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Let (X, d, µ) be a space of homogeneous type (SHT). This is a topological
space X with a complete measure µ such that the space of compactly sup-
ported continuous functions is dense in L1

µ(X) and there is a non–negative
function (quasimetric) d : X ×X → R+ which satisfies the following condi-
tions:

(i) d(x, x) = 0 for all x ∈ X.
(ii) d(x, y) > 0 for all x 6= y, x, y ∈ X.
(iii) There exists a positive constant a0 such that d(x, y) ≤ a0d(y, x) for

every x, y ∈ X.
(iv) There exists a constant a1 such that d(x, y) ≤ a1(d(x, z) + d(z, y))

for every x, y, z ∈ X.
(v) For every neighbourhood V of the point x ∈ X there exists r > 0

such that the ball B(x, r) = {y ∈ X : d(x, y) < r} is contained in V .
(vi) Balls B(x, r) are measurable for every x ∈ X and for arbitrary r > 0.
(vii) There exists a constant b > 0 such that

µB(x, 2r) ≤ bµ(B(x, r)) < ∞
for every x ∈ X and r, 0 < r < ∞.

Throughout the paper we assume that

L := diam (X) < ∞.

This condition obviously implies that µ(X) < ∞.
The grand Lebesgue space Lp)(X) (1 < p < ∞) is a rearrangement

invariant Banach space defined by the norm
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‖f‖Lp)(X) = sup
0<ε<p−1

(
ε

µ(X)

∫

X

|f(x)|p−εdµ(x)
)1/(p−ε)

.

For some properties and applications of Lp) spaces we refer to the papers
[8], [9], [4]. It is worth mentioning that the following continuous embeddings
hold:

Lp(X) ⊂ Lp)(X) ⊂ Lp−ε(X), 0 < ε ≤ p− 1.

The space Lp) on a finite interval was introduced in [10].
Let

(Mf)(x) = sup
x∈X

0<r<L

(µB(x, r))−1

∫

B(x,r)

|f(y)|dµ(y), x ∈ X,

be the Hardy–Littlewood maximal operator defined on X. Further, let
k : X ×X \ {(x, x) : x ∈ X} → R be a measurable function satisfying the
conditions:

|k(x, y)| ≤ c

µB(x, d(x, y))
, x, y ∈ X, x 6= y;

|k(x1, y)− k(x2, y)|+ |k(y, x1)− k(y, x2)| ≤ cω
(d(x2, x1)

d(x2, y)

) 1
µB(x2, d(x2, y))

for all x1, x2 and y with d(x2, y) > d(x, x2), where ω is a positive, non-
decreasing function on (0,∞) satisfying ∆2 condition (ω(2t) ≤ cω(t), t > 0)
and the Dini condition

∫ 1

0
ω(t)/tdt < ∞.

We also assume that

(Kf)(x) = p.v.
∫

X

k(x, y)f(y)dµ(y)

exists almost everywhere on X and that K is bounded in Lp0(X) for some
1 < p0 < ∞.

This note is devoted to the boundedness of the operators M and K
in Morrey spaces associated with grand Lebesgue spaces Lp),λ(X), where
1 < p < ∞ and 0 ≤ λ < 1. This is a space of measurable functions f defined
on X with the norm

‖f‖Lp),λ(X) := sup
0<ε<p−1

(
sup
x∈X

0<r<L

ε

µ(B(x, r))λ

∫

B(x,r)

|f(y)|p−εdµ(y)
) 1

p−ε

.
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Let us recall that the classical Morrey space defined on X is the class of
functions f on X for which

‖f‖Lp,λ(X) := sup
x∈X

0<r<L

(
1

µ(B(x, r))λ

∫

B(x,r)

|f(y)|pdµ(y)
) 1

p

< ∞,

where 1 < p < ∞ and 0 ≤ λ < 1.
For some basic properties of the classical Morrey spaces we refer to the

articles [13], [15], [7], [1]. For the boundedness of maximal and singular
integrals in the classical Morrey spaces we refer to [2], [6], [11], [16].

It is easy to verify that the following embeddings are valid:

Lp,λ(X) ↪→ Lp),λ(X) ↪→ Lp−ε,λ(X), 0 < ε ≤ p− 1,

Criteria governing the one–weight inequality for the Hardy-Littlewood
maximal operator and the Hilbert transform defined on a finite interval in
grand Lebesgue spaces was established in [5] and [12] respectively.

In this note our main result is the following statement:

Theorem. Let 1 < p < ∞, 0 ≤ λ < 1. Then the operators T and K are
bounded in Lp),λ(X).

Let us now discuss the special case of an SHT.

Let Γ ⊂ C be a connected rectifiable curve and let ν be arc-length mea-
sure on Γ. By definition, Γ is regular if

ν
(
D(z, r) ∩ Γ

) ≤ r

for every z ∈ Γ and all r > 0, where D(z, r) is a disc in C with center z and
radius r. The reverse inequality

ν
(
D(z, r) ∩ Γ

) ≥ cr

holds for all z ∈ Γ and r < L/2, where L is a diameter of Γ. If we equip
Γ with the measure ν and the Euclidean metric, the regular curve becomes
an SHT.

The associate kernel in which we are interested is

k(z, w) =
1

z − w
.

The Cauchy integral

(SΓf)(t) = p.v.
∫

Γ

f(τ)
t− τ

dν(τ), t ∈ Γ,

is the corresponding singular operator.
The above-mentioned kernel in the case of regular curves is a Calderón-

Zygmund kernel. As was proved by G. David [3], a necessary and sufficient
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condition for continuity of the operator SΓ in Lr(Γ), where r is a constant
(1 < r < ∞), is that Γ is regular.

Together with the operator SΓ we are interested in the Hardy–Littlewood
maximal operator defined on Γ

(MΓf)(z) = sup
0<r<L

1
ν
(
D(z, r) ∩ Γ

)
∫

D(z,r)∩Γ

|f(t)|dν(t).

Let 1 < p < ∞ and let 0 ≤ λ < 1. We say that a measurable locally
integrable function f on Γ belongs to the class Lp),λ(Γ) if

‖f‖Lp),λ(Γ) :=

= sup
0<ε<p−1

(
sup
z∈Γ

0<r<L

ε

ν
(
D(z, r) ∩ Γ)λ

∫

D(z,r)∩Γ

|f(t)|p−εdν(t)
) 1

p−ε

< ∞.

The theorem formulated above implies the following statement:
Proposition . Let L < ∞, 1 < p < ∞ and let 0 ≤ λ < 1. Suppose that

Γ is regular. Then the operators MΓ and SΓ are bounded in ‖f‖Lp),λ(Γ).

Remark. In the forthcoming papers we will present the results regarding
the boundedness of maximal and singular operators in Lp),λ spaces defined
on quesimetric measure spaces, where the doubling condition is not assumed.

Acknowledgement

The author was partially supported by the Georgian National Science
Foundation Grant No. GNSF/ST07/3-169.

References

1. D. R. Adams, A note on Riesz potentials. Duke Math. J., 42 (1975), No. 4, 765–778.
2. F. Chiarenza and M. Frasca, Morrey spaces and Hardy-Littlewood maximal function.

Rend. Mat. Appl. (7) 7 (1987), No. 3-4, 273–279, (1988).
3. G. David, Operateurs integraux singuliers sur certaines courbes du plan complexe.

Ann. Sci. Ecole Norm. Sup. (4) 17 (1984), No. 1, 157–189.
4. A. Fiorenza, Duality and reflexivity in grand Lebesgue spaces. Collect. Math. 51

(2000), No. 2, 131–148.
5. A. Fiorenza, B. Gupta and P. Jain, The maximal theorem for weighted grand

Lebesgue spaces. Studia Math. 188 (2008), No. 2, 123–133.
6. G. Di Fazio and M. A. Ragusa, Commutators and Morrey spaces. Boll. Un. Mat.

Ital. A (7) 5 (1991), No. 3, 323–332.
7. M. Giaquinta, Multiple integrals in the calculus of variations and nonlinear elliptic

systems. Annals of Mathematics Studies, 105. Princeton University Press, Princeton,
NJ, 1983.

8. L. Greco, A remark on the equality det Df = Det Df . Differential Integral Equa-
tions 6 (1993), No. 5, 1089–1100.

9. T. Iwaniec, P. Koskela and J. Onninen, Mappings of finite distortion: Monotonicity
and continuity, Invent. Math. 144 (2001), 507–531.



143

10. T. Iwaniec and C. Sbordone, On the integrability of the Jacobian under minimal
hypotheses. Arch. Rational Mech. Anal. 119 (1992), No. 2, 129–143.

11. V. Kokilashvili and A. Meskhi, Boundedness of maximal and singular operators in
Morrey spaces with variable exponent. Armen. J. Math. 1 (2008), No. 1, 18–28.

12. V. Kokilashvili and A. Meskhi, A note on the boundedness of the Hilbert transform
in weighted grand Lebesgue spaces. Georgian Math. J. (to appear).

13. C. B. Morrey, On the solutions of quasi-linear elliptic partial differential equations.
Trans. Amer. Math. Soc. 43 (1938), No. 1, 126–166.

14. B. Muckenhoupt, Weighted norm inequalities for the Hardy maximal function. Trans.
Amer. Math. Soc. 165 (1972), 207–226.

15. J. Peetre, On the theory of Lp,λ spaces. J. Functional Analysis 4(1969), 71–87.
16. N. Samko, Weighted Hardy and singular operators in Morrey spaces. J. Math. Anal.

Appl. 350 (2009), No. 1, 56–72.

Author’s Addresses:

A. Razmadze Mathematical Institute
1, M. Aleksidze St., Tbilisi 0193
Georgia

Faculty of Informatics and Control Systems
Georgian Technical University
77. Kostava St., Tbilisi,
Georgia
E-mail: meskhi@rmi.acnet.ge


