesgue space LP)?(Q) (1 < p < o) is the class of those f : @ — R for
which the norm

1/(p—¢)
— pP—¢€
g =, s (o / P uta)
is finite.

If w = const, then we use the notation LP)?(Q) := L2)(Q).

The grand Lebesgue spaces LP):1(Q) =: LP)(Q) first appeared in the
paper by T. Iwaniec and C. Sbordone [4] when they investigated the in-
tegrability problem of the Jacobian, while the generalized grand Lebesgue
space LP)?(Q) was introduced by E. Greco, T. Iwaniec and C. Sbordone [3]
regarding the study of the nonhomogeneous n— harmonic equation div A(z,
Vu) =

The space ) ’Q(Q) is not rearrangement invariant unless w = const.
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Holder’s inequality and simple estimates yield the following embeddings
(see also [2], [3]):

L5 () € LM (Q) © LE*(Q) © Li75(Q),

where 0 < e <p—1and 0, < 65.
In the classical weighted Lebesgue spaces LE the equality

1£1lze, = lw'/? £l o
holds but this property fails in the case of grand Lebesgue spaces. In par-
ticular, there is f € L) such that w!/Pf ¢ LP) (see also [2] for the details).
For structural properties of grand Lebesgue spaces we refer to the paper [1].
We begin with the unboundedness result:

Theorem 1. Let0<a <1, 1<p< é, 01 and 03 be positive numbers
such that 0 < 01q/p, where ¢ = ﬁ. Then the operator K, is not bounded

from LP)91(Ry) to L9-%2(Ry), where Kq is Ty or M,.

The next statement gives the boundedness of the operators T, or M, in
grand Lebesgue spaces:

Theorem 2. Let 1 < p < oo, 0 < a < 1/p. Suppose that p <r < ¢q <

oo, where q = 1_pap. Let 6 > 0. Then the operator K, is bounded from

LP(Ry) to L %% (Ry), where K, is To or M,.

To formulate our next result let us recall the definition of the Mucken-
houpt class of weights defined with respect to parallelepipeds.

Definition. Let 1 < r < co. We say that a weight function w belongs
to the class A, (Ry) (w € A.(Ryp)) if

1 1/r 1 1/r’
su (/ ) (/ 1_’”,) < 00
P w w )
RCRyo |R| |R|
R R
where the supremum is taken over all n— dimensional subintervals R C Ry
with sides parallel to the coordinate axes.

It is known (see [5]) that the one—weight inequality

p
1—ap’

lw(Kaf)llLacry) < clwfllieiry, a=
where K, is T, or Mg, holds if and only if w? € Ay 4/ (Ro).
Our weighted result reads as follows:

Theorem 3. Let 1 < p < 0o and let 0 < a < 1/p. Suppose that 6 > 0.
We set q = pap. Then the following conditions are equivalent:

W

”Ta(fwa)HL?U)ve‘I/P(RO) < CHfHLZ)’e(RU)



te

(i)
”Ma(fwa)”LZ))’e‘Z/P(RO) < C”fHLﬁ,)’e(RO)
(lll) w e .A1+q/p/(R()).
Finally we point out that weighted boundedness criteria for various in-
gral operators were established in the papers [6], [7], [8], [9], [11]. For

weighted criteria of integral operators with product kernels we refer also to
the recent monograph [10].
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