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In this note two-weighted norm inequalities in variable Lebesgue spaces for certain
integral operators arising in harmonic analysis are presented. On the basis of these
estimates for singular integrals and maximal functions we formulate the norm convergence
and a summability by linear methods of Fourier series in a two-weighted setting. Together
with this a two-weight version in LP(*) space of the Bernstein inequality is established.

For the boundedness of maximal functions and singular integrals in LP(*) spaces we
refer to [2], [21], [1], [3]. Sobolev-type theorems have been established in [23,24], [8,9].
In [14-18], [4], [25] (see also [13], [26]) boundedness criteria were obtained for classical
integral operators in weighted Lebesgue spaces with variable exponent when the weights
are of power type; conditions sufficient for boundedness for oscillating weight functions
are also derived. In the paper [11] criteria are given for a pair of weights (v, w) governing
the norm summability of Fourier series in the weighted L% space (p is a constant), for a
function from (in general) the narrower class L%,.

The complete solution of the two-weight problem for singular integrals is still open
in classical LP spaces. Two-weighted estimates for the above-mentioned operators are
known for pairs of weights of power type with fixed singularities (see [10], [5], [6]). Our
interest in this problem is motivated by the usefulness of such inequalities in different
types of boundary-value problems for partial differential equations.

It is worth mentioning that two-weight inequalities for singular integrals even with
special weights are useful, for instance, in boundary- value problems of elliptic-type differ-
ential equations in “bad” domains. In [12] is shown that the presence of zero cusp points
on the boundary can result in non-existence or non-uniqueness of solutions of Dirich-
let and Neumann problems for harmonic functions from Smirnov classes and boundary
functions from LP spaces. In this connection, two-weight estimates for singular integrals
enable one to identify, for boundary functions, the weighted Lebesgue spaces for which
the problem becomes soluble.

Let 2 be an interval open set in R™ and let ¢ be a measurable function on Q C R™
such that 1 < ¢(z) < esssup g(z) < co. Suppose that p is a weight function on , i.e. p

zeQ

is a non-negative, almost everywhere positive function on Q2. By Lg(‘) (€2) we denote the
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space of all measurable functions f on 2 such that

Sa(y.0(f) = / |f (@)]2®) p(z)dz < oo.
Q

This is a Banach space with respect to the norm
11500 gy = inf {X >0 84, (F/3) <1}

If p = 1, then we use the symbol L()(Q) instead of Lg(‘)(Q). Note that L1()(Q)
coincides with the classical Lebesgue space L9(€2) when g(-) is constant.
The next equality is obvious:

lpfllLacy () = MFll Lac) -
pa()
In the sequel we will use the following notation:
p—(E) :=essinf p(x); p4+(E):=esssup p(z),
zeEE z€E

where p(-) is a measurable function on R™ and E is a measurable set in R™.

Further, we denote:
po(x) if |z <1
pe =const if |z| >1°

po(z) :=p—({y : ly| < [z]}); po(z) = {

In the sequel we assume that K and M are the Calderén-Zygmund and the Hardy-
Littlewood maximal operators respectively defined on R™.

Definition. We say that a function p(-) satisfies the Dini-Lipschitz condition on
(p(-) € DL(Q)) if

A _
[p(z) — p(y)| < [ 0<|z—y| <1/2; z,yeQ.
lz—yl
‘We shall also need weighted Hardy-type operators:

(Torw ) (@) = v(z) / F@w)dy, =€ R
lyl<|z|

(@) =@ [ fwewds, @ e R
ly|>]z|

Easily verifiable necessary conditions and sufficient conditions governing two-weight
inequalities in LP(')(R+) spaces for the Hardy operator defined on the semi-axis Ry have
been established in [7] , where p(-) is a measurable function, provided 1 < p_ < p(z) <
p+ < oo. (For two-weight criteria for the Hardy operator defined on the interval [0, 1] in
Lebesgue spaces with variable exponent provided that p(-) € DL([0,1]) see [19]).

Now we formulate the main results of this note.

Theorem 1. Let 1 < p_ < p(z) < p4+ < oo and let p(-) € DL(R™) with p(z) = pc =
const for |z| > 1. Suppose that v and w are weights on R™ such that
a) Ty()/|-|7,1/w(-) 18 bounded in LPO)(R™);
b) T (y,—1__ is bounded in LPO)(R™);
DwOT
c) there exists a positive constant b such that

esssup  w(z) < bw(y)
lyl/4<|z|<4ly|

for almost all y € R™.
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Then there exists a positive constant ¢ such that for all f with ||fw||Lp(.)(]Rn) < o0,
the inequality

”(Nf)U”LP(‘) (R™) < C”fw”Lp(‘) (R™)

holds, where N is either the Hardy-Littlewood maximal function M or the Calderdn-
Zygmund singular integral K.

In particular, using two-weight estimates for the operators To()/)z|?,1/w(-) and
T ny We have
v(),1/(w()]-1™)

Theorem 2. Let 1 < p_ < p(z) < py < oo. Suppose that p(-) € DL(R™) and
p(z) = pe = const for |xz| > 1. Suppose that v and w are functions increasing on Ry and
satisfying

Bimsup ([ @/ ([ w—@o)’<x><y|>dy)%dx><oo. M

|| >t ly|<t

Then there exists a positive constant ¢ such that for all f with |[f(-)w(|- DIl o) gn)
< oo the inequality

I DO Dl @ny < ellf Ol - Dl oo oy
holds, where N 1is either M or K.

Now, based on two-weighted estimates for maximal functions and singular integrals,
we study the mean summability of Fourier trigonometric series in variable Lebesgue
LP(#) spaces. In the case when the exponent p(-) is constant the norm convergence
(summability) in L%, holds if and only if w belongs to the Muckenhoupt class A, (see
[20], [22]). The paper [11] treated the situation when the weight w can be outside the A,
class. In this case the norm summability might hold in the sense of a wider space norm.
Namely, a necessary and sufficient condition was established for a pair of weights (v, w)
which governs the Abel and (C, ) summability in L for an arbitrary function f from
Ly,

Let T denote the interval (—m, 7) and let

o0
flz) ~ aEO + Z (an cos nx + by, sinnz) (2)
n=1

be the Fourier series of a 27 -periodic function f € L(T).

Let Sn(z, f), o%(z, f) (0 < @ < 1) and ur(z, f) denote the partial sums, Cesaro and
Abel means of the series (2) respectively.

Let

be the conjugate- function operator and let

o 1
f(e®y=— sup
2T 0<e<m

/ F(e =) ctg gdsa

e<]p|<m

be the maximal conjugate function.

Theorem 3. Let 1 < p— < p(z) < py < oo and let p(-) € DL(T). Assume that v
and w are 2w -periodic, positive, increasing functions on (0, ] that are even on T.
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Let the following condition be satisfied:

p(x)
(e o Via B0 (@
sup ( [ laplal=y >( [ wrteore ><|y\>dy) g

d:v) <oo.  (3)
o<t<m

t<|z|<m o<]yl<t
Then
1Ol Dllzrey (ry < ellf Owll - Dllpe)
with a constant ¢ independent of f.
Theorem 4. Let the conditions of Theorem 3 be satisfied. Then
Jim 5C) = SuCs Pl g gy =0
for any f € LE,(T).
Theorem 5. Let the conditions of Theorem 3 be satisfied. Then
. a _
Jim 170) = 05 )l g gy =0
and
for arbitrary f € L, (T).

Two-weight estimates for Cesaro means enable us to obtain the extended Berntein
inequality for the derivative of trigonometric polynomial and its conjugate.

Theorem 6. Let the conditions of Theorem 3 be satisfied. Then for an arbitrary
trigonometric polynomial Ty (x) and its conjugate T (x) we have

IIT'r/Lv”LP(*)(T) < C””an”Lp(«)('Jr)
and
T4l oty (2 < enllTuwll Lo goy-

Example 1. Let v(z) = mﬁ, w(z) = a7, where p(-) is a nonincreasing function
on [0, 7] that is even on T; 1 < p—(T) < p4(T) < oo; p(-) € DL(T); —p(7) < o« < —1;
0<y< ﬁ; a = vp(7) — p(w). Then condition (3) is satisfied for such v, w and p.

Example 2. Suppose that n = 1; p(-) is a nonincreasing function on [0,0c0) that is
even on R; 1 < p_ < py < oo; p(-) € DL(R). Assume that p(z) = p. = const when
|z| > 1. Further, let v(z) = zﬁ, w(z) = 7 on [0,1] and let v(z) = w(z) = 2° on
(1,00), where —p(1) < a < —1,0 < v < p,—%l), o =~p(l)—p(1) and 0 < B < 1/pc. Then
condition (1) for n =1 is satisfied.

REFERENCES

1. D. Cruz-Uribe, A. Fiorenza and C. J. Neugebauer, The maximal function on variable
LP spaces. Ann. Acad. Sci. Fenn. Math. 28(2003), No. 1, 223-238.

2. L. Diening, Maximal function on generalized Lebesgue spaces LPO). Math. Inequal.
Appl. 7(2004), No. 2, 245-253.

3. L. Diening and M. Ruzicka, Calderén-Zygmund operators on generalized Lebesgue
spaces LP() and problems related to fluid dynamics. J. Reine Angew. Math.
563(2003), 197-220.



127

4. L. Diening and S. Samko, Hardy inequality in variable exponent Lebesgue spaces
Revista Mat. Iberoamericana (to appear).

5. D. E. Edmunds and V. M. Kokilashvili, Two-weighted inequalities for singular inte-
grals. Canad. Math. Bull. 38(1995), No. 3, 295-303.

6. D. E. Edmunds, V. Kokilashvili and A. Meskhi, On the boundedness and compactness
of weighted Hardy operators in spaces Lp(@), Georgian Math. J. 12(2005), No. 1, 27—
44.

7. D. E. Edmunds, V. Kokilashvili and A. Meskhi, On the boundedness and compactness
of the weighted Hardy operators in LP(%) spaces. Georgian Math. J. 12(2005), No. 1,
27-44.

8. D. E. Edmunds and J. Rékosnik, Sobolev embeddings with variable exponent. Studia
Math. 143(2000), No. 3, 267-293.

9. D. E. Edmunds and J. Rékosnik, Sobolev embeddings with variable exponent. II.
Math. Nachr. 246/247(2002), 53-67.

10. E. G. Gusseinov, Simgular integrals in the space of function summable with monotone
weight (Russian). Mat. Sb. 132(174)(1977), No. 1, 28-44.

11. A. Guven and V. Kokilashvili, On the mean summability by Cesaro method of Fourier
trigonometric series in two-weighted setting. J. Inequal. Appl. 2006

12. G. Khuskivadze, V. Kokilashvili and V. Paatashvili, Boundary value problems for
analytic and harmonic functions in domains with nonsmooth boundaries. Applications
to conformal mappings. Mem. Differential Equations Math. Phys. 14(1998), 195 pp.

13. V. Kokilashvili, On a progress in the theory of integral operators in weighted Banach
function spaces. In “Function Spaces, Differential Operators and Nonlinear Analysis”,
Proceedings of the Conference held in Milovy, Bohemial-Moravian Uplands, May 28-
June 2, 2004. Math. Inst. Acad. Sci. Czech Republic, Praha.

14. V. Kokilashvili and S. Samko, On Sobolev theorem for Riesz-type potentials in
Lebesgue spaces with variable exponent. Z. Anal. Anwendungen 22(2003), No. 4,
899-910.

15. V. Kokilashvili and S. Samko, Maximal and fractional operators in weighted Lr(@)
spaces. Rev. Mat. Iberoamericana 20 (2004), No. 2, 493-515.

16. V. Kokilashvili and S. Samko, Singular integrals in weighted Lebesgue spaces with
variable exponent. Georgian Math. J. 10(2003), No. 1, 145-156.

17. V. Kokilashvili and N. Samko and S. Samko, The maximal operator in variable spaces
LPC)(Q, p) with oscillating weight, Georgian Math. J. 13(2006), 109-125.

18. V. Kokilashvili and N. Samko and S. Samko, The maximal operator in weighted
variable spaces LP(). J. Funct. Spaces Appl. (to appear).

19. T. S. Kopaliani, On some structural properties of Banach function spaces and bound-
edness of certain integral operators. Czechoslovak Math. J. 54(129)(2004), No. 3,
791-805.

20. B. Muckenhoupt, Weighted norm inequalities for the Hardy maximal function. Trans.
Amer. Math. Soc. 165(1972), 207-226.

21. A. Nekvinda, Hardy-Littlewood maximal operator on LP(””)(R). Math. Inequal. Appl.
7(2004), No. 2, 255-265.

22. M. Rosenblum, Summability of Fourier series in LP(du). Trans. Amer. Math. Soc.
138(2005), 107-109.

23. S. G. Samko, Convolution type operators in LP(*). Integral Transform. Spec. Funct.
7(1998), No. 1-2, 123-144.

24. S. G. Samko, Convolution and potential type operators in LP(®) (R™). Integral Trans-
form. Spec. Funct. 7(1998), No. 3-4, 261-284.

25. S. Samko, Hardy-Littlewood-Stein-Weiss inequality in the Lebesgue spaces with vari-
able exponent. Fract. Calc. Appl. Anal. 6(2003), No. 4, 421-440.



128

26. S. Samko, On a progress in the theory of Lebesgue spaces with variable exponent:
maximal and singular operators. Integral Transforms Spec. Funct. 16(2005), No. 5-6,
461-482.

27. S. Samko and B. Vakulov, Weighted Sobolev theorem with variable exponent for
spatial and spherical potential operators. J. Math. Anal. Appl. 310(2005), No. 1,
229-246.

Authors’ addresses:

D. E. Edmunds:

School of Mathematics, Cardiff University,
Senghennydd Road,

Cardiff CF24 4YH, U.K.

V. Kokilashvili and A. Meskhi

A. Razmadze Mathematical Institute,
Georgian Academy of Sciences,

1, M. Aleksidze St, 0193 Tbilisi
Georgia

V. Kokilashvili

International Black See University,
Agmashenebeli kheivani 13 km, 01-31 Tbilisi
Georgia

A. Meskhi

School of Mathematical Sciences,
Government, College University,
68-B, New Muslim Town, Lahore,
Pakistan



