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MAXIMAL AND CALDERÓN–ZYGMUND OPERATORS IN WEIGHTED

GRAND VARIABLE EXPONENT LEBESGUE SPACES

V. KOKILASHVILI1 AND A. MESKHI1,2

Abstract. The boundedness of maximal and Calderón–Zygmund operators is established in weighted
grand variable exponent Lebesgue spaces with power-type weights. The same problem for commuta-

tors of Calderón–Zygmund operators is also studied. These spaces unify two non-standard function

spaces, namely, grand Lebesgue and variable exponent Lebesgue spaces. The spaces and operators
are defined, generally speaking, on quasi-metric measure spaces with doubling measure. Exponents

of spaces satisfy log-Hölder continuity condition.

1. Introduction

In this note, the boundedeness of maximal and singular integral operators is derived in the weighted
grand variable exponent Lebesgue spaces (GVELS, for short) with power weights. The same problem
is studied also for commutators of singular integrals. The operators and spaces are defined on quasi-

metric measure spaces with doubling measure. The spaces of functions under consideration L
p(·),θ
w are

non-reflexive, non-separable and non-rearrangement invariant. Generally speaking, GVELS unifies
two non-standard function spaces: variable exponent Lebesgue spaces and grand Lebesgue spaces.
The unweighted GVELSs were introduced in [11] (see also [13, Chapter 14]), where also the mapping
properties of operators of Harmonic Analysis were established. Later, in [6], the authors introduced
new scale of GVELSs and studied integral operators boundedness in those spaces. In [7], the bound-
edness of the operator

Mf(x) := sup
r>0

Mrf(x) = sup
r>0

1

|Br(x)|

∫
Br(x)∩Ω

|f(y)|dy

in L
p(·),θ
w (Ω) with w(x) = |x− x0|γ was proved. In particular, it was proved the following statement:

Theorem 1.1 ([7]). Let Ω be a bounded open set in Rn, 1 < p−(Ω) ≤ p+(Ω) < ∞, θ > 0, x0 ∈ Ω,
and suppose that γ is a constant satisfying the condition −n < γ < n(p(x0) − 1). Then the operator

M is bounded in L
p(·),θ
w (Ω) with w(x) = |x− x0|γ .

In the recent years it was realized that the classical function spaces are no longer appropriate spaces
when we attempt to solve a number of contemporary problems arising naturally in: the non-linear
elasticity theory, fluid mechanics, mathematical modelling of various physical phenomena, solvability
problems of non-linear partial differential equations. It thus became necessary to introduce and study
the spaces mentioned above from various viewpoints. One of such spaces is the variable exponent
Lebesgue space (we refer, e.g., to the monographs [4], [3], [12] for the properties of variable exponent
function spaces and integral operators in these spaces).

In this paper, we deal with the weighted grand variable exponent Lebesgue space L
p(·),θ
w (X), with

power-type weight w(x) = d(x0, x)β . This space for β = 0 has been introduced in [11] (see also [13, Ch.

14]). The norm in L
p(·),θ
w (X) entrains those ones of the two variants of the Lebesgue spaces: variable

exponent and grand Lebesgue spaces. This space is a Banach space. In [11], the authors also derived
the boundedness of some operators of Harmonic Analysis in Lp(·),θ defined on quasi-metric measure
spaces with doubling measure.
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The grand Lebesgue spaces were introduced in the 90s of the past century by T. Iwaniec and
C. Sbordone [10]. In the subsequent years, quite a number of problems of Harmonic Analysis and the
theory of non-linear differential equations were studied in these spaces (see, e.g., the monographs [12],
[13] and references cited therein).

2. Preliminaries

Let (X, d, µ) be a quasi-metric measure spaces. A quasi-metric d is a function d : X ×X → [0,∞)
which satisfies the following conditions:

(a) d(x, y) = 0 if and only if x = y.
(b) For all x, y ∈ X, d(x, y) = d(y, x).
(c) There is a constant K > 0 such that d(x, y) ≤ K(d(x, z) + d(z, y)) for all x, y, z ∈ X.
Let

dX := diam(X) := sup{d(x, y) : x, y ∈ X}
be the diameter of X. We denote by B(x, r) the ball with center x and radius r, i.e., B(x, r) :=
{y ∈ X : d(x, y) < r}.

We assume that µ(X) <∞.
We assume also that the following condition holds for (X, d, µ): there are positive constants n, C1

and C2 such that for all x ∈ X and 0 < r < dX the inequality

C1r
n ≤ µ

(
B(x, r)

)
≤ C2r

n. (1)

It is easy to check that condition (1) guarantees that (X, d, µ) is a space of homogeneous type
(SHT , for short), i.e., measure µ satisfies the doubling condition (µ ∈ DC(X)): there is a constant
Dµ > 0 such that

µB(x, 2r) ≤ DµµB(x, r)

for every x ∈ X and r > 0.
As examples of SHT are regular curves (see the definition below), domains in Rn with the so-called

A condition, nilpotent Lie groups with Haar measure (homogeneous groups), etc. (see, e.g., [2], [5]).
We denote by P (X) a family of all real-valued µ- measurable functions p on X such that

1 < p− ≤ p+ <∞,

where p− := p−(X) := infX p(·), p+ := p+(X) := supX p(·).
Let w be a weight function on X, i.e., w be µ− a.e. locally integrable function on X. The Lebesgue

space with a variable exponent p(·) with a weight function w denoted by L
p(·)
w (X) (or by L

p(x)
w (X)) is

the class of all µ- measurable functions f on X for which

Sp,w(f) :=

∫
X

|f(x)|p(x)w(x)dµ(x) <∞.

The norm in L
p(·)
w (X) is defined as follows:

‖f‖
L
p(·)
w (X)

= inf
{
λ > 0 : Sp,w(f/λ) ≤ 1

}
.

If β = 0, then we denote L
p(·)
β (X) by Lp(·)(X).

The space L
p(·),θ
w (X) is a Banach space. The closure of L

p(·)
w (X) in L

p(·),θ
w (X) consists of those

f ∈ Lp(·),θw (X) for which lim
c→0

ε
θ

p−−c ‖f(·)‖
L
p(·)−c
w (X)

= 0.

Let θ > 0. For a weight function w, we denote (see [11] in an unweighted case) by L
p(·),θ
w (X) the

class of all measurable functions f : X 7→ R for which the norm

‖f‖
L
p(·),θ
w (X)

:= sup
0<c<p−−1

c
θ

p−−c ‖f‖
L
p(x)−c
w (X)

is finite. In this definition, c is a constant.

If w(x) = d(x0, x)β , where x0 is a fixed point in X, then we use the symbol L
p(·),θ
β (X) for L

p(·),θ
w (X).
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Let P log
µ (X) be a class of those exponents p belonging to P (X) that satisfy the following log-Hölder

condition: there exists a positive constant a such that for all x, y ∈ X with d(x, y) ≤ 1/2,

|p(x)− p(y)| ≤ a

− ln
(
d(x, y)

) .
3. Main Results

We denote by M the maximal operator defined on X:

Mf(x) = sup
B3x

1

µ(B)

∫
B

|f(y)|dµ(y),

where f is a locally integrable function on X.
Our result regarding the maximal operator reads as follows:

Theorem 3.1. Let p ∈ P (X) ∩ P log
µ (X), θ > 0 and let x0 be a point in X. Suppose that −n < β <

n(p(x0) − 1), where n is from (1). Then the Hardy–Littlewood maximal operator M is bounded in

L
p(·),θ
β (X).

Let K be the Calderón-Zygmund operator defined on a SHT , i.e., K satisfies the following condi-
tions (see, e.g., [1], [2]):

(i) K is linear and bounded in Lpc(X) for every pc ∈ (1,∞);
(ii) there is a measurable function k : X ×X 7→ R such that for every f ∈ D(X),

Kf(x) =

∫
X

k(x, y)f(y)dµ(y),

for a.e. x /∈ supp f , where D(X) is the class of bounded functions with compact supports defined
on X.

(iii) the kernels k and k∗ (here, k∗(x, y) := k(y, x)) satisfy the following pointwise Hörmander’s
condition: there are positive constants C, β and A > 1 such that

|k(x0, y)− k(x, y)| ≤ C d(x0, x)β−n

d(x0, y)β

holds for every x0 ∈ X, r > 0, x ∈ B(x0, r), y ∈ X \B(x0, Ay);
(iv) there is a positive constant C such that for all x, y ∈ X,

|k(x, y)| ≤ C

d(x, y)n
.

We say that a weight w belongs to the Muckenhoupt class Apc(X), where pc is a constant such
that 1 < pc <∞, if

[w]Apc (X) := sup
B

(
1

µB

∫
B

wdµ

)(
1

µB

∫
B

w1−(pc)
′
dµ

)pc−1

<∞, (pc)
′ =

pc
pc − 1

,

where the supremum is taken with respect to all balls B in X.
The operator K (see, e.g., [14] and references therein) is bounded in Lpcw (X) for 1 < pc < ∞ and

w ∈ Apc(X). Moreover, the following estimate

‖K‖Lpcw (X) ≤ c0([w]Apc (X))

holds, where c0([w]Apc (X)) is a constant depending on [w]Apc (X) so that the mapping x 7→ c0(x) is
non-decreasing.

Theorem 3.2. Let the conditions of Theorem 3.1 be satisfied. Then there is a positive constant c
depending only on p such that the following inequality

‖Kf‖
L
p(·),θ
β (X)

≤ c‖f‖
L
p(·),θ
β (X)

, f ∈ D(X),

holds.
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Let K be a Calderón-Zygmund operator. By Km
b we denote a higher order commutator on X. For

a function b on X,

K1
b f = bKf −K(bf)

is well defined for b ∈ BMO(X) and f ∈ D(X) (see [14]), where BMO(X) is the well-known class of
functions b defined on X for which

‖b‖BMO = sup
x∈X

0<r<dX

1

µB(x, r)

∫
B(x,r)

|f(y)− fB(x,r)|dµ(y) <∞.

Further, let m be an integer m ≥ 2. Then by the definition,

Km
b f(x) =

∫
X

(b(x)− b(y))mk(x, y)f(y)dµ(y).

Theorem 3.3. Let the conditions of Theorem 3.1 be satisfied and let b ∈ BMO(X). Then there is a
positive constant c such that for all f ∈ D(X), the inequality

‖Km
b f‖Lp(·),θβ (X)

≤ c‖f‖
L
p(·),θ
β (X)

holds.

As an application, we can obtain weighted estimates for maximal and singular integral operators
defined on a rectifiable curve Γ.

Let

Γ(z, r) := Γ ∩D(z, r), z ∈ Γ, r > 0,

where D(z, r) is a disc on the complex plane with center z and radius r.
We say that the curve Γ is regular (Carleson) if there is a positive constant C such that for all

z ∈ Γ and r > 0,

ν
(
Γ(z, r)

)
≤ Cr,

where ν is the arc-length measure on γ.
This condition guarantees that Γ with the Euclidean distance and ν is a SHT , where the balls are

Γ(z, r).
Observe that

C1r ≤ ν
(
Γ(z, r)

)
≤ C2r, 0 < r < dΓ,

for some positive constants C1 and C2.
Suppose that by MΓ and KΓ are denoted the Hardy-Littlewood maximal operator and the Cauchy

singular integrals on Γ defined, respectively, as follows:

MΓf(z) = sup
r>0

1

Γ(z, r)

∫
Γ(z,r)

|f(t)|dν(t), z ∈ Γ, f ∈ Lloc(Γ),

SΓf(z) = (p.v.)

∫
Γ

f(t))

t− z
dν(t), z ∈ Γ, f ∈ D(Γ).

As a consequence of Theorems 3.1–3.3, we have

Theorem 3.4. Let p ∈ P (Γ) ∩ P log
µ (Γ), θ > 0 and let z0 be a point on Γ. Suppose that Γ is a

regular curve and −1 < β < p(z0) − 1. Then the Hardy–Littlewood maximal operator MΓ is bounded

in L
p(·),θ
β (Γ).

Theorem 3.5. Let the conditions of Theorem 3.4 be satisfied. Then there is a positive constant c
depending only on p such that the following inequality

‖SΓf‖Lp(·),θβ (Γ)
≤ c‖f‖

L
p(·),θ
β (Γ)

, f ∈ D(Γ),

holds.
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Let us denote

SmΓ,bf(z) = (p.v.)

∫
Γ

(b(z)− b(t))m

z − t
f(t)dν(t), z ∈ Γ.

Theorem 3.6. Let the conditions of Theorem 3.4 be satisfied and let b ∈ BMO(Γ). Then there is a
positive constant c such that for all f ∈ D(Γ), the inequality

‖SmΓ,bf‖Lp(·),θβ (Γ)
≤ c‖f‖

L
p(·),θ
β (Γ)

is fulfilled.
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merical Harmonic Analysis. Birkhäuser/Springer, Heidelberg, 2013.
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