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Abstract. Necessary and sufficient conditions on a pair of weights guaran-
teeing two-weight estimates for the multiple Riemann-Liouville transforms are
established provided that the weight on the right—hand side satisfies some
additional conditions.

1. Introduction

In 1985 E. Sawyer [15] solved the two-weight problem for the two-
dimensional Hardy transform

Ty
Hof(z,y) = /0 /0 f(t,7)dtdr, @,y > 0.

Namely he proved the following statement:

Theorem A. Let 1 < p < g < oo. Then for the boundedness of the
operator Hy from LE(R%) to LY(R%) it is necessary and sufficient that
the following three independent conditions are satisfied:
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(i)

(1.1) A =: sup (Hév(a,b))l/q(HQU(a,b))l/p/ < o0,

a,b>0

/

where o =: w' P | p = p%l;
(i)
a b
/ / (Hao)10 < AY[Hyo(a, b)]P/?
0 0
for all a,b>0;
(i)
[ oo < 4 imueny
a b

for all a,b >0, where
Bfey)= [ [ fenadn ay>o
z Jy

In her doctoral thesis A. Wedestig [20] derived a two-weight criterion for
the operator Hs when the weight on the right-hand side is a product of
two functions of separate variables. In particular, she proved

Theorem B. Let 1 < p < g < 0o and let 51,82 € (1,p). Suppose that the
weight function w on R3 has the form w(z,y) = wi(z)wa(y). Then for the
boundedness of the operator Hy from LE(R%) to Li(RZ) it is necessary
and sufficient that

A(Sl,Sg) =: sup W1(tl)(slil)/pWQ(tz)(@il)/p
t1,61>0
) o] 4 1/q
X (/ / v(xlvIQ)Wl(xl)p(p_sz)dxlde) < o0,
t1 to
where W1 (t1) = (;51 wifpl (x1)dz1 and Wa(te) = Otz w%fp, (x2)dzs.

Earlier some sufficient conditions for the validity of the two-weight
inequality for Hs were established in [16] and [19].

Necessary and sufficient conditions on the weight function v on Ri
governing the trace inequality

[e'e) [e'e) 1/‘1
( I |Ra,ﬁf<x,y>|qv<x,y>dxdy)

[e’e] [ee] 1/17
< c</ / |f(x,y)|pd:cdy> , 1<p<qg<oo,
o Jo
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for the Riemann-Liouville operator with multiple kernels

g ]
Ra,ﬁf(w?y) - /0 A (I’ _ t)lfa(y _ T)l*ﬁ dtd ’

where «, 8 > 1/p, have been obtained in [8]. Analogous problem has been
solved in [9] for 0 < a < 1/p and > 1/p.

In this paper we establish boundedness criteria for the operator R, g3,
o, > 1, from LE(R3) to LY(R?%) when the weight w satisfies the one-
dimensional doubling condition uniformly with respect to another variable.
As a corollary we conclude that under this restriction the two-weight
inequality for the operator Hy holds if and only if the condition (1.1) is
satisfied. When the weight function w has the form w(z,y) = w1 (z)ws(y)
we show that also in this case a two-weight criterion for Hy is (1.1) .

2. Preliminaries

Let p be an almost everywhere positive function on a subset E of R™.
We denote by Lb(E), 1 < p < co, the set of all measurable functions
f:E — R! for which the norm

1z = ( /| If(:v)lpp(w)d:v) v

Let us recall some well-known results for one-dimensional Hardy-type
transforms.
A solution of the two-weight problem for the one-dimensional Hardy

transform
/ £

has been given by B. Muchenhoupt [13] for p = ¢; by V. Kokilashvili [6],
J. Bradley [2] and V. Maz’ya [11, Chapter 1] for p < ¢q. Namely the following
statement holds.

is finite.

Theorem C. Let 1 < p < g < oo. Then the inequality

en ([T rwa qu)l/q ([ |f<x>|pda:)l/p

with the positive constant ¢ independent of f holds if and only if

e’} 1/‘1 t , 1/17/
A =sup (/ v(w)dw) (/ w'™P (w)dw) < 0.
t>0 \J¢ 0
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Moreover, if ¢ is the best constant in (2.1), then there exists a positive
constant b depending only on p and q such that the inequality A < c < bA
holds.

Later on F. J. Martin—Reyes and E. Sawyer [10] and V. Stepanov [17]
proved the next statement, which gives two-weight criteria for the Riemann-

Raf@»tﬁz(—fgﬁt—d%

z—y)

Liouville transform

where o > 1.

Theorem D. Let 1 < p < q < o0, a > 1. Then the operator R,
acts boundedly from LY (Ry) to LI(R4) if and only if the following two
conditions

oo 1/q t 1/p
v(x) / 1-p’ )
Ay =: su — = —dx w P (z)dr < o0
1 »€<Z (z — )0~ ) <0 )

00 1/q t 17p,( ) 1/p’
w T
Ay =: su v(x)dx ————dx < 00
? bgpg @) ) (A (t = z)0=ew )

hold. Moreover, there exist positive constants c¢1 and co depending only on
a, p and q such that ¢y max{A;, As} <||Ra| < comax{A;, As}.

Criteria for the boundedness of R, from LP(R;) to L%(R;) when
1< p<g<ooand a>1/phave been obtained in [12] (see also [14]), while
the similar result has been derived in [7], [3, Chapter 2], for 1 <p < g < o0
and 0 < @ < 1/p. When 1 < p < ¢ < oo a solution of the two-weight
problem for potential operators has been given in [5].

The next statement concerning the discrete Hardy operator defined on
Z perhaps is already known, but we give the proof of the theorem for the
completeness (see also [1], [4] for two-weight criteria for the Hardy transform
on Z;):

Theorem E. Let 1 < p < q < oo and let {an}, {bn} be positive

sequences. The inequality
q 1/q 00 1/p
a) <o 3 i)

(22) (fﬁ 3w

n=-—o0 | k=—o0
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with the positive constant ¢ independent of {gx} (gx € I}, (Z)), holds if and

only if
1/q n 1/p
B =: sup(Zak> ( Z bkp> < 0.

nez b — oo

Moreover, if ¢ is the best constant in (2.2), then

(p—1)/p
1 q
B <c< Bg~ (—) )

1

P
Proof (Sufficiency). Let ay, = ( > bkp> . Due to Holder’s inequality

k=—o0
q>p/q

oo n a/p n o\ P/a
S( > a%( > |fkakbk|p> ( > (akbk)pl> )

n=—oo k=—0c0 k=—o0

By Minkowsky’s inequality ( % > 1) we obtain

<"§:00A">p/q=<n_§:m (kiwlfkakbkwaﬁ( _z’i: (o) )w >%>§

= Z |fkakbk|p<zaq< z": akbk)_p/>P>

we have

(£

n=—oo

> fe

k=—o0

k=—o0 k=—o0
:ZZ Dk.
k

For the intrinsic sum we have

St 3t

k=—o0

a
7

3
Q=

- 2
7\ P

—p
i)

Téa%( zn: ( Xk: b,ﬁ')

k=—o0 \1=—00
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Moreover, the next easily verifiable inequality

n k 7% n 1/‘1,
(g0 (£

k=—0o0 1=—00 k=—0o0
gives
a q
7

P . n S\ 7P
=(q'>w2az< > b?’) :
n=~k

1=—00

Z%( > (aibi)—l”>
n=k

i=—00

Further, the latter sum does not exceed

A= B (q)" i a%(i@?)
n=~k i=n

-

q

The inequality

1

[e%s) [e%e] Y [e%) 1/‘1
a(E) (5
n=k i=n i=k

can also be easily verified. Therefore we obtain

>~
IN
)
&
Q\
—
Q\
e
/N
8
S
=0
~—
—
~
[i=}

IN
=)
o)
=
.Q\
<]
ke
/N
]~
<
ﬁ\
N———
|
b

Finally we have

o0 oo
P
7

ST D < BT D fronbilPar” = ¢iBP(q)7 D |fulP L.

keZ k=—o0 k=—o0
In order to prove necessity we take the sequence

87, k<n,
gk =

0, k> n.
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Then we have
00 i q 1/q oo 1/a n ,
() = (2) ()
i€Z \ k=—o0 i=n k=—o0

On the other hand,

oo 1/p n / 1/p
( > |gk|*°ﬁ£> =< > @2”)

k=—o00 k=—o00

and finally
B < 0. O

Analogously it follows

Theorem F. Let 1 < p < g < oo and let m be an integer. Suppose
that {an}m_ o, {bn}__. are positive sequences. Then the two-weight

inequality
m q 1/q m 1/p
(2.3) ( > a%) Sc( > Ignlpbﬁ>

n=—oo

ng

k=—0o0

holds if and only if

m 1/q n 1/p'
B,, =: sup (Z aZ) ( Z b, " ) < 0.
k=n

—oco<n<m b — oo

Moreover, if ¢ is the best constant in (2.3), then

(r—1)/p
1 q
B, <c¢ < Bnphqa (—) .
q—1

3. The Main Results

In order to formulate the main results of this paper we need the following
definition:

Definition. A nonnegative function p : Ri — R' is said to be a weight
function with doubling condition uniformly with respect to x € Ry if there
erists a positive constant ¢ such that for arbitrary t > 0 and almost all
x > 0 the inequality
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2t t
/ plz,y)dy < c/ p(z,y)dy
0 0

holds. In this case we write p € DC(y). Analogously we define the class
DC(x).

Note that if the weight p is integrable on [0,a]?, a > 0, then p € DC(y)
is equivalent to the condition: there exists a constant ¢ > 0 such that for
all intervals of finite length I C Ry and all ¢ > 0 the inequality

2t t
// p(w,y)dwdySC// p(z,y)dzdy
I1J0 I1J0

Theorem 3.1. Let 1 < p < g < oo and let a,3 > 1. Suppose that
w'™? € DC(y). Then the operator Raps is bounded from Lt (R2) to
Li(R2) if and only if

holds.

()

1/p’
a= ([ )
[e'e] [e'e] 1/‘1
v(z,y) .
x(/a /b y(l_ﬁ)qd:cdy) < o0

1/p’
Ay =: sup (// - a:yd:cdy)
a,b>0
1/q
,y)
</ / @—a) 1 a)qy(l B)qdzdy) < 0.

Moreover, ||Rq gl = max{A4;, As}.

Theorem 3.2. Let 1 < p < q < oo and let o, > 1. Suppose that
w'™? € DC(x). Then the operator Rup is bounded from Lt (RY) to
Li(Ry) if and only if
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1/p'
b= (f [ G giegten)
00 00 1/q
v(z,y) .
x(/a /b x(la)qdwdy) < 00;

1/p’
By =: sup (// - xydzdy)
a,b>0
) 1/q
</ / y—0) <1 ST a)qdzdy) =0

Moreover, ||Rq gl = max{Bi, Ba}.

Corollary 3.1. Let 1 < p < q < oo. Suppose that w'~? € DC(x)
or w'™?" € DC(y). Then the operator Hy is bounded from Lt (R2) to
Li(R2) if and only if (1.1) holds.

More general form of this corollary is the next statement:

Theorem 3.3. Let 1 < p < q < oco. Assume that the weight function
w7 satisfies the condition

ap (S ) ) (]

ez ~j=k

2k +1 p—1
w' P (z, y)dw) < 0.

Then the boundedness of Hy from LE(R%) to LI(R%) is equivalent to
(1.1).

The following theorem states that if the weight function w has the form
w(z,y) = wi(z)ws(y), then the boundedness of the operator Hs from
LE (R%) to LI(R2) is equivalent to the first condition in the E. Sawyer’s
theorem.

Theorem 3.4. Let 1 < p < ¢ < oo and w(z,y) = wi(x)wa(y). Then
the operator Hy is bounded from LP(R%) to LI(R3) if and only if

o s ([[er) " ([ om)”
([ o ydwdy)”qm.
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4. Proof of the Main Results

In this section we present the proofs of the results formulated in the
previous section.

Proof of Theorem 3.1. Sufficiency. First of all note that (see e.g., [18])
the condition w!—? € DC(y) implies the reverse doubling condition for
wl=? uniformly with respect to x, i.e., there exists the constants n;,n5 > 1
such that for all £ > 0 and a.e. = € R, the inequality

mt ’ t ’
(4.1) / w' P (2, y)dy > 772/ W' (z, y)dy
0 0
holds.
In the sequel we shall use the notation:

+1
77]

v(zy)
’Ul(way) y(l B)q 5 Ul,] /n LL’ Y dy7

—,

J+1

M
F;(t) = /0 ft,7)dr; A =:max{A;, As}.

Let f > 0. Then taking into account the fact & > 1 and using Theorem D
we find that

r= N / " () (R 1) y)ddy

o o Lo (e
< 3 [T [ (xt)ale@)dt) s

<y ([ v rwn]”

< e[S ([ e nm) o]

On the other hand, we have

J

(4.2) sup J(x,j) =: sup Z </0"1 wi—? (%y)dy) 1-p

x>0
kez kez j=k
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p—1
< Z / (x y)dy) < 0.
j=—00
Indeed, (4.1) and the condition w!'~?" € DC(y) lead to the inequality:

Jw.g) = ij: (/O"{ 1"1_17,(:10,y)dy)l_p(/()?7f+1 wl—P’(:c,y)dy)p_l

k

[e'e) k _
G-k (1-p) no P
> s w P (z,y)dy
j=k 0

k41 1

M , p
X (/ w'™P (w,y)dy) <ec.
0

Consequently, by virtue of Theorem E and Hélder’s inequality we find
that

[/OOO Z (/0"{ W'z, y)dy> 1pr(x)d4 "

IN

Jj€Z
<[5 e y)dy)‘(i /“l sea ) ]
(LB e T ey
< T2 e <x,y>dy)1‘p

JjE€EZ

m
{+ 1 + p—1 q/p
X (/nz w(z, t) fP(z, t)dt) (/nz w P (w,t)dt) d:v]

I

IN

Necessity. Let f >0 and let a,b > 0. It is easy to see that

/OO /°° v(x’y)</$ /y/2 — 1{(;&;)_ S dtdr>qd:cdy
(/ / zydmdy)(/ /b/Qa_tladtd)q.

Using the latter inequality and the boundedness of R, on the class
of functions fup(x,y) = X(O,a)(I)X(O,b/z)(y)wlip,(x7y)(a — p)le=Da-1)

~
Y2

Y
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a,b> 0, we find that

b/2 wl— p
L) [t
b/2 wl— p ) a/p
=l=e (// (a —z)(- Ot)qudy> < 0.

Hence this inequality and the condition w € C'D(y) give us the condition
A < 0.

Taking into account the arguments used above and the fact that the
operator R, g is bounded from LE(R%) to LY(R?%) if and only if its dual
operator

W o f(2,y) = /OO /w@ )oY (r — )Pt 7)dbdr

is bounded from LZLq, (R?) to L’u’:lfp, (R2), we obtain that Ay < co.

Proof of Theorem 3.2. The proof is similar to that of Theorem 3.1. O

Proof of Theorem 3.3. Necessity is obvious. In order to prove sufficiency,
it is enough to take the sequence 2* instead of nf in the proof of
Theorem 3.1. ]

Proof of Theorem 3.4. First suppose that S := fooo w;_p, (y)dy = oo. Let
{a}2° Z2? o be a sequence of positive numbers for which the equality

(43) 2= [ "k )y

holds for all £k € Z. It is clear that {z;} is increasing and Ry =
Ukez|[®k, Tr+1). Besides, it is easy to verify that

Let f > 0. We have

1= [ ettt )Py
= Z/ /Ik+1 v(z,y (/ / ftTdth> dzdy

keZ

Z/ (/IM o(z y)dy) (/O (/OW f(t,T)dT)dt)qd:v

keZ

IN
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];/ Vi(x (/ ()dt)qdac,

where

W) = | M gy Fu(t) = / " f 7y,

k

Further, it is obvious that

Tj4+1 T , /'
D? > sup (/ / v(x,y dwdy) (/ / wtP (:B,y)dxdy) .
a.>0 0

Therefore by Theorem C we obtain

o[ [T [ wr ) 1p<Fk<x>>de] "

I <
Jj€EZ
< ch[/Owwmx)jeZZ ([ (y)dy)l_p
(k;)o/f“ z,7T) dT) dw} /p.

On the other hand, (4.3) yields

S (£ L)

- k=—o00

<Z2k (1— p)) n+1)(p 1) <ec

for all n € Z. Hence by Theorem E and Hélder’s inequality we have

[ ([ o)

j€Z

Tkl /
X (/ f(LL',T)dT) pd:v] v

~
IN

IN

jez

235

oo Tt a/p
ch[/O wl(:lc)Z(/ wg(T)fp(x,T)dT)dx} = D30 z2 .
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If S < oo, then without loss of generality we can assume that S = 1.
In this case we choose the sequence {z;}?_ _  for which (4.3) holds for
all £ < 0. Arguing as in the case S = co and using Theorem F instead of
Theorem E, we finally obtain the desired result. O
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