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INTRODUCTION

The main goal of this paper is to give two-weighted estimates for multi-
pliers of Fourier transforms in Triebel-Lizorkin spaces. One-weighted
multiplier theorems of Mikhlin and Hérmander type in Lebesgue spaces
with Muckenhoupt’s 4, weights are given in [1, 2]. Multiplier theorems
with exponential weights are proved in [3, 4].

General (17, L7) (1 < p < q < o0) Fourier multipliers in unweighted
cases have been studied in [5-9]. For extensions of these results we refer
to [10, 11].

An improvement of Hormander’s multiplier theorem in terms of
spaces of fractional smoothness is obtained in [12]. On the basis of in-
tegral representations of functions certain spaces of differentiable func-
tions were studied in [13], where sufficient conditions are established
for Fourier integral multipliers in LP(R") when |1/2 — 1/p| < 1/q for
some q > 2.

The setting of the problem in the framework of two-weight theory en-
ables us to determine new classes of multipliers even in the unweighted
case. At the same time we obtain easy-to-verify conditions for pairs of
weights ensuring the validity of two-weight inequalities for multipliers.
It should be noted that these conditions are not only sufficient but
also necessary for the whole class of multipliers under consideration.
The main results in this direction are based on criteria for bounded-
ness from I7 to LI (1 <p <q < oo) for fractional and singular
integrals.

In general the paper is organized as follows: Section 1 is devoted to
the establishment of two-weighted criteria for fractional integrals. Here
some known results for related operators are given as well. In Section 2
we define weighted Triebel-Lizorkin spaces and prove some auxiliary
results. Sections 3 and 4 contain multiplier theorems for Fourier trans-
forms in the one-dimensional case. Section 5 is devoted to the multidi-
mensional case.

In part of the multiplier statements there are connections with the pa-
pers of L. Hérmander [14], J. Schwartz [15] and P. Lizorkin [6]. The
initial method consists of the representation of the operators under con-
sideration in the form of compositions of certain elementary transforma-
tions.
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1 TWO-WEIGHTED BOUNDEDNESS CRITERIA FOR
FRACTIONAL INTEGRALS

Let v be a locally finite measure defined on the Borel sets from R”. In
the sequel by I2(R") (1 < p < oo) we denote the set of v-measurable
functions f: R" — R for which

1/p
W llzgy = (JR" If&P dv) < oo.

For absolutely continuous measure dv(x) = w(x)dx, where w is a
locally integrable, a.e. positive function (i.e. a weight) we use the
symbol L2 (R"). For an arbitrary Borel set E in R" we define

w(E) = L w(x) dx;

if n =1 and E = (a, b) we shall also denote this by w(a, b).
By LZ*°(R") we denote the set of measurable functions for which

If Iz = sup Avix € R™ |f®)] > AP < oo.
>0

As usual, the number p’ is defined by 1/p'+ 1/p = 1.
For a measurable /: R — R put

"X

Rof)= [ G=p00, (1.0

+00

Waf @) =j O — 210 dy. (12)

X
where x € R and o > 0.
Both of these transformations are particular cases of the general inte-
gral transform

—+00

KfG) = j k0 2)f ) d,

where k: R x R — R is a positive measurable kernel.
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We shall need the following

THEOREM A Let 1 <p < q < oo and let v, w be weights. Then the
operator K is bounded from L\ (R) into LI*°(R) if

x-+h /9 , ( 1y
sup (J W) dx) ([ K (x, y)w' " () dy) < 0.
im0 WE—R JR\(x~h,x+h)
(1.3)

Co

The proof of this theorem in a more general setting is given in [16]
(see Theorem 3.1.1).

THEOREM 1.1 Letl <p < q < 00,0 < o < 1 and let v, w be weights.
Then the inequality

IRaf = ®) < clflizwy. S € LL(R), (1.4)

with a positive constant ¢ independent of f, holds if and only if

x—h /4
Cy = sup (W(x — b, x + )7 (J w P () (x — y) @ dy) < o0.
x.h

XeR >0 -

(1.5)

Proof From Theorem A we see that if C; < oo, then the two-weight
weak type inequality (1.4) holds. Now we show that the condition
Ci < oo is also necessary.

First we show that

x—h
I(x, h) = J W () x — )@ dy < 0o

—00

for every x and A. Indeed, if we assume on the contrary that for some
xeR and A >0, I(x,h) =00, then there exists a non-negative
g:R — R such that

x—h
| zommrar =<
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x—h
j £0)(x =) dy = co.

—00

On the other hand, if z € (x — A, x + &), then

X —

h x—h
Rag(@ > j g0z -y dy = ¢ [ £0)x =y dy = o0,

—00 —00

Consequently

x—=h,x+h) C{zR.g() > 4}

for every A > 0. From (1.4) we have

x+h
J v(y)dy < cA™4.
h

X—

As A is an arbitrary positive number, we conclude that Kf: v(x)dx = 0,
which is absurd. Hence I(x, &) < oo.

Now let f >0, x € R, A > 0 and z € (x — h, x + h). We have

z x—h
Rf@=| G- fotzal @y oo,

—0Q

From the two-weight weak type inequality (1.4) we obtain that

x+h

v(y)dy sj - v(z) dz
ERS@zer [ =V 0) dy)

<e([wsrror0) ([ romors)”

—~00

x—,

where the constants ¢ and ¢, are independent of x € (—00, +00), A > 0
and f > 0. If we put here

FO) = coow—ny W' P G)x — )@ DED,
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then we obtain

X+h X—h . ) -q/p
J V() dy < ¢ (J (x = )PP () dy)

x—h —00
and finally we see that C; < oo. |

THEOREM 1.2 Let1l <p < q < 00, a € (0, 1) and let v, w be weights.
Then Wy is bounded from LI (R) into LI*°(R) if and only if

a+h 1/9 , o100 ) ) 1/p'
sup (J v(y) dy) ([ w P )y — a)® P dy) < o0.

neRih>0 a—h Jath

G

The proof is similar to that of the previous theorem.
From, the last statement obviously we have that W, acts boundedly
from Lf,_,(R) into L’ ™ (R) if and only if

a+h , 1P/ ctoo /9
C; = sup (J wl dy) (J V) (y — a)® e dy) < o0.
ah h

aeIR:h>0 a—h at

(1.6)

In the papers [17, 18], criteria of Sawyer type were derived for the op-
erators R, and W,. In fact, the above-mentioned results lead to

THEGREM B Let 1 <p<g<oo and let 0 <a <1, let v, w be
weights. Then R, is bounded from L\ (R) to L{(R) if and only if R, is
bounded from L (R) to L{**(R) and simultaneously Wy acts boundedly
from L%, _ (R) into L¥ %, (R).

Now combining the results stated above we have

THEOREM 1.3 Let 1 <p <q < o0 and 0 < o < 1. For the bounded-
ness of R, from L2 (R) into LI(R) it is necessary and sufficient that the
conditions (1.5) and (1.6) are satisfied simultaneously.
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From duality arguments we have the following result for W,:

THEOREM 14 Let 1 <p<gqg<oo and let a € (0,1). Then Wy is
bounded from IZ(R) into LI(R) if and only if

sup <

ah
aeR,h>0

a+h v, ra—h 1/q
[ w‘-P’@)dy) (j v(y)(a—y)“-"qdy) <o (1)

a—h —00

and
a+h 14 /o400 / ) 1/p’
sup (J () dy) (J WP )y — a) > dy) < o00. (1.8)
asﬂg:Z>0 a=h ath

The solution of the two-weighted problem for the Riesz potential
Lf(x)= JRnf(y)ix —y*"dy, O<a<n,

when 1 < p < g < oo gives the following statement:

THEOREM C ([19,20]) Let1 <p < q < oo and let o € (0, n). Then I,
is bounded from LE(R") into L1(R") if and only if

1y
sup(v(B(x, 2r)))'/4 (L ' w7 |x — y| @ dy) <oo (19
- oot

and

xeR"
r>0

1/q
sup(w! 7 (B(x, 2r)))'/P (j( : V) x — y| @ dy) <o0. (1.10)
x—y|>r
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Note also the following statement (see [16]):

THEOREM D Let 1 < p < q < oo and let a € (0, n). It is assumed that
v and w'P satisfy the reverse doubling condition. Then I, is bounded
Sfrom L2 (R") to LY(R") if and only if the following condition holds:

1/q , e
(| ) (| wow) <.
xeR [x—yl<r Jlx—yl<r

For p = ¢ the following result is known:

THEOREM E ([21]) Letl <p <ooand 0 < a < n. T} he operator 1, is
bounded from LP(R") to LF(R") if and only if I, € L}, (R") and

loc

L(LYY (%) < clv(x) (1.11)

almost everywhere on R".

We also mention the following statement:

THEOREM F ([22]) Let 1 <q <p < 00 and 0 < a < n. The operator
I, acts boundedly from LP(R") into LI(R") if and only if

00 p-l
J [rw’-‘J v(y)dy] e LOTVeORY). (112)
0 B(x,r)

where B(x,r) = {y: |x — y| < r}.
In the sequel we shall need the following results for the operators R,
and W,:

THEOREM G ([23]) Let1 <p < oo and let o € (0, 1). Suppose that v
is a locally integrable a.e. positive function on R. Then the following
statements hold:

(i) The operator R, is bounded from L (R) to LE(R) if and only if
Wy € L} (R) and

WalWoll (x) < c(Wa)(x) < 00 (1.13)

fora.a. x € R.
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(i) The operator Wy acts boundedly from IP(R) into LE(R) if and
only if Ry € L (R) and

RRVF (%) < c(Rav)(x) < 00 (1.14)

foraa xR

2 WEIGHTED TRIEBEL-LIZORKIN SPACES

Let S(R") be the Schwartz space of rapidly decreasing functions (see
[24]). For ¢ € S(R") the Fourier transform ¢ is defined by

#) = 0" | ot expliix) d

let ¢ denote the inverse Fourier transform of ¢. For the Fourier trans-
form and its inverse the notation F(¢p) and F~!(p) respectively will
be also used.

The Fourier transform determines a topological isomorphism of the
space S onto itself.

Let S’ be the space of tempered distributions, i.e. the space of linear
bounded functionals on S(R"). In the sequel the Fourier transforms in
the framework of the theory of §’-distributions will be considered.

Now we give a definition of a weighted Triebel-Lizorkin space in a
general setting.

Let {m;}2_, be a two-sided increasing sequence of positive numbers
such that lim;_, _o m; = 0 and lim;_, ;o m; = +00. Let [ be the collec-
tion of all intervals (m;, m;y1] and [—mj;, —m;), j € Z. Any interval of
this type we shall denote by I. It is clear that Uyl = R\{0}. Now consid-
ering n similar decompositions of R\{0} by the sets

L= [m s mp1 ) U (=mjpr5, —myi), jE€Z, i=1,...,n,
we denote by J the collection of all intervals of the form

J=I x - x I?,
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where Ij(i) is an arbitrary one-dimensional interval of the above-men-
tioned type. This gives a decomposition of R\{0} x - -- x R\{0}.

Let {ﬁj,i};i—oo’ i=1,...,nbe sequences of positive numbers which
for arbitrary i, i = 1,..., n, satisfy the following conditions:

(@) .
Z B;.i(mjv1; — m;;) < 00; 2.1)

j=—o0

(ii) there exists some ¢, 0 < & < 1, such that

0
Z Bj’im;'i < 005 (2°2)

Jj==00

(iii) there exists some natural number £ such that
00
> By mif < oo. (2.3)
j=1

Now let

A=Th X xTi" jueZ ie{l,...,n}

Put

BA = l—-[ﬁj,,i/'
=1
For ¢ € S(R") let

04 =F'(1,$).

Suppose now that 1 < p, 0 < oo. If for some locally finite regular
measure v and for any ¢ € S(R") the quantity

.0 0 0 p/0 1/p
o, Fyul = (JR (ZﬁAI(pA(x)l ) dv) : (2.4)
A

is finite, then the completion of S(R") with respect to the norm will be
called a weighted Triebel-Lizorkin space and denoted by Fﬁ:g (R™. For
unweighted Triebel-Lizorkin spaces we refer to [8, 25].
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PROPOSITION 2.1 Let 1 < p, 8 < o0 and suppose that

(14 D719 ¢ LI(R™) (2.5)

Jor the constant ¢ from (2.2). Then (2.4) is finite for arbitrary ¢ € S(R").

Proof To avoid awkward computations we give a proof for n = 1; the
case n > 1 may be handled in a similar manner. Without loss of gen-
erality we can consider a function ¢ € S(R) whose Fourier transform ¢
vanishes for 4 < 0. Let ; = [mj, mj11],j € Z, and let ¢; = ;. We have

/0 1/p
o, Fho| = ( (Z I(p,(x)l"ﬁ) dv)
e\ &=,
1/p
s( (Z 1<p,(x)|/3,> dv)
1/p
< ( y (Z ﬁ,l(p,(x)l) dv)
1/p
+< y (Z ﬁ,kp,(x)l) dv)
14 1/p
+( ’ I(Zﬁ,lrp,(x)l) dv)
- 14 1/p
+< y (ZB,I%(JOI) dv)

=h+L+5+14

It is obvious that

0 1 I/p
L<c) Bm —m,.)(J 1 dv) <00

=00

by condition (2.1).
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Integration by parts leads to the estimate

~ ~ 1 A . —
@n)' 21,0 < 1G(m1) — d(my)| mt o(m;)| explimx} — 1]|x| ™"

1 (M
+—-J |P(A)] dA.

el Jo,

Hence

0 r 1/p
sl (], (Zpmamire)

J=—00
¢ 0 p 1/p
+ ( ( Z B;| explim;x} — 1|) Ix|7? dv)
Jx|>1 Jj=—00

0 mMjy P 1/p
(1., (2] wone) ue)”)
Jixi>1 \ j="00 mj

="+ 1P+ 1.

Since (1 + |x])™ € L!(R) and the condition (2.1) is satisfied, we con-
clude that " is finite. For I we derive

1/p
| exp{im;x} — 1||x|™” dv)

Jj=—00 (X|>l

-
|

1/p
| sinm;x/2|7"|x| P dv)
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The boundedness of @ and the condition (2.2) imply that I( is finite.
Further since ¢ € S(R) and |$(1)| < cA~**D (where £ is as in 2.3))
we have by (2.3),

00 1 1/p
L < cZ@mf"(J dv) < 00.
J=1 -1

Integrating by parts and using the estimates |@(4)| < c|A|™* and
1’| < cA~® D we get that

r /p
Iy < c(J” (Zﬁ,(lw(mm)l + Icp(m,)l)) Il ”dV)

j_..

-_ p /p
(J” I(ZB,J '(A)lcu) |xrf'dv)

=1
0 1/p
<c Z ﬁjmj'k (J |x|™? dv) <00
j=1 x|>1

thanks to (2.1), (2.3) and (2.5).
Summarizing all these estimates we conclude that (2.4) is finite for
arbitrary ¢ € S(R). |

For an absolutely continuous measure dv = w(x) dx, where w 1s a lo-
cally integrable a.e. positive function, we write Fg instead of Fg 7.0 The
function w, as usual will be called a weight function. If w = 1, then we
use the notation L’I; = Lp

It is easy to see that the space F‘;,’ ' is continuously imbedded into
Fp, % when 0, < 0, thanks to the inequality

o 1/6, © 1/6
(za;’z) < (2) .
Jj=1 j=1

The spaces F} :f (1 < p, 0 < o0) are Banach spaces and each f € Fﬁ"f
can be regarded as an element of .S'.
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Remark When 0 = 2, f, = 1, the decomposition is lacunary and v is
absolutely continuous with weight function w, the norm (2.4) is
equivalent to the L?(R") norm, thanks to the weighted version of the
Littlewood—Paley theorem (see [1]) when the weight function w satisfies
the condition 4,,:

1 1 , -l
sup — dx{ — 1= (x dx) 0,
P LW(") (|J| LW @ =

where the supremum is taken over all n-dimensional boxes with sides
parallel to the coordinate axes.

PROPOSITION 2.2 Let v be an arbitrary locally finite, regular measure.
Then S(R") is dense in L2(R").

Proof 1t is sufficient to prove that C°(R") is dense in L2 (R"). Given
¢ € I2(R") and & > 0, choose a continuous function g with compact
support such that
&
W = gllwy <5-

(see [26], Lemma IV.8.19)

Let i be a non-negative, infinitely differentiable function supported
in the unit ball of R"” with total integral equal to 1.

Define

W, (x) = r*np(’-ﬁ), t>0.

It is easy to see that Y, x g € C3°(R") for all > 0 and Y, x g — g as
t — 0 uniformly on compact subsets of R". If B is a large ball contain-
ing the support of g in its interior, choose ¢ so small that

lg =¥ % glloo <5 vB) .
Then
W = xglly < If — gl + g — ¥, xgl <e
Hence C°(R") and therefore S(R") is dense in L(R"). [ |
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3 TWO-WEIGHT MULTIPLIERS IN TRIEBEL-LIZORKIN
SPACES (ONE-DIMENSIONAL CASE)

Let X and Y be two function spaces on R” with norms || - ||y and
Il - |y respectively. Assume that S(R") is dense in both X and Y.

DEFINITION 3.1 A distribution m € §' is called an (X, Y) multiplier if
Jor the operator K defined by the Fourier transform equation

Kf =mf, fes, 3.1

there exists a constant ¢ such that
IKflly <clifllx
Jor all f € S(R").

In this case we write m e M(X,Y). The number supj,, -
|F~1(m®)||y is the norm of the (X, Y)-multiplier m.

In the sequel we shall need the following definitions of weight
classes, the weights being defined on R.

DEFINITION 3.2 Let a € (0, 1). We say that the weight pair (v, w) be-
longs to the class U if 1 < p < q < 00 and for v and w conditions
(1.5) and (1.6) are satisfied. Further, the weight pair (v, w) belongs to
Og'l’ if 1 <p < q < oo and conditions (1.7) and (1.8) hold.

DEFINITION 3.3 Let 0 <a < 1.

(i) The pair of weight functions (v,w) belongs to the class W3? if
1<p<q<oo,n=1and (v,w) satisfies conditions (1.9) and
(1.10).

(ii) Let 1 < p < 00, n = 1 and let 1, be the Riesz potential on R. Vlfé
say that the weight function v belongs to the class VP ifI,v € L},
and the condition (1.11) holds.

(iii) The weight v € T2P if n=1 and the condition (1.12) is ful-
Silled.

Note that

WP = utP 0 O9P,
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On the other hand, for w = 1 we have
WP = UiP = Oz"’.

DEFINITION 3.4 Let 0 < o < 1. The weight function v on R is said to
be of the class P (resp. B”o) if Wy(v) € Lf and (1.13) holds (resp.
Ru(v) € Ly, and (1 14) is fulfilled).

loc

Now as in the previous section, let | be a decomposition of R with
corresponding numbers f; satisfying conditions (2.1), (2.2) and (2.3).
We have the following statement:

THEOREM 3.1 Let 1 <p<g<oo, 1 <0 <o0 and (v,w) € WP
Let K be defined by (3.1), where the function m is represented in an
arbitrary interval I € [ as

vl
m(A) = J— A-0"dy, O0<a<l, 3.2)

and the y; are finite measures for which

supvar y; =M < oo. 3.3)
1€l

Then m € M(F, ﬁz, F? 0) and, moreover,
Kf, Fiol < cMIf, Fhul, (3.4)

where ¢ does not depend on f and m.

The statement of Theorem 3.1 remains valid if the condition
(v, w) € W27 is replaced by the condition of Theorem D.
In the sequel by B(x, ») we understand the interval [x — r, x + r].

THEOREM 3.1" Let 1 <p<gq<o00, 1 <0 < 00. Assume that the
measure v on R satisfies the condition

vB(x,r) < cr?V/P 0 <a <1,

with the constant ¢ independent of x and r. Then for any measurable
function m satis, j{?/zng the conditions of the previous theorem we have
that m € M(F" F”
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In this section we shall a priori assume that
A+ )™ e LR)

and
(1+ )7 e LY(R)

for some ¢ > 0.
Note that if w € 4,(R), then the last condition is satisfied.
The following statements also hold:

THEOREM 3.2 Let 1 <p<qg<o00, 1 <0 <00 and (v,w) € ULP
Suppose that a function m in each I, I € 1, is defined by the formula

A 00
m(d) = j_ (A — 67" dy;(f) + explior} L A=—0"%dw@®, O0<a<l,
3.5

where the finite measures u; satisfy (3.3). Thenm € M(Fl’;:z, Fg:f) and
(3.4) holds.

THEOREM 3.3 Letl <p<g<o00,1 <0 < oo andlet (v,w) € Og’p.
Let a measurable function m be represented in each I € | by

A 00
m(l) = J (A = 7% dpy (¢) + exp{—ian} L - dw@®, O0<a<l,
(3.6)

where u; satisfies (3.3). Then m € M(Fg:a, ngf) and (3.4) holds.
THEOREM 3.4 Let 1 <p, 0 <00 and 0 <o < 1/p. Assume that

ve B (resp.ve Eﬁ) Then for the function m represented in each I € |
by (3.5) (resp. by (3.6)) we have m € M(F}’, Fiyd).

THEOREM 3.5 Let 1<g<p<oo, 1<O<oo and vell?,
0 < o < 1. Then for the functions m defined by (3.2) and satisfying the
condition (3.3) we have m € M(F??, Fg:f).
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THEOREM 3.6 Let1 < p, 0 < oo and let v € V. Then the function m
from Theorem 3.1 is a (F5°, Fﬁ:f) multiplier.

Remark 3.1 Let 0 =2 and suppose that in addition to the above-
mentioned conditions for a pair of weights (v,w), we have v € 4,(R)
and w € 4,(R). Then the foregoing theorems give multiplier statements
for (L7, L?).

W)y

PROPOSITION 3.1 If for some pair of weights (vw) all functions m of
type (3.2) with condition (3.3) belong to M(L%,, L?) then (v,w) € WP,

The same is true for other multipliers and appropriate classes of pairs
(v, w).

The proofs of all the theorems formulated above are carried out essen-
tially by the same method, that is, by the representation of the operator
under consideration as a composition of certain elementary transforma-
tions.

Let

and

« 0, x>0
X =
- Ix|*, x<O.

We consider the following distributions:
I(A) =A%,
h(2) = A" + explian}A_*
and
() = A" + exp{—ian}A_",

where 0 < o < 1.
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It is known that their Fourier preimages are given by
I(x) = A~ + B!,

h = Clap!

and
(x) = D(ax* ",
where
A(w) = 2n)~/? exp[:—;"ﬂ}r(l — ),
B(o) = (2m)~ !/ exp[ff‘zf}r(l —a),
cw = en) e 5T},

D) = @)~ V*T (%) exp{ ';"‘”}.

(see [27], p. 172).

LEMMA 3.1 After completion with respect to the norm of L7 (R), the
mapping @ — Y defined on S(R) by the Fourier transform equation

V(A = hD)D(A)

generates a bounded operator from LZ(R) to LI([R) (1 < p < g < 00) if
(v, w) e UIP,

Proof The convolution of ¢ with the preimage of 4, ie with
C(a)x*~!, gives the Riemann-Liouville operator R* on R (see [28],
Theorem 7.1). By the assumptions (v,w) € UZ? it acts boundedly from
L7 into L7 (see Theorem 1.3).
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Similar propositions hold for the other “elementary multipliers” / and
y and for appropriate classes of pairs of weights. Henceforth the proofs
will be given only for A.

Let us consider the family of operators R, defined by the Fourier
transform equation

V(A = h(A - d(D), ¢ €SR), 1eR.

Since the shift of ¢ in the Fourier image corresponds to the multiplica-
tion by exp{itx} of the Fourier image, the norms of R/, coincide with that
of R,. ]

THEOREM 3.7 Let 1 <p <q < oo and let (v, w) € UIP. Suppose
that a function m is defined by the formula

A 00
m(A) = J— (A = )~ du(®) + explian) L ¢—2)%du(), 0<a<(37)

where 1 is a finite measure on R. Then the operator K acts boundedly
Srom L2 (R) into LI(R).

Proof It is easy to see that m is a regular tempered distribution. Indeed,
since the images of ¢ € S by the Riemann—Liouville and Weyl opera-
tors are bounded functions we have

t

U m(A)p(A) dl' = l J (Joo (M)A — )™ dA + explian}
R R
X J (At — 2" dl) du(t)l <cvarp < oo.

Therefore m@ € L'(R). By definition of the operator X and the func-
tion m we have

Ko(x) = (21:)*‘/2] m(2)P(2) expliix} dA
R

= (2n)~'/? (JR (JR k(A —1) du(t)) P(A) explilx) dz) .
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Changing the order of integration we get

Ko(x) = n)~"/? JR (jR h(A — 6)d(A) explidx} d/l) du(r)

= (21z)-‘/ZJ R du(?).
R

From Lemma 3.1 and the previous remark with respect to R/, it fol-
lows that

1Sl < @)~ 72 jR IR, plls du(t) < cMlollz.

where M is the total variation of u. |

Now we shall deal with Fourier multipliers in weighted Lebesgue
spaces of vector-valued functions with values in °(1 < 0 < 00).

DEFINITION 3.5 Let 1 <p < 00, 1 < 0 < oo. By IZ(I°) is denoted the
set of vector-valued functions f(x) = {f;(x)}2,, x € R, with measurable
components and with finite norm

0 p/o
I, 1200 = (jR (Z v;(x)l") dv(x))
Jj=1

It is well-known that L’V’(l") is a Banach space (see [26], p. 162).
Further, it is evident that if f € L{f(l") then f; € L? for all j € N.

Let S be the set of all vector-valued functions ¢ = (¢, ¢,,...)
where ¢, € S, j € N_.}

Note that the set S N L2(1%) is dense in Z2(I%) for 1 < p, 6 < 0o and
an arbitrary measure v.

Indeed, let f € le’(le) and a positive ¢ be given. By Proposition 2.2
for any j we can choose ¢; such that

1/p

W — oillz < 277 whenl<p<¥
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and
W — ol < £27/%  when p > 6.

When 1 < p < 0 for ¢ = (¢, ¢,,...) we have

00 p/0
If — o, L") = ( JR (2; I - %I") dv)
J=
00 l/p 0 1/p
< ([ s <p,~|"dv) = (Z 15 ~ <P,IlL{t) <e.
IR =1 k=1

If p > 0 then it is sufficient to use Jessen’s inequality ([29], p. 182):

00 1244 1/p
r— <P||L':(10) = (JR (Z ‘fj - Q’jlo) dv)
J=1
00 0/p\ 1P
<(5(ly-ore)”)

00 1/p
= (Z = «),-MZ«) <.
Jj=1

1/p

Thus we see that ¢ € S NLZ(I°) and [|f — @l|;7go, < & The Fourier
transform of the vector-valued function f € I2(I") is defined by

f=F={{2,.

Recall that Ff; is defined by means of the Fourier transform of distri-

butions.
The convolution of the vector-valued function f* € le’(lo ) with a tem-
pered distribution 4 € S’ is considered coordinate-wise:

hxf =1{hxf}2,.

The following equality for the Fourier transform of a convolution holds:

F(hxf)=F(h)-F(f).
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LEMMA 3.2 The transform ¢ \— \ defined by the equality
V) = kD@, @€,
generates a bounded operator from L{’v(le) to L‘g(l") when
l<p<q<oo, 1 <0< o0 and the pair of weights (v, w) belongs

to U2P,

The proof is analogous to that of Lemma 3.1. It should only be noted
that

Jioofj(y)(x -y " = Jioo e e — »)* dy.

10

THEOREM 3.8 Let 1l <p<qg <00, 1 <0 < oo and let the pair of

weights (v, w) belong to UIP. Then for the transform K defined by
Kf @) =m@dR), ees,

where m(2) is represented by (3.7), we have

Ko, LEWN) < Mg, L5 (1),

with a constant c independent of f and m. The operator K is extendable
to a bounded operator from L2 (1°) to Li(1).

Proof If we consider the superposition in IZ(I%) defined by

J) =h(i—06(), @€, teR,

the norm of this operator coincides with its value when ¢ = 0. The rest
of the proof is the same as in Theorem 3.7. |
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THEOREM 3.9 Letl <p <q <00, 1 < 0 < 0o and let (v, w) € UZP.
Assume that the measurable functions m; are defined by

A 00
mj(A) = (A= 07" du(®) +explian} | (¢ =) du ) (3.8)
oo A

where yi; are finite measures for which

sup var y; < 00. 3.9
J

Then the operator K defined on S by the Fourier-transform equation

Ky = o), o€, (3.10)

is extendable to a bounded operator from I}v’v(lo) to L(1).

The proof of Theorem 3.9 will be divided into several steps.
Let us consider the transform T(4), A = {41, 22, ..., An, .. .}, 4 €R,
defined on S':
TA): f—>g, &N =hA-FD, j=12,..., leR,

where as above
h(2) = 7% + explian}A™™ and h(x) = C(oc)xi".

LEMMA 3.3 The transform T(1) is extendable to a bounded operator
Jfrom Lﬁ,(l”) to Lg(lo) under the conditions that 1 <p < q < 00,
1 <0 < o0 and (v, w) € UP.

Proof The operator T(1) can be represented as
T(A) = L(A)T(0)L(—2)

where the operator L is defined by

()2, — lexplidx} fi()}Z, .
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It is clear that T(0) is the Riemann-Liouville operator and since the
operator L is an isometry of I7,(1%) the desired result follows from The-
orem 3.8.

Further we truncate the operator T and for any given n consider the
operator

T(t,...ta: f > 8 &) =h(— (D),
when j < n and g;(4) = f}(l) when j > n. |
LEMMA 34 Letl <p<g<oo, 1 <0 <o0, and let (v,w) € UIP.

Let m; be defined by (3.8). Assume that the transform K, is determined
in L£(I%) by

Kof = G ={Gj},
G = mfj, j:Sn,
f j>n.

Then there exists a positive constant c independent of f and n such that
o, L) < eMIf, i)

Proof Without loss of generality we assume that the measures p; are

positive and normalized to 1.

For j < n we have

Gj(x) = @)~/ ' m(A)f(A) explidx} dA
R

J

=(Qn)~? " (J h(x—t)du,)fj(x)exp{ux}di
JR\JR

= (2n)" 12 'R (JR h(%. — O)f;(2) expliix} cu) dp (1))

= ~in o
(éx) R JR

J

x ([ 102~ siemtizn) a2 du (),
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Hence K, can be represented in the form
Knf(x) = 2m)~1/? JR ves JR T(t, ..., t)du(ty) - - - du,(t,).

Therefore

Ko, LUAO) < | T(t, - . ., ta)f, LIA%)].

Applying Lemma 3.3 we can see that K, is bounded from LZ(/%) to
L9(1%) with an upper estimate of the norm independent of 7. n

Proof of Theorem 3.9 First of all we show that lim,_, ., K,/ = Kf
exists in the sense of convergence in the norm of L9(1%) for arbitrary
fesn L.

Let
Knf —Kaf = W}2), n>ny.

By definition of K, and Lemma 3.4:

n 1/0
[Knf = Knof s LI < cM (Z Iﬁ(x)l")

j=n

z
The right-hand side tends to zero. The proof of the theorem now fol-

lows from the uniform boundedness principle (see [26], p. 73).
The following statements can be proved analogously:

THEOREM 3.10 Let l<p<g<oo, l1<O<oo and let
(v, w) € U97. Let the functions m; be defined by

A 00
mi(d) = J_w(l — 87" du;(?) + exp{—ian) L (t—»"du(), (3.11)
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where the m; are finite measures satisfying condition (3.9). Then the op-
erator K defined by (3.10) is extendable to a bounded operator from
L{’V(lo) to L“i(lg) and

NN 22,49y 120y < M.

THEOREM 3.11  Suppose that the functions m; are representable in the
Jform

A
my=| G- ayo

with the condition (3.9). The following statements hold:

@) Ifl1<p<qg<oo, 1< <oo and the pair (v,w) belongs to the
class WP (v € V?), then the operator K is bounded from L2,(1°) to
Li(1%) (acts boundedly from LP(I°) to L2(I°));

() If1<g<p<oo,1<0<o0andvell? then the operator

K acts boundedly from LF(I°) into LI(1%).

Below the intervals of decomposition forming [ we regard as enum-
erated by {[;}2;.

PROPOSITION 3.1 Let m; be the functions for which the operator
T = mi}

is bounded from L2 (19) to L1(1°) for the weight pair (v, w) € U%P and for
p and q with 1 <p <q < o00. Let the function m be defined by
m(2) = mj(2), A € I;. Then the operator K defined by (3.1) is bounded
from FP0 1o F3.9.

The proof is evident in view of the equality

IKf, Fiol = |Tfp, LI(1%)),

where f3 = {B,£}.

Now Theorem 3.2 immediately follows from Proposition 3.1 and
Theorem 3.9.
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4 (F;’, 0P ") MULTIPLIERS. THE CASE 1 < ¢ <p < 0o
Let us consider the function

1, when A>0
0(2) = [ when A < 0.

It is known (see [27]) that the tempered distribution 0 is given by the
equality

O(x) = (2n)'/2(6(x)+(2 i)! ) @.1)

where 0 is the Dirac function.
Let the transform ¢ —  be defined on S(R) by the Fourier equation

v =0p.
This equality corresponds to the convolution
V= 0 % 0.

according to (4.1) the latter leads to the Hilbert transform
1[*® -
mo=1[ row-»"a.

The considerations of previous sections together with two-weighted
estimates for singular integrals proved m [30, 31] (see also [32])
enable us to prove assertions about (FF /,M, /,v) (1 <p <00) and
(Fh B ‘v) (1 < g < p < oo) multipliers.

DEFINITION 4.1 4 pair of weights (v, w) belongs to a,, (1 < p < 00), if
v(x) = a(|x])p(x), w(x) = u(|x|)p(x), p € Ap(R), 6 and u are increasing
functions on (0, 00) and

p—1
sup [ v(x)|x|"’dx(j w7 (x) dx) < 00.
Ix|>t |x]<t

t>0
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DEFINITION 4.2 4 pair (v, w) is said to be of class b, (1 < p < 00), if
o and u decrease on (0, 00), p € Ap(R) and

p—1
supj v(x) dx(J w7 (x) x| 7 dx) < 00.
x| <t x|>t

t>0

In [30] it is proved that if (v, w) € a,Ub,, 1 <p <00, then H is
bounded from L2, into L.

THEOREM 4.1 Let1 <p, 0 < oo and let (v,w) € a, Ub,. Suppose
that the function m is expressed in any interval I of the decomposition |
by the following form

v
m(A) = J_ du(l e,

where the positive measures | satisfy the condition

sup var yi; < oo.
I

Then m € M(F?'°

0
ﬁ,w,Fp,v).

THEOREM 4.2 Let 1 <q<p <00, 1 <0 < oo. If the pair of even,
increasing on (0, 00) weight functions satisfies the condition

e

then the function m from the previous theorem is an (F?'S Fq’e) multi-
p p pwrt By
plier.

p/(p—9)

J'°° " dx) ( Je/z W (0 dx)q—l] e (é) df < oo,
t 0

These statements follow in the same manner as the above-formulated
corresponding theorems.



584 D. E. EDMUNDS et al.

5 MULTIPLIERS IN WEIGHTED SPACES WITH MIXED NORMS

Letp=(p1,....pn), 1 <pi<oo,i=1,....,n.Putw=(w,...,wy),
where w; = wi(x;) (i =1, ..., n) are weight functions defined on R.

By definition L (R") is the space of functions f: R" — R with the
condition

00 . 0 1/pa\ P1/P2 1/p
"f”L,z1 = (J— dV| (J de e (J—— |f(x)‘p,, an> ) ) < OQ.

.1)

The definition of F‘;’ _ is similar to that given in Section 3. We have to
use the norm (5.1)

Let J be a decomposition of R"\{0} of the type defined in Section 3
and let J € J.

THEOREM 5.1 Let 1 <p; <qi<o0, 1 <0 < oo and let (vi,w;) €
Wo‘{’_"""'(R), i=1,...,n Suppose that a function m is represented in the
form

23
m(%) =J J ]’](/1 — ) dy, A€, (5.2)

—0o0 —00 ]-

where u, are finite measures and

sup varu; < M. (5.3)
JeJ

Then m € M(Fﬁ (_’, F" 0)
For the rest of this section we shall assume that
(1 + Ix)™** € Ly (R)
and

(A + x)7* e L), (R)

for some ¢ > 0.
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THEOREM 5.2 Let 1 <p;<qi<oo, 1 <0 < oo and let (vi,w;) €
UjePi, where 0 < o; < 1 (i=1,...,n). Assume that the function m in
each J is represented by

my=[ [ H«z — 3% + explinm s — 1)) dy 0, (54)

—00 00 j=1

where u;, J € J satisfy the condition (5.3). Then m € M(F¥, ﬁw, Fj 7 0)

THEOREM 5.3 Let1 <p; < gi < 00, 1 < 0 < 00 and (vi, w;) € Ug,
(i=1,...,n). Let the function m be represented as

m(7) = J°° J_ ]’[((/1 — )7 + exp{—iom}(t — A=) dpty(t)

—00 00 j=1

under the condition (5.3). Then m € .M(Ff,? i, Fy 7 9)

The idea of the proof is similar to the one-dimensional case; however,
we should make some remarks.
Let

102 = H“' i

h(2) = ﬂ«z T+ expliom)(4) =)
and
() = 1‘[«4.)‘“' + exp{—iom} (4:) ).

It is well-known (see [27]) that the Fourier transform of a direct product
is given by direct product of Fourier images of factors.
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The Fourier preimage of / is a linear combination of the products
O™ X e x G)ET X Q) T e x ()

Analogously,
hx) = [T C@pe?™
j=1
and

7ex) = [ [ D))"
J=1

These lead to the integral operators:
n

b= JR., [T =317 'ro) dy,

J=1
Ref = Tloy-nrrorey

J—o0 =00 j=]

and
+00 +o00 n

wirw=| [ To -0 o,

X1 Xn j=1

where 0 <oy <1 (i=1,...,n),x=(a1,...,%).

Now making n-fold applications of appropriate one-dimensional two-

weighted inequalities and using Minkowski’s inequality we derive

PROPOSITION 5.1 Let1 <p; < g; < oo, (i=1,...,n). The following

statements hold:

Q) If (viywi) € WiPi (i=1,...,n), then Iy is bounded from
L5 (R") to LI(R")
(i) I (vi,w;) € U (i=1,...,n), then Ry is bounded from
LL(R") to LI(R")
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(iii) When (vi,w;) € U‘M" (i=1,...,n), then Wy acts boundedly
firom LL(R") to L"(R”)

From Theorem 5.1 follows a two-weighted version of Mikhlin—
Lizorkin type multipliers.

THEOREM 5.4 Let m be continuous outside the coordinate planes and
have there continuous derivatives

o*m

O™ O<kithtthk=k<n k=01
aik . ok LT " 7

Moreover assume that
<M.

Ak1+on . .Akn"'an . akm
: " oAk opk |1 =

Then the following statements hold:

@) Whenl<p,<q,<oo,0<oc,<11—1 .,n, 1 <0 <00 and
(viywi) € WiiPi, then m € M(Fz’w,Fp 0)
() Ifpi=q,=0,j=1,...,n1 <0< ooand(v,,w,)satzsfj)the

condition of Theorem 5 1 then m e M(F‘Z’ )

Finally, in addition, if w; € 4p(R) and v; e 44(R) (i=1,...,n),
then we obtain (I, L) multiplier statements. The n-dimensional
weighted version of the Littlewood—Paley theorem must be applied.
The proof of the last result (see [1]) works in weighted Lebesgue spaces
with mixed norms as well.

6 EXAMPLES

Here on the basis of the previous sections’ results we derive various ex-
amples of pairs of weights ensuring validity of two-weight estimates for
appropriate multipliers.
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PROPOSITION 6.1 Let 1 < p, 0 < 0o and m be a function of the form

y)
m(i):J dy, Ael,

where I are intervals of decomposition of R and the finite measures 1,
are such that

sup varpy; =M < oo.

Assume that

1
p—1 _ .
Ww(x) |xP~" InP ™ when |x| < exp{—p'}
@'Y expl—p + Bp)xI!  when |x| > exp{—p')}
and
v(x) = fxfP~! when |x| < exp{—p'}

exp{—yp" — p}ix|”  when |x| > exp{—p'},
where 0 <y<oa<p—1.Thenme M(F/’;:g,,Fz:f).

It is easy to show that the pair (v, w) satisfies the condition a, from
Definition 4.1 and thus from Theorem 4.1 we obtain Proposition 6.1.

Note that these weights do not belong to the 4, class. On the other
hand, the conditions

J wx)(1 + |x]) P dx < oo 6.1)
R
and
J v)(1 + |x) 7" dx < 00 6.2)
R

are satisfied, so that S C F‘;;:Z N F;,’:g )
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PROPOSITION 6.2 Let 1 <p<1l/a, 1/g=1/p—o. Assume that a
function m is represented by the formula

A
m(A) = j =0y,

where y; satisfy the condition indicated in previous proposition. If the
Sunction w satisfies the Ap, condition, i.e.

v ) (L[ wea) 6
s“p(mj @ ) (mJ @ ) <o (63

where the supremum is taken over all one-dimensional intervals I, then
,0 ,0
me M(F,, W ﬁ,wq).

In particular, if 0 < B < p — 1, w(x) = |x|? and W(x) = |x|P1/P  then the
condition (6.3) is satisfied and, consequently, (v, w) € WIP.

Example 6.1 Suppose that l <p <g<oo, l/p<a<1/q.

Let
[xjp! ln”—l— when |x| < exp{—p'}
w(x) = x|
exp{p/ A}V |xI*  when |x| > exp{—p}
and

v(x) = Joc]? when |x| < exp{—p'}
~ | kP expp’(B—7y)} when |x| > exp{—p'},

where 0 <y=qg—qa—1, 0<il<p—1, 0<fB<(l—a)g+4iq/
p— q/p - 1 'I;hen the function m from the previous theorem belongs
to M(F% ,,w, ’v)

The above-defined pair (v, w) satisfies the conditions (1.9), (1.10).
Note also that weight functions v and w satisfy the conditions (6.1)
and (6.2) for p and g respectively.
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Example 6.2 Let a€(0,1), 1—-p<py<p/q—op, ap—1<

m<p—1,q/p—1<e<q/p—1+4q, y=—-aq+q/p—¢e—q/p,

w(x) = (1 )70 e, ) = (1 + ) e q/f’“. Then R, is
bounded from I (R) to LI(R) (see [28], p. 93) and w € 4,(R),
v € 4,(R).
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