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Necessary and sufficient conditions on weight pairs guaranteeing the two-weight inequalities
for the potential operators (Iof)(x) = [5°(f(t)/|x —t|'"")dt and (Da, e f)(x,y) = [ [ (f(t,T)/
lx = ¢1 Y- /') dtdr on the cone of nonincreasing functions are derived. In the case of O, 4,,
we assume that the right-hand side weight is of product type. The same problem for other mixed-

type double potential operators is also studied. Exponents of the Lebesgue spaces are assumed to
be between 1 and oo.

1. Introduction

Our aim is to derive necessary and sufficient conditions on weight pairs governing the bound-
edness of the following potential operators:

(Lf) (x) = fw SO o<a<,
0 |x—t'" w

(oul,uzf) (xl y) = IJ‘(T | f(t’ T) dtdr, O<a, ap <1,

x -t |y — 7|

from Lzec to L9, where 1 <p, g < co.
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Historically, necessary and sufficient condition on a weight function u, for which the
boundedness of the one-dimensional Hardy transform

(H7)) = 1 [ rioa (12)

from Lﬁec (u,R,) to LP(u, R,) holds, was established in [1]. Two-weight Hardy inequality cri-
teria on cones of nonincreasing functions were derived in the paper [2]. The multidimensio-
nal analogues of these results were studied in [3-5]. Some characterizations of the two-weight
inequality for the single integral operators involving Hardy-type transforms for monotone
functions were given in [6-8]. The same problem for the Riesz potentials

TH@ = [ Fle-yI“dy, 0<a<n 13

for nonnegative nonincreasing radial functions was studied in [9].
In the paper [10] necessary and sufficient conditions governing the boundedness of the
multiple Riemann-Liouville transform

(Y f(t,T)
(Ravaef) (x,y) = .[0 «[0 (x-t)""(y - 1)

dtdr, 0O0<aj, ap<], (1.4)

1—12

from Lzec (w, R?) to LP (v, R%) were derived, provided that w is a product of one-dimensional
weights. Earlier, the problem of the boundedness of the two-dimensional Hardy transform
H; = Ry, from Lzec (w,R?) to [P (v, R?) was studied in [4] under the condition that w and v
have the following form: w(x, y) = w (x)w2(y), v(x,y) = v1(x)v2(y).

It should be emphasized that the two-weight problem for the Hardy-type transforms
and fractional integrals with single kernels has been already solved. For the weight theory
and history of these operators in classical Lebesgue spaces, we refer to the monographs [11-
15] and references cited therein.

The monograph [13] is dedicated to the two-weight problem for multiple integral ope-
rators in classical Lebesgue spaces (see also the papers [16-18] for criteria guaranteeing trace
inequalities for potential operators with product kernels).

Unfortunately, in the case of double potential operator, we assume that the right-hand
weight is of product type and the left-hand one satisfies the doubling condition with respect
to one of the variables. Even under these restrictions the two-weight criteria are written in
terms of several conditions on weights. We hope to remove these restrictions on weights in
our future investigations.

Some of the results of this paper were announced without proofs in [19].

Finally we mention that constants (often different constants in the same series of in-
equalities) will generally be denoted by c or C; by the symbol T f = K f, where T and K are lin-
ear positive operators defined on appropriate classes of functions, we mean that there are pos-
itive constants ¢; and ¢; independent of f and x such that (T f)(x) < c1(Kf)(x) < c2(T f)(x);
R, denotes the interval (0, c0) and p’ means the number p/(p — 1) for 1 < p < oo; W(x) :=
[ w®ydt; Wi(x;) == [y wi(t)dt; W(t, ..., t,) = TIL Wi(t).
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2. Preliminaries

We say that a function f : R} — R, is nonincreasing if f is nonincreasing in each variable se-
parately.

Let @ be the class of all nonnegative nonincreasing functions on RY. Suppose that u is
measurable a.e. positive function (weight) on R”. We denote by LP(u, R?), 0 < p < oo, the class
of all nonnegative functions on R” for which

1/p 1/p
”f”LP(u,RZ) = <I f”(xl,...,xn)u(xl,...,xn)dxl~--dxn> = <J‘ f”(x)u(x)dx) < 0.
R? R?
@2.1)

By the symbol Lzec (u, R") we mean the class L? (u, R?) N D.
The next statement regarding two-weight criteria for the Hardy operator H on the cone
of nonincreasing functions was proved in [2].

Theorem A. Let v and w be weight functions on R, and let W (o0) = oo.

(i) Suppose that 1 < p < q < co. Then the inequality

U: (Hf (x))"v(x)dx] v <C U:Q ( f(x))’”w(x)dx] UP, feLll (wR,), (22)

holds if and only if the following two conditions are satisfied:

ap([ i) (i) <.

sup(J‘oo %dx)l/q <Jm W"”I(x)x”,w(x)dx>1/p, < oo.

a>0 a 0

(2.3)

(ii) Let 1 < g < p < oo. Then H is bounded from LZEC(w, R,) to L9(v, R.) if and only if the fol-
lowing two conditions are satisfied:

o Up [ ct AN v
(f x’%(x)dx) <J' xr"WP’(x)w(x)dx> ]tr”wr”(t)w(t)dt] < oo,
t 0

1/r

¢ 1/p ’
J‘v(x)dx> W“P(t)] v(t)dt] < oo,

[y

where r = pq/(p - q).

(2.4)



4 Journal of Function Spaces and Applications
The following statement was proved in [2] for n = 1. For n > 1 we refer to [4].

Proposition A. Let 1 <p, g < oo. Suppose that T is a positive integral operator defined on functions
f R} — R, which are nonincreasing in each variable separately. Suppose that T* is its formal ad-
joint. Let w(xy,...,xy) = wi(x1) - - - wn(xy,) be a product weight such that Wi(e) = o0, i=1,...,n.
Let v be a general weight on R”. Then the operator T is bounded from LZec(w, R%) to LP (v, RY) if and
only if the inequality

X1 Xn r vy
I (J I T*g> WP (x1,...,x)w(x1, ..., x,)dx; - dx,
r* \Jo 0

q (2.5)

< c< f g(x)To' 1 (x)dx>

R}
holds for all g > 0.
Let R, be the Riemann-Liouville transform with single kernel

x t
(Raf)(x) = f L)l_adt, x€R;, a>0. (2.6)

0 (x—t)

If a = 1, then R, is the Hardy transform. The L¥(w,R,) — L7(v,R,) boundedness for
R; was characterized by Muckenhoupt ([20]) for p = g, and by Kokilashvili [21] and Bradley
[22] for p < g (see also the monograph by Maz’ya [23] for these and relevant results).

In the case when 0 < a < 1, the Riemann-Liouville transform has singularity. For the
results regarding the two-weight problem, in this case we refer, for example, to the mono-
graph [11] and the references cited therein.

The next result deals with the case a > 1 (see [24]).

Theorem B. Let a > 1. Then the operator R, is bounded from LF (w, R,) to L(v, R,) if and only if

© 1/ t 1y
sup<f (x— t)(“_l)qv(x)dx> ! <f w' (y)dy> < oo,
t>0 t 0 (2 7)
o 1/q / pt 17y ’
_ x)@bp'1-p
s:ga(J‘t v(x)dx) <Jo (t-x) w (y)dy> < oo,
forl<p<q<ooand
o) o) T/l] t , r/q’ , 1/T
f < f (x - t)(""l)qv(x)dx> (J w' P (y)dy> w' P (t)dt < o,
0 t 0 28)

{f: q tw ”(x)dx)r/p (J; (t-y) v (y)dy>wv(t)dt}l/r < oo,

for1l < q <p < oo, where r is defined as follows: 1/r =1/q—1/p.
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Theorem C (see [10]). Let 1 <p < g < oo, andlet 0 < a; < 1,1 = 1,2. Assume that v and w are
weights on R2. Suppose also that w(x1,x2) = w1 (x1)wa(x2) for some one-dimensional weights wy
and wy and that Wi(o) = oo, i = 1,2. Then the following conditions are equivalent:

(@) Ra, , is bounded from L, (w,R?) to L9(v,R2);

dec
(b) the following four conditions hold simultaneously:

@)
ay az *1/19 ay az 1/q
sup <I f w(tl,tz)dtldt2> (f J (t’flt;‘z)qv(tl,tz)dtldQ) < o, (2.9)
ay,a;>0 0 0 0 0
(ii)
a) pax : ) 1/p'
sup (J f (hit2)P WP (tl,fz)w(tl,tz)dtldfz>
ay,a;>0 0 0
o 1/q (2.10)
><<j J‘ (ti‘l1t321>q0(t1,i’2)dt1dt2> < oo,
(iii)
a Up a2 1y
sup ([ wnttan ) ([ EWS Gayos(ryae
al,a2>0 0 0
o 1/q (2.11)
><<J‘0 J‘ t?altg(az1)U(t1,t2)dt1dt2> < oo,
a
(iv)
o, 1/p' a, -1/p
sup (I thlp(tl)wl(tl)dh) q wz(tz)dt2>
111,112>0 0 0
(2.12)

® pap 1/q
><<f j t‘}(“l_l)tgazv(tl,tz)dtldt2> < 0.
ay 0

In particular, Theorem C yields the trace inequality criteria on the cone of nonincreas-
ing functions.

Corollary A (see [10]). Let 1 <p < g < oo, and let 0 < a; < 1,1 = 1,2. Then the following condi-
tions are equivalent:

(a) the boundedness of Ry, «, from L) (w,R2) to L1(v,R?) holds for w = 1;

(b)

a az 1/17
B; := sup Bi(ai,a) := sup (aray) /P (f f xfalxgazv(xl,xz)dxldm) <oo;  (2.13)
0 Jo

ay,ax>0 ay,a;>0
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(©)

ay,a;>0 ay,a;>0 ap

[Celylee] 1/q
B, := sup By(aj, ay) == sup (ayay)'’? <f j x‘f‘“‘”xZ("”)v(xl,xz)dxldxz) < o0;
a

(2.14)

(d)

1/q
a [ee]
-1 1/9' -1
B := sup Bs(ai, az) := sup a, /paz/p <f I x?mx;’('xz )v(xl,JCz)dX1dxz> < o0;
0

ay,a;>0 ay,a>0 as

(2.15)

(e)

1/q
[ee) a
1/p -1 -1
By := sup By(ai, az) := sup al/p a, /P <I .[0 xlq(m1 )xguzv(xl,xZ)dmdxz) < oo.
ay

ai,a>0 ay,a>0

(2.16)

3. Potentials on R,

In this section we discuss the two-weight problem for the operator I,. We begin with the fol-
lowing lemma.

Lemma 3.1. The following relation holds for nonnegative and nonincreasing function f:
(Ref) (x) = x"H f (), (3.1)

where H is the Hardy operator defined above.

Proof. We follow the proof of Proposition 3.1 of [10]. We have

x/2 x
(R,Xf) (x) = J Adt +f &dt = J1(x) + J2(x). (3.2)

0 (x-pH x2 (x -0
Observe that if 0 < < x/2, then (x — £)** < 21-%x%1 Hence,

‘mmsfﬂﬂJrfmw=fﬂﬂGUﬂﬂ. (3.3)
0

Further, since f is nonincreasing, we have that
x

o) <a(3) F(3) < cax(Hf) (0. (3:4)

Finally we have the upper estimate for R,.
The lower estimate is obvious because (x — £)*! > x* ! for t < x. O
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In the next statement we assume that W, is the operator given by

det a>0.

7

Waf) ) = [

x (t - x)l_“ (35)

Lemma 3.2. Let 1 <p < q < oo, and let a > 0. Suppose that W (o) = oo. Then the operator Wy is
bounded from Lsgc(w, R.) to L(v, Ry) if and only if

<I ) q o dt) P/Wpl(x)w(x)dx>l/p/ < c(f g(t)q'vlq'(t)dt>l/q,, g>0. (36)

o Vo (x=-H™

Proof. Taking Proposition A into account (for n = 1), an integral operator
(1)) = [ ko) fw)dy 67
0

is bounded from Lzec (w,R,) to L9(v, R,) if and only if

B x(T*f)(T)dT p,W”"(x)w(x)dx UP,SC Oof(t)q'vlfq'()})dt 1/q” f>0,
0 ( 0 ) ( 0

(3.8)
where T* is a formal adjoint to T'.
We have
X x t f(T) x T dy 1 (* .
= S = == —-71)%dr.
[ Repytae= | < o dT> at={ s ([ )ar= | f@e-mrar
(3.9)

Taking T = W, and T* = R,, we derive the desired result. O
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Now we formulate the main results of this section.

Theorem 3.3. Let 1 < p < g < oo, and let 0 < a < 1. Suppose that W (oo) = oo. Then I, is bounded
from Lch(w, R.) to L(v, Ry) if and only if

a -1/p a 1/q
supAi(a,v,w) = sup(f w(t)dt> (I t”‘%(t)dt) < o0, (3.10)
a>0 a>0 0 0
a } 1/p © 1/q
supA;(a, v, w) = sup <’[ trwr (t)w(t)dt) (I t(”“l)qv(t)dt) < oo, (3.11)
a>0 a>0 0 a

supAs(a,v,w) = sup(fOO W (x)w(x)(x — a)™ dx)l/p/ <f0 U(x)dx>1/q < oo, (3.12)

a>0 a>0 a
-1/p a 1/q
supAs(a, v, w) := sup(f w(x)dx) (J v(x)(a —x)“qu> < 0. (3.13)
a>0 a>0 0
Theorem 3.4. Let 1 < g <p < oo, andlet 0 < a <1. W(oo) = co. Then 1, is bounded from Ldec(w,
R.) to L(v, Ry) if and only if
; 1/p r 1/r
U [(J x“qv(x)dx> W“P(t)] t“qv(t)dt] < oo,
N 0
1 r 1/r
P W (x)w(x) R
[,[ [(I x(1- “)q ) < 7 tPWP (Hw(t)dt < oo,
> W t /p]” r G1
f WF wlx) j o (x)dx odt| < oo,
R, b (x—t)W 0
Loox) . 1"
f W) | ——Sdx| w(t)dt < oo,
where1/r=1/g-1/p.
Proof of Theorems 3.3 and 3.4. By using the representation
(Inf) (x) = (Raf) (x) + (Waf)(x), x>0, (3.15)
the obvious equality
W (x)w(x)dx = c, W' (t). (3.16)

t

Theorems A and B and Lemmas 3.1 and 3.2, we have the desired results. O
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Corollary 3.5. Let 1 < p < g < oo, and let 0 < a < 1/p. Then the operator 1, is bounded from LZEC(L
R,) to Li(v,R,) if and only if

a 1/q
B := supa* /P <f v(t)dt> < 0. (3.17)
0

a>0

Proof. Necessity follows immediately taking the test function f,(x) = y(,)(x) in the two-
weight inequality

(J: o(x)(Inf (x))"dx>l/q < c<f: (f (x))de>l/p (3.18)

and observing that I, f,(x) > fg (dt/|x - t|1_“) > a* for x € (0, a).

Sufficiency. By Theorem 3.3, it is enough to show that

maX{AerZ/ A3/ A4} S CB/ (319)

where A; :=sup, ,Ai(a,v,1),i=1,2,3,4 (see Theorem 3.3 for the definition of A;(a, v, w)).
The estimates A; < ¢B, i = 1,4, are obvious. We show that A; < ¢B fori = 2,3. We have

0 2k+1u
Ag(a,v,l) = gl/? Z t
k=0 2ka

o) a 2k+1a
< aq/p’z<z’<a)( b <f v(t)dt>
k=0

2kg

e (a-1)q (1/p-a)q
< cBig?'p Z <2ka> <2k+1a>
k=0

@iy (1) dt
(3.20)
= cBi1g9'? <iz—kq/p’> a’? < cBi.

k=0

Further, by the condition 0 < a < 1/p, we have that

© ) 1/p' a 1/q a 1/q
Al(a,v,1) < <f x("‘_l)”dx> (f v(t)dt> :ca,pa“-l/f’q v(t)dt) <cB. (3.21)
a 0 0
O

Definition 3.6. Let p be a locally integrable a.e. positive function on R,. We say that p satisfies

the doubling condition (p € DC(R,)) if there is a positive constant b > 1 such that for all t > 0
the following inequality holds:

2t t 2t
p(x)dx < bmin{f p(x)dx, p(x)dx}. (3.22)
0 0 t
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Remark 3.7. 1t is easy to check that if p € DC(RR,), then p satisfies the reverse doubling con-
dition: there is a positive constant b; > 1 such that

2t t 2t
p(x)dx > by max{’[ p(x)dx, p(x)dx}. (3.23)
0 0 t

Indeed by (3.22) we have

2t 2t 2t

p(x)dx > % p(x)dx+ | p(x)dx. (3.24)
0 0 t
Then
2t 2t
p(x)dx > —— | p(x)dx. (3.25)
0 b-1),
Analogously,
2t b t
plx)dx > — f p(x)dx. (3.26)
0 b-1),

Finally, we have (3.23).

Corollary 3.8. Let 1 <p < g < oo, and let 0 < a < 1. Suppose that W (o0) = oo. Suppose also that
v € DC(R,). Then I, is bounded from Lsgc(w, R.) to L(v, R,) ifand only if condition (3.11) is satis-
fied.

Proof. Observe that by Remark 3.7, for my € Z, the inequality

2my 2k
f v(x)dx < b f v(x)dx (3.27)

0 0
holds for all k > mg, where b; is defined in (3.23).

Let a > 0. Then there is my € Z such that a € [2™,2™*1) By applying (3.27) and the
doubling condition for v, we find that

(L w(t)dt) o (L t“‘?v(t)dt)p,/q
= cqw W-P’(t)w(t)dt> <j0 t”‘%(t)dt)pl/q
< c( :: W""(t)w(t)dt) (f t“qv(t)dt>p !

2k+1

- o+l p'/q
<cd W (H)w(t)dt f o(t)dt 2moap’
k=my 2k 0
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0 ok+1 ok+2 v/q
S c Z < W_p,(t)w(t)dt> b;rlo—k—l <J‘ 'U(t)dt) zm()“P’
0

k=m0 2k
. Dk+1 ok+2 p'/q
<cy b;"ﬂ"“1< W"”’(t)w(t)dt> <f v(t)dt) ka-1)p/ k!
k:mo 2k 2k+1
o ki1 k2 p/q
<c Y bt (J tP’W-P’(t)w(t)dt> < I v(t)t<“-1>th>
K=o 2k okl
N 14
<c( supAz(a,v,w) Z b;"”_k_l <cl| supAzx(a,v,w) | .
a>0 k=my a>0

(3.28)

So, we have seen that (3.11)=(3.10). Let us check now that (3.13)=(3.12).
Indeed, for a > 0, we choose m so that a € [2",2™*!), Then, by using the condition
v € DC(R,) and Remark 3.7,

(f:o W (x)w(x)(x - a)”‘”'dx) (J‘: v(x)dx>pl/q
< ([ wremnran) ([ o)

© Dk+1 Do+l P’/l]
<cd zk“r”( wr (x)w(x)dx) < f v(x)dx>
k 0

p'/q

k:mo 2
o ki k-1 p'/q
<c ok ( f w (x)w(x)dx> bk <f v(x)dx>
k:mo 2k 0
o o 2k aq r'/q
<c Z bk (J‘ w (x)w(x)dx> <f v(x) <2k - x) dx>
k:mo 2k 0

/

P o P
< c<supA4(a, 0, w)> Z b;"o_kﬂ < c<supA4(a, v,w)> .

a>0 k=mg a>0

(3.29)

Hence, (3.13)=(3.12) follows. Implication (3.11)=(3.13) follows in the same way as in the
case of implication (3.11)=(3.10). The details are omitted. O
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4. Potentials with Multiple Kernels

In this section we discuss two-weight criteria for the potentials with product kernels Dy, 4,.
To derive the main results, we introduce the following multiple potential operators:

*R [(* ty,t)dtdt
wal/uzf(xl,x2)=J‘ f f( 11—112) 1dty _
xJdx (b —x1) (- xp) "
X1 (oo t1,t)dt dt
®10), o flx130) = [ [ —LO BT @1)
0 Jx (01 —t) (- x2) "
f(t1, tr)dtidt,

(OR) g, 0, f (1, %2) = f m Io (t -

xl)lfal (x2 _ tz)lfaz 4

where x1,x, €R,, f >0,and 0 <a; <1,i=1,2.

Definition 4.1. One says that a locally integrable a.e. positive function p on R? satisfies the
doubling condition with respect to the second variable (p € DC(y)) if there is a positive cons-
tant ¢ such that for all ¢ > 0 and almost every x > 0 the following inequality holds:

2t t 2t
"oy < cmm{ [ ptonray p(w)dy}. 42)
t

0
Analogously is defined the class of weights DC(x).
Remark 4.2. 1f p € DC(y), then p satisfies the reverse doubling condition with respect to the

second variable; that is, there is a positive constant ¢; such that

2t

t 2t
. p(x,y)dy > c maX{fo p(x,y)dy, | p(xy) dy}- (4.3)
t

Analogously, p € DC(x) = p € RDC(x). This follows in the same way as the single var-
iable case (see Remark 3.7).
Theorem C implies the next statement.

Corollary B. Let the conditions of Theorem C be satisfied.

(i) Ifv € DC(x), then for the boundedness of Ra, «, from L' (w,R2) to L9 (v, R?), it is neces-

dec

sary and sufficient that conditions (2.10) and (2.12) are satisfied.

(i) If v € DC(y), then Ry, a, is bounded from ! (w,R3) to Li(v,R?) if and only If condi-
tions (2.10) and (2.11) are satisfied.

(iii) If v € DC(x) N\DC(y), then Re, a, is bounded from L, (w,R?) to L9 (v, R2) if and only if
the condition (2.10) is satisfied.
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Proof of Corollary B. The proof of this statement follows by using the arguments of the
proof of Corollary 3.8 (see Section 2) but with respect to each variable separately (also see
Remark 4.2). The details are omitted. O

The following result concerns with the two-weight criteria for the two-dimensional
operator R, o, with aj, a, > 1 (see [25], [13, Section 1.6]).

Theorem D. Let 1 <p < g < oo, and let ay,a > 1.

(i) Suppose that w'?" € DC(y). Then the operator Ry, a, is bounded from LP (w,R2) to Li(ov,
R?) if and only if

1/q
1-p'

Py = sup J‘ w (xll,xz) dxydicy J f U(?’XZ)dxldxz < o0,
a,b>0 0 (a—ox) ¥ ( a2)q

a pb 1y © oo g
, v(x1,x

Pz = sup <I f wl"’ (x1, xg)dxldx2> J‘ I ((11 )2) (T—a)q dxldxz < oo.
ab>0 \/0 /0 a Jb (x1—a)"""x,

(4.4)

Moreover, ||Ra,q || = max{Py, P> }.

(ii) Let w' ™ € DC(x). Then the operator Ry, 4, is bounded from LP (w,R2) to L1(v,R,) if
and only if

1/q
= w' WP (x1,x) xz) v(x1,x7)
P :=su f J‘ d dxidx; I f — "= dx dxsy < oo,
u,b£J< (b= xp) T2 X
=~ a b : A v(x1,x2) v
P, = sup w7 (x1, x2)dx1dx; =2 ——dxdx; < o0.
1 (1-a1)
ab>0 \70 /0 a Jb (x,-b) —vcz)cix1 1q

(4.5)

Moreover, ||Ry, o || = max{f’l,ﬁz}.
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Let us introduce the following multiple integral operators:

i 2 f (b, ty)dhdt
(HR) o f (1, x2) = x5 1J' J‘ f(ti,t2) 11 azz/
(x2 - t2)

. *2 f(t1,tr)dtdt
(Req)al azf(xlle) — x22 11[' l[ f( 1 2) 11a12,
(x1—t1)

_1 J‘x‘ ® f(ty, tr)dtidty
X2 (tz—xZ)1 o’
* f(t, b)dhdt,
()
2 f(t,t)dtidty
0 1 () x’

(RA') . fx1,%2) = fol F f(t, t)dhdt

X2 (x1 - tl)l_alt;_az ’

(Je,w)m,azf(xl,DQ) = ro foo f(t, t2)dtidty

X2 t%_al (tg — .’)Cz)l_az ’

© f(ty, tr)dtidt

x (tl _ xl)l_al t;—az .

(elgw)le,azf(xllxz) =

(W0H) gy, f (x1,%2) = X537 1J‘ I

(4.6)
(Jé R)ul uzf(xl,JCz) -[

0H') 4, o, f (1, 32) = J’oo

Now we prove some auxiliary statements.

Proposition 4.3. Let 1 < p < q < oo, and let a1, ar > 1. Suppose that either w(x1, x2) = w1 (x1)
ws(x2) or v(x1, x2) = v1(x1)v2(x2) for some one-dimensional weights w1, ws, vi, and v,.

(i) The operator (RH) is bounded from LP (w,R2) to L1(v, R,) if and only if

a0

1/q
= w! (x1,xz) v(xl,Xz)
I := sup J‘ 1dX2 1dX2 < oo,
u,b>0< 0 (a—x1) (1 a)p (1 a2)q
/ 1/q
a pb 1/p ®© po0
- } v(x1,x
I, := su w7 (x1, x2)dx1dx> (x1, %) dx1dx; < oo.
p (1-a1)q . (1-2)q
a,b>0 00 a Jb (xl - a) * qxz

(4.7)

Moreover, ||(R#) . . || = max{L;, 1}

a0
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(ii) The operator (WOH),, ,, is bounded from LP (w, R2) to L(vR,) if and only if

a roo V4 e b 1/q
~ v(x1,x .
J1:=sup (x1, %) dxidx, w7 (x1, x)dx1dxs < oo,
(1- (1-a2)q
ab>0\J0 Jb (@ —xp)"x] a Jo

= ) Y w7 (x1, x2) vy
J2 = sup (I f v(xl,xz)x2 2 dx dx2> f —{dxldxz < oo.
ab>0 0 (x1 —a)™

(4.8)

Moreover, ”(w"w)ul,az” = max{fl, ]NZ}

(iii) The operator (RH') ,, ,, is bounded from LF (w, R2) to L9(v, R,) if and only if

> Va [ a oo w7 (x1, x7) v
Ji = sup v(x1, x2)dx1dx; L2 dx1dx; < oo,
! (I-a2)p’ (1-ay)p’
ab>0 \/a /0 076 x, (a—oxp)" 7P
1- 4
v(x1,x2) w7 (x1, x7)
J; := sup f f o )quldxz f f (1 g ——— " dx1dx, < oo.
ab>0 0 (x1—a)

(4.9)

Moreover, ||[(RH') , |l = max{ﬂ,fé}.

(iv) The operator (WH'),, ,, is bounded from LP (w,R?) to L9(v, R,) if and only if

1/p'
= sup J‘ f U(xl'(fz?l dxdx, f J‘ w! (1(?)’ xZ)d 1dxs < oo,
a,b>0 0 (a—x1) 2!
~ a b 1/q o oo 1/ 1/p'
I := sup <I J‘ v(x1,xz)dx1dxz> ’[ f (1_:(;, (xl,xzz -dxydx; < o0.
a,b>0 00 a Jb x, 2)P (xl _ a)( —a)p

(4.10)

Moreover, ||(WH') o, o, || = max{T}, I }.

Proof. Let w(x1,x2) = w1 (x1)wa(x2). The proof of the case v(x1, x2) = v1(x1)v2(x2) is followed
by duality arguments. We prove, for example, part (i). Proofs of other parts are similar and,
therefore, are omitted. We follow the proof of Theorem 3.4 of [25] (see also the proof of

Theorem 1.1.6 in [13]).



16 Journal of Function Spaces and Applications

Sufficiency. First suppose that S := [;° w2 (xz)dxz = oo. Let {ax} ;> be a sequence of posi-
tive numbers for which the equality

aj ,
2k = f w, " (x2)dox (4.11)
0

holds for all k € Z. It is clear that {ax} is increasing and R, = Ukez[ak, ak+1). Moreover, it is
easy to verify that

Afe+1 ;
2k = J w, " (x2)doxs. (4.12)

ak

Let f > 0. We have that

” (RJ)M ﬂzf”Lq(v ]RZ)

=I v(xl’xz)((k"le)m azf>q(x1/x2)dx1dx2
aka v(xl,xz) ft,t) q
kezf I (1 a)q <I ’[0 (xl _tl)l a dtldt2> XmdJQ

sz <me v((?;XZ) ><f (21 —t1)™" (J:Mf(tl,tz)dt2>dt1>qu1

f Vk(x1)<f (21— t1) 1~ 1)Fk(t1)dt1> dxi,

kez
(4.13)

where

Ak+1

Ak+1
'U(XL x2) deI Fk(tl) = f(tl,tZ)dtZ' (414)
0

(I-a2)q
X5

Vi(x1) = f

ak

It is obvious that

. /v
~ (4 v(x1, x2) Y P (xq, %) 1
q 4 7
Iy 2 sup f f (g (ag X14%2 f j PP Ll B
a>0 aJa; (x1-a) X, (a—-x1)

jez.

aj 1-p/ q/v'
> 4 U(xl,xz) w P (x1,x2)
I salig <’[ j (1 _~p dxdx, 0 (a-m )(1 e ——— " dx1dx, .

(4.15)



Journal of Function Spaces and Applications 17

Hence, by using the two-weight criteria for the one-dimensional Riemann-Liouville operator
without singularity (see [24]), we find that

” (Rele)ﬂll txzf”Lq(v ]R2

B aj ) 1-p a’p
smz[jo wl(xl)(fo wl” (xz)dxz) (Pj<x1>>”dxl]

jez

[ee] u]- B Ak+1 P q/P
< o [fo w3 [y (xz)dxz> ( f(xl,t2>dtz> dxl] ,
j€z

(4.16)

where I = max{I~1,I~2}.
On the other hand, (4.11) yields

ee]
Ry 1-p / rana L p-1 +oo
=Z( w, " (XZ)dx2> (f w,” (xz>dxz> =(Z2"“"’>>2<"“><P-1>5c
k=n M0 0 k=n

(4.17)

for all n € Z. Hence by Hardy’s inequality in discrete case (see, for example, [25, 26]) and
Holder’s inequality we have that

|| (Rﬂ)ul llzf”Lq(v R2
q/p

- © ajs1 1/ 1-p aji P
<clf f w1 (x1) w, 7 (x2)dxz fx1,t)dty ) dx;
0 j€z a; a; (418)

j+1 q/p
<clf j w1(x1) <f ] wz(tz)fp(xl,tz)dt2>dx1] = CTq”f”Zp(w,Ri)'

If S < oo, then w1thout loss of generality we can assume that S = 1. In this case we
choose the sequence {ax 190 koo for which (4.11) holds for all k € Z_. Arguing as in the case of
S = oo, we finally obtain the desired result.

Necessity follows by choosing the appropriate test functions. The details are omitted.

To prove, for example, (iii), we choose the sequence {xx} so that f;: w;_p’(x)dx =2k
(notice that xi is decreasing) and argue as in the proof of (i). O

Proposition 4.4. Let 1 < p < g < oo, and let a1, an > 1. Suppose that either w(x1, x2) = w1 (x1)
wy(x7) or v(x1, X2) = v1(x1)v2(x2) for some one-dimensional weights: w1, w,, v1, and vs.
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(i) The operator (H#R),, 4, is bounded from LP (w,R?) to L(v,R?) if and only if

1/q
1-p'
ab>0 0 (b XZ)( —)p! ( —a1)q
a pb 1y o poo 1/q
I, := sup <J‘ J‘ wl—p'(xl,xz)dxldX2> f J‘ — )’U(XL XZ) - dx,dx, < 0.
ab>0 \/0 /o aJb x| 1 q(x2 _ b)( —a2)q

(4.19)

Moreover, ||(°’€R)a1,az
(ii) The operator (H W)

| = max{h, Io}.
is bounded from LP (w,R2) to L1(v, R,) if and only if

a0

1/q
© pb a poo 1/p
v(x1,x .
J1 = sup J‘ f ; (x1, %) dxidx; <I f w P (x1,x2)dx1dx2) < oo,
abs0\ Ja Jo xi "“l)q(b — xp)7®2)4 0Jb

>t (-1 © w7V (x1, %) v
J» = sup f f v(x1, %)%, )quldxz f —————dxidx, < 0.
aso\Ja Jo b (x2=b) TV

(4.20)

Moreover, [[(H#0) 4, q, Il = max{J1, J2}.
(iii) The operator (H#'R),, ,, is bounded from LF (w, R2) to L9(v, R,) if and only if

1/q w7 (x1,x2) w
= sup <f f v(xl,xz)dxldxz) I I Ty L 21 -dox1dx; < oo,
a,b>0 0 X, P (b _ x2)( —a)p
1/p'
. v(x1,%2) w7 (x1, x2)
f2 3‘550 J, (52— by >qu1de> <J f ey adn <o

(4.21)

Moreover, ||[(H'R) g, .|l = max{ ]}, J5}.
(iv) The operator (H'W),,, 4, is bounded from LF (w, R2) to L9(v, Ry ) if and only if

1/p'
I-p
Ii = sup f f v(xlle) 1d3C2 f j w 1(3C1,X2) dxldJQ < oo,
ab>0 0 (b—x,) 1) < anp’
a pb 1/q ® Ao 1-p' 4
Ié = sup <’[ J‘ U(Jq,xz)dxlde) I I (1_1:)];9, (XLXZ(l)ﬂ W dX1dx2 < oo.
a,b>0 0/0 a b xl (x2 — b) 2)P

(4.22)

Moreover, |[(H'W) 4, 4, || = max{I}, I}}.

a0
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Proof of this proposition is similar to Proposition 4.3 by changing the order of varia-
bles.

Theorem 4.5. Let 1 < p < g < oo, and let 0 < a1, ay < 1. Suppose that the weight function w on R?
is of product type, that is, w(x1, x2) = w1 (x1)wa (x2). Suppose also that W1 (oo0) = W;(o0) = oo.

() Ifv € DC(y), then Wy, , is bounded from L (w,R2) to L9(v,R?) if and only i
y 1,02 dec ¥ ¥ Yy

a b 1/q
Aj = sup <f f v(x1,x3)(a - xl)“lquldxz>
0Jo

a,b>0

a -1/p o , , 1/p'
X (J w, (xl)dx1> <I W, (x2)wa (x2)x57" dx2> < oo,
0 b

a pb 1/q
Ap :=sup j f v(x1, x2)dx1dx;
ab>0\J0 Jo

© oo : ) , 1/p'
X (_[ I WP (x1,x0)w(x1,x0) (361 — a)™P x;ZP dxldx2> < oo.
a Jb

(4.23)

(4.24)

(ii) If v € DC(x), then Wy, a, is bounded from L, (w,R?) to L9 (v, R2) if and only if

dec

a pb 1/q
B; :=sup <f f v(x1,x)(b - xz)“zquldx2>
070

a,b>0

° : Up /b i
(f w;”(x1>w1(x1>xi‘”’dx1) <f wz(xz)dx2> <o,
a 0

a b 1/q
B, :=sup f f v(x1,x2)dx1dx;
ab>0\J0 Jo

[eellee] , | 1/P’
x (I f WP (x1,x)w(x1, x2) (30 — b) ™ x?lp dxldxz> < oo.
a b

(4.25)

(iii) If v € DC(x) N DC(y), then Wa, a, is bounded from L, (w,R?) to LI(v, R?) if and only
if

® oo , , , 1/p
Cy=sup <I J W (x1,x2)w(x1, xz)x?’” xillp dxlde)
a b

a,b>0

a pb 1/q
X <I j v(xl,xz)dxldx2> < oo.
0o

(4.26)
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Proof. By using Proposition A we see that the operator 70, 4, is bounded from Lzec(w, R2) to
Li(v,R?) if and only if the inequality
h, b)dtdt g
J‘ J I JI g(1 2)dh 217 drdr,
R2 0 (11 —t)" (- )™
(4.27)

1/p 1/q
X Wp,(xlrx2)w(x1/x2)dxldx2> < C< gq/vlq,>
R}
holds for all g > 0. Further, it is easy to see that
e N t1, t2)dhdt
ff J'J' 8(112) 1 21 drydr)
o Jo [Jo Jo (m-t) N (ma-t) "

dT1dT2
t, t dtdt (4.28)
J‘ J‘ g( ! 2) I:J‘tl ftz T1—t1)1 o 2—t2)1 * ] 17

X1 X2
= Cay,ay j J‘ g(tl,tz)(xl - i’l)ul (.X'z - tz)azdtldtz.
0 0

Hence Wy, 4, is bounded from Lzec(w, R?) to L(v,R?) if and only if Ry, 41,441 is bounded
from L7 (v'1,R2) to LF (W w, R?).

By using Theorem D, (i) and (ii) follow immediately.

To prove (iii) we show that if v € DC(x) NDC(y), then (4.26) implies (4.23) and (4.24).
Let a,b > 0. Then a € [2™,2™*1) for some my € Z. By using the doubling condition with
respect to the first variable uniformly to the second one and Remark 4.2, we see that

<4[: 4[: vl x2)(a - xl)ulquldx2>p,/q (J: w1 (X1)dx1>_p,/lﬂ
- i v(x1,x2) (@ = x1) " Tdxrdoxs e Wl_”' (x1)w1 (x1)dxy
0Jo a

. 2k+1 ’ X b P’/q
< Wl”’ (xl)wl(xl)dxl>2<m0+1)a1p’ <J‘ I "U(X1,x2)dx1dx2>
E o Jo

=m

2k+] ) ) ) 2k b p’/q
< CZ <f i”p Wl_p (x1)w1(x1)dx1>c§m°_k)(’” /9 <J‘ j v(xl,xz)dxldx2>
0o Jo

o) -1
< cCP (f w,"” (xz)wz(xz)xgzpdm) )
b
(4.29)

Hence, A; < Cy. In a similar manner we can show that A, < Cj.
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For necessity, let us see, for example, that (4.23) implies (4.26). For a € [2™0,2™0*1) by
using the doubling condition for v with respect to the first variable and Remark 4.2, we have

a b r/q S ) /
<f f v(xl,xQ)dxldx2> <f W, (x1)w () xy dxl)
070 a

© 2k+1 , 2m0+1 b p,/q
Z < k w” (xl)w(xl)dx1>2k“1pl <I f U(xl,xz)dxldx2>
0 0

0 Dk+1 } ) (0 k-1 b ag P’/q
Z ( ” w,” (xl)w(xl)dx1>cimo_ 2(F/9) <I f <2k —x1> v(xl,X2)dx1dx2>
o Jo

w© , } -1
< cAl <f W, (x2)ws (x2) x5 ™" dx2> )
b
(4.30)

Hence, taking the supremum with respect to a and b, we find that C; < cA;. O

The following statements give analogous statement for the mixed-type operator
(R¥0),, , and (WR)

a,an”

Theorem 4.6. Let 1 < p < g < oo, and let 0 < a1, ap < 1. Suppose that the weight function w on R?
is of product type, that is, w(x1, x2) = w1 (x1)wa (x2). Suppose also that W1(o0) = Wa(o0) = oo
(i) The operator (R70)

is bounded from LF (w,R?) to L(v, R2) if and only if

ay,an dec

~1/p

1/q a pb
sup J‘ J U(xllicZ)dxldXZ J‘ j wl(xl)wZ(xz)dX1dx2 < oo, (431)
a,b>0 0 (b xz) 29 0Jo
a pb 1/q a “/p
sup <J‘ J‘ x?qu(X1/3C2)dxldXQ> <J‘ wl(xl)dX1>
a,b>0 0/0 0

(4.32)

® , , 1/p

([ W s b) ) <oo,
b
1/q B 1y
f f - CACOVE VN <I xf'wl‘”'(xl)wl(xl)dm)
ab>0 0 x( al)q(b_x )—azq 0
? (4.33)

b -1/p
x (I wz(xz)dxz> < o0,
0
o b Va [ wa v Wb (3, x00)w(x, x0) v
sup f f xiarl)qv(xl,xz)dxldn f f (x1,%2) _( 1: 2)% dxdx; < oo.
a,b>0 a J0 0Jb (.X'z—b) ap

(4.34)
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(ii) The operator (WR), 4, is bounded from L} (w,R?) to L9(v, R2) if and only if

dec

~1/p

1/q a b
sup f I xz U(thz)dxlde J f w1(x1)w2(x2)dx1dx2 < oo, (4.35)
a,b>0 (a—2x1)™™4 o Jo

a b 1/!1 b —1/P
sup <j f xgzqv(x1,X2)dx1dxz> <f wz(xz)dx2>
ab>0\Jo Jo 0

(4.36)
© ’ ’ 1/Pl
([ W e - o) <,
a poo 1 a -1/p
sup f f = Z)}(xl'XZ) dxdx; (f w1(x1)dx1>
o\ Jo Jo <{(g ) : @37)

1/p'

b a )
X <f xg Wz_p (xz)wz(xz)dx2> < o0,
0

’ 1/]9,
“ a /4 b WP (x1, x0)w(x1, ) x)
sup(f f X\ qu(xl,xg)dxldxz) f J (1, 22) (’xl 2)% dxidx, < oo.
abs0\Jo Jb (xx1 —a)™

(4.38)

Proof. We prove part (i). The proof of part (ii) is similar by changing the order of variables.
First we show that the two-sided pointwise relation (RW),, ,,f = (H#W),, 0 f/ f L,
holds. Indeed, by using the fact that f is nonincreasing in the first variable, we find that

(Rw)ul,azf(xlr x2)

= () + ()
RS

/2 /2 (4.39)
x bt x h,t
< gy x™” 1f f fltta) Lty + ) x J‘ J‘ St 21)“ dtdt;
(2 —x2)'™" x (ta—x2) ™%
< Capay (‘Jew)m,azf(xlfxfl)-
The inequality
(J’}O)al,azf(xll .X'Z) < (Rw)al,azf(xllxz) (44-0)

is obvious because x1 — f; < x1 for 0 < t; < x7.
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Further, it is easy to check that

f ,[ < f IO i 1(;21;2)) dtldt2>d7‘1d7-2
-1, <I J, e alfgtt;) dtldt2>d7‘1d7-2
L et Yo,

X1 (X2 H o
= J f g(tll tZ)tTl—] <f (T2 — tz)dz—ldTldT2>dt1dt2 (441)
0 JO

0 tp

® X2 X1 X2
+ J‘ J g(tl, tz)t?171 (J (Tz - tz)uzldTldT2>dt1dt2
x1 /0 0 ty

= Cf J‘ g(t, )t (xp — 1) dtidty
0 0

[oe] X2
+ X1 f ’[ g(tl,tz)t?_l (X2 - tz)uzdtldtz.
X1 0

Hence, since the boundedness of (#%W),,, ,, from LZeC(w, R2) to L9(v, R2) is equivalent
to the inequality (see also [4])

’ 1/}7,
™ g(t, b)dhdt S
<J‘ <f f I:J‘ J t{gill( ) tlliZ:IdTldn) W”(xl,xz)w(xl,xz)dxldm)
T — b)
1/q
SC< gqvl"> ,
R}

we can conclude that Proposition 4.4 yields the desired result. O

(4.42)

Proposition 4.7. Let the conditions of Theorem 4.6 be satisfied. Then

(i) if v € DC(x), then (RW) is bounded from L

(4.33) and (4.34) hold;
(i) if v € DC(y), then (R10),, 4,
(4.32) and (4.34) are satisfied;
(iii) if v € DC(x) N DC(y), then (RW),, ,, is bounded from L’
only if (4.34) holds.

i e (w,R2) to LI(v,R?) if and only if

is bounded from LF, (w,R2) to L9(v,R2) if and only if

dec

(w,R2) to Li(v,R2) if and

dec

Proof. (i) Taking into account the arguments used in Theorem 4.5, we can prove that (4.34)
implies (4.32) and (4.33) implies (4.31).
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(ii) It can be checked that (4.32) implies (4.31) and (4.34) implies (4.33). To show that,
for example, (4.32) implies (4.31), we take a,b > 0. Then b € [2™0,2™0*1) for some integer my.
By using the doubling condition for v with respect to the second variable, we have

a pb v/a /s @ -p'/q
<J J xflqv(xl,xz)(b—xz)uzquldm) (J wz(xz)dx2>
0Jo 0

a p2motl v'/q - I
- C<fo Jo leqv(xl’xz)dxldM) < w,” (xz)wz(xz)dx2>2(m0+1):sz’

2mo
ki a ok P'/q
<cd W, 7 (x2)w (x2)dxs f f X (x1, x0)dxi doxc
k>my \Y 2 0J0
x Cimﬂ_k)P’/qz(mg+1)azp’
Dk+1 tl p, a A2k-1 p,/q
—n' 2,
<c Z WZP (x2)ws (x7) (xz - 2’“1) dxs; J‘ J‘ xtlllqv(xl, x2)dx1dx>
Komo \J 25 0Jo
% Cimrkn)’/q

< c< f:zm(xl)dxl)l/p.

(4.43)

By a similar manner it follows that (4.34) implies (4.33). The proof of (iii) is similar, and we
omit it. O

The proof of the next statement is similar to that of Proposition 4.7.

Proposition 4.8. Let the conditions of Theorem 4.6 be satisfied. Then

(i) if v € DC(x), then (WR)
(4.36) and (4.38) hold;

is bounded from L!_(w,R2) to L9(v,R2) if and only if

aq,0p dec

(i) if v € DC(y), then (JR),, ,,
(4.37) and (4.38) are satisfied;

is bounded from LV (w,R?) to L1(v,R2) if and only if

dec

(iii) if v € DC(x) N DC(y), then (WR)
only if (4.38) holds.

is bounded from L, (w,R2) to L9(v,R2) if and

a0

Now we are ready to discuss the operators J, ., on the cone of nonincreasing
functions.

Theorem 4.9. Let 1 < p < g < oo, and let 0 < ay,ap < 1. Suppose that the weight v belongs to the
class DC(y). Let w(x1, x2) = w1 (x1)wz(x2) for some one-dimensional weight functions w; and w,
and W1(oo) = W (o) = co. Then the operator Dy, 4, is bounded from LY (w,R2) to L9(v, R?) if and

dec

only if conditions (2.10), (2.11), (4.23), (4.24), (4.32), (4.34), (4.37), and (4.38) are satisfied.
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Theorem 4.10. Let 1 <p < g < oo, and let 0 < ay, ay < 1. Suppose that the weight v belongs to the
class DC(x). Let w(x1, x2) = w1 (x1)wa(x2) for some one-dimensional weight functions w; and w,
and Wi (o0) = Wy (o0) = oo. Then the operator g, 4, is bounded from L, (w,R2) to L9(v, R2) if and
only if conditions (2.10), (2.12), (4.25), (4.33), (4.34), (4.36), and (4.38) are satisfied.

Theorem 4.11. Let 1 < p < g < oo, and let 0 < a1, ay < 1. Suppose that the weight v € DC(x) N
DC(y). Let w(x1, x2) = w1 (x1)wa(x2) for some one-dimensional weight functions wy and w, and
Wi(0) = Wa(o0) = co. Then the operator Dg, 4, is bounded from L (w,R?) to LI(v,R2) if and
only if conditions (2.10), (4.26), (4.34), and (4.38) are satisfied.

Proofs of these statements follow immediately from the pointwise estimate

Davoof =Ravenf + Way o f + RWay0o f + WR gy 0, f - (4.44)

Corollary B, Theorem 4.5, and Propositions 4.7 and 4.8.
The next statement shows that the two-weight inequality for O,, 4, can be characterized
by one condition when w = 1.

Corollary 4.12. Let 1 < p < g < oo, and let 0 < a1, ap < 1/p. Suppose that v € DC(x) U DC(y).
Then the operator Dy, 4, is bounded from L', (1,R2) to L(v, R2) if and only if

dec

a pb 1/q
D = supa®@-1/P)p@-/p) J’ J’ o(tT)dtdr ) < oo (4.45)
a,b>0 0J0

Proof. Necessity can be derived by substituting the test function f,,(x) = y(0,a)x(0,p) () in the
two-weight inequality for O, 4,.

Sufficiency follows by using Theorems 4.9 and 4.10 and the arguments of the proof of
Corollary 3.5 with respect to each variable. Details are omitted. O
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