Proceedings of I. Vekua Institute
of Applied Mathematics
Vol. 65, 2015

THE RELATION BETWEEN THE BASIC AND CONDITIONAL
UTILITY MAXIMIZATION PROBLEMS

Mania M., Tevzadze R.

Abstract. We study basic and conditional utility maximization problem in in-
complete markets for utility functions defined on the whole real line and establish
relations between optimal strategies of these problems.
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1. Introduction

We consider an incomplete financial market model, where the dynamics
of asset prices is described by the continuous semimartingale S defined on
the filtered probability space (2, F, F = (F})cjo.1], P) satisfying the usual
conditions, where F = Fp and T < oc.

Denote by M€ (resp. M?®) the set of probability measures ) equivalent
(resp. absolutely continuous with respect) to P such that S is a local
martingale under (). We assume that M° # &.

Let U = U(x) : R — R be a utility function taking finite values at all
points of real line R such that U is differentiable, strictly increasing, strictly
concave and satisfies the Inada conditions (see [4] for details).

The predictable, S—integrable process m we call admissible if the stochas-
tic integral ( fot TudSy,t € [0,T]) is uniformly bounded from below.

We consider the utility maximization problem of terminal wealth and
the value function V' associated to the problem is defined by

V() :ilégE{U<x+/0T7rudSu)1, (1)

where II is the class of admissible strategies.

Let 7 be a stopping time valued in [0, T7].

Denote by II. the class of admissible processes, such that = = 71 7.
Define Z,,, = {Y : Y = y&L, pr = I Qe M(S)}

The dynamic value functions of primal and dual problems are defined as

T
V(r,x) = esssup F [U (3: + / Tu dSu>

TI'EHT

. @)

‘7(7', y) = ess infE[[}(Y) | Ft}, y >0, (3)

YeZ; y
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where U = sup,(U(z) — zy). For V(0,) and V(0,y) we use the notations
V(z) and V(y) respectively. Following [5] we make

Assumption 1. For each y > 0 the dual value function v(y) is finite
and the minimizer Q*(y) € M¢ (called the minimax martingale measure)
exists. Let I, be the class of predictable S integrable processes 7 such that
U(x+ (r-S)r) € LY(P) and 7- S is a supermartingale under each Q € M*
with finite U-expectation EU (Z—g), where the notation 7 - S stands for the
stochastic integral.

Denote Q(z) = Q*(y) = Q*(V'(x)).

It was proved in [4] that optimal strategy 7(z) € IL, of problem (1) ex-
ists, is unique and V(x) = EU(Xr(x)), where the optimal wealth Xp(z) =
T+ fOT () dS, is a uniformly integrable Q(z)-martingale.

Besides, the following duality relations hold true almost surely (see [5]
for the dynamic version)

’

U/(XT(x)) =Zr(y), y=V (2), (4)

1% (t,a:+ /0 twu(x) dSu) = Z(y), tel0,T]. (5)

Our aim is to investigate whether Assumption 1 implies an existence of
an optimal strategy to the conditional maximization problem (2) and how
is this strategy related to the optimal strategy of the basic problem (1).

It was shown in [5] that if we start at time 7 with the optimal wealth
X, (z) then the optimal value in (2) is attained by 7(7,z) = 7(0,2)l}-1,
ie.,

EWU(Xr(@))|F) 2 UG () + [ mdS)| B, wel,

which is well understood from the Bellman Principle.

We shall show that if we start at time 7 with the wealth equal to arbitrary
amount x, then the optimal strategy (7, x) of (2) is expressed in terms
of the optimal strategy m(x) = m(0,z) and the optimal wealth X, (z) =
X-(0,z) of (1) at time 7 by the equality

r(r,x) = n(X 1 (x), p* —ae.

To this end we first give some definitions and auxiliary assertions.

We shall say that an adapted stochastic process (Xt € [r,T]) is a
generalized martingale (resp. supermartingale) if

1) E(|X¢|/F;) < oo, for any t € [1,T]

2) E(X;/Fy) = Xy (resp. < Xy) for any ¢’ < t, where t',t € [1,T]

( see the definition of generalized conditional expectations and of gener-
alized supermartingales for discrete time in [7])

Definition. A predictable S integrable process 7 is in 1L, ., if E(U(x +
fTT TudS,)/ Fy) is finite and ((7-S);,t > 7) is a generalized supermartingale
under each Q € M® with finite U-expectation Eﬁ(%).
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We shall also need two complementary assumptions
Assumption 2. The filtration F' is continuous and lim inf Zr(y)/y > 0
Y—00

for the process Zr(y) = yd%éy) = ypr(y)-

Assumption 3. The utility function U is two times differentiable and
there are constants ¢; > 0 and ¢y > 0 such that

1"

U (x)
U'(x)
The last condition is similar to the condition on relative risk-aversion intro-
duced in [1] for utility functions defined on the positive real line.

The proof of the following assertion follows from Theorem 4.1 and Propo-
sition 3.1 of [3].

Proposition 1. Let Assumptions 1-3 are satisfied.

Then for any ¢ € [0, T there exists a modification of the optimal wealth
process (X;(x),x € R) (resp. of Z;(y)) almost all paths of which are strictly
increasing and absolutely continuous with respect to dz (resp. dy). Besides

Cq <R<l’) = —

< ¢y, € R. (6)

Xi(z) >0, EY(Xp(x))* < C, (7)
lim X;(z) =00, lim Xi(z)=—o0 (8)

P-a.s. for any t € [0,7] and the adapted inverse X, '(x) (resp. Z; *(y)) of
the optimal wealth process exists.

We shall need also the continuity properties of the square characteristics
(X (x) — X(y)) which can be deduced from Proposition 1.

Lemma 1. Let conditions of Proposition 1 be satisfied. Then, for any
t € [0,T] the random field ((X(x) — X (y))+,z,y € R) admits a continuous
modification.

Proof. It follows from Proposition 1 that X;(b) — X;(a f X/ (x
and ) ,

/ EQO (X (1)) pd = / EOO X (2)2d < o0

and by the Fubini theorem f —))<X’( ))rdr < oo, P — a.s. Thus by

continuity of — ot

m we obtain

L V@) [PV (Xr(x) 4 B
/a (X'(z))pdx < gcrg[%};] 0 (Xr(x ))/a V() (X'(z))rdx < 00, P—a.s.

Therefore, using the Kunita-Watanabe and Holder’s inequalities we have

(X (b) t_// (X (2), X'(4))ddy

< / b / X)X ) Py = ( / (X'(w >>%/2dx)2

b
< (b— a)/ (X'(z))rdx < 00, P — a.s.
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and it follows from inequality
(X(H) — X(a)) — (X(b) + X (),
< (X)) = X(0) (X (V) - X(d) + X(b) - X(a));’
HX (') — X(a)), (X (V) — X(a') + X (0) — X(a)),”?

that (X (b,) — X(a,)); — (X(b) — X(a));, P — a.s. when b, — b, a,, — a.
Thus the stochastic field defined by

lim, g (X (r) — X (")), 7,7’ are rational,

xe-xwyi={ o

is continuous and stochastically equivalent to (X () — X (y));-

Theorem 1. Let Assumptions 1-3 be satisfied. Then there exist the
maximizer of (2) and the minimizer of (3) in the classes II,, and Z,,
respectively and equalities

Xp(r,x) = Xp(X[ (@), m(r,2) = m(XH(2),t > 7, (9)
Vi) = 2020, 8 ) = i 2 g
are satisfied.
Moreover P-a.s.
V(r,z) =F [U (x +/ ﬂu(XT_l(x))dSu) | FT} , (11)

V(ry) = B[0(Z:(2; ) | F].

the following duality relation holds

ae [ {0)dS.) = 202 ) = Vim) (12

and the process
Z(Z )X (Xr(z) N (), te€[r,T], where y=V'(r,z), (13)

is a generalized martingale.
Proof. By the optimality principle (see, e.g. [2]) V (¢, Xi(z)) is a mar-
tingale and since V (T, z) = U(x) we have that for any =z € R

V(r, X, (2)) = E(U(Xr(2))/F,) P —as. (14)

Since for any 7 the functions V(7,z) and X, (z) are continuous for almost
all w € Q, the equality (14) holds P-a.s. for all x € R and substituting
X!(z) in this equality we obtain that

T

V(r,z) = E(UX7r(X ' (2)))/F,) P-—as.,

if the limit does not exists
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which means the maximality of X7(X~!(z)). Let us show that X7(X-!(z))
is equal to the stochastic integral

X (X @) =t [ mlX @), (15)

and that 7(X!(z)) belongs to the class II,
In order to show equality (15) it is enough to show that fTT 7o (7)dS, |$:g =

ST mu(€)dS,, for € = X ().
Let us consider the sequence of simple random variables &, = Z;C’:foo ckla,,

where A;, = (S <E< %), cr = % We have &, — £ uniformly and
T 0o T
/ r(€)ds, = 3 / Tu(cr)La, S,
T be—oo VT

R R L

k=—o00

On the other hand

s — [ mos],
/ /

= XT(fn) - X‘r(gn) - (XT(é) - XT(&)) - 07

as n — 0o, since X;(x) is continuous and

/<m@»—m@waau:

= (X(2) = X(9))r — (X(2) = X(¥))rlo=gy=¢ = 0, P — a.s.

as n — 00, by continuity of (X(z) — X(y));. Hence fTT Tu(&n)dS, —
fTT 7. (£)dS, in probability and fTT 7ru(:v)d5u‘gg:5 = fTT 7.(£)dS, — P.a.s..

Since E|U(X7(x))| < oo and E9|X;(z)| < oo,t € [0,T] for any Q € M*
and X '(z) is F,-measurable we have that

ElU(Xr(XT @) | F] < oo, EX(Xo(X7'(@)|/Fr) <oo P-as.t>r1

On the other hand, since for any ¢ € [0,7] the function (X;(z),z € R) is
continuous and increasing, the supermartingale inequality E9(X,(x)/Fy) <
Xy (z), t' <t <T implies that

EQ(X,(X; @)/ Fu) € Xu(X; (@), <t <t<T

for any Q@ € M, hence (7, ) = m(X_!(z) belongs to the class II, , and the
equality (11) holds. Similarly one can show the minimality of Zr(Z'(y)),
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so conditional density of the minimax martingale measure to the problem
(2) is ZT(Z;l(y))‘
y
Since for any t € [0, T| the functions V'(¢,x),x € R and Z;(y),y > 0 are
continuous and the inverse of Z;(y) exists, from (5) we have that P-a.s.

Z (V(r,2)) = V(X (@) (16)

which, together with (4) implies the conditional duality relation (12).

Note also that since Z;(y)X;(x) is a martingale (see Theorem 1 from [5]),
by continuity of X (x) and Z(y) the process (Z;(V'(X 1)) X,(X 1 (z)),t > 7)
will be a generalized martingale and by equality (16) this is equivalent to
(13). O

Now we make additional

Assumption 4. Each F; is countably generated and there exists a
regular, conditional probability measure Q™% of each measure () given F},
where w € Qg for some Qg € F, with Q(Qg) =1 . From Theorem 1.2.10
of [6] we have that X;(x), ¢t € [0,7] is a Q—martingale if and only if
Xinr(z), t € ]0,T] is a Q—martingale and X;(z) — Xyn (), ¢t € [0,T] is
@™ —martingale.

Let us introduce classes

T,W,T

T
1L, ={n:mispredictable, S — integrable, E™ (U(x +/ WudSu) < 00

¢
and Zt(V'(XT_l(x)))/ TudSy, t > 7 is a P™ — martingale}.

T
12, . ={m : 7 is predictable, S — integrable, E™ (U (z +/ TudS,) < 00

and —= pt / TudSy, t > 7 is a P™ — supermartingale, @ € M®}.

It is evident that

T
V (7, x,w) = esssup ET’WU<x —i—/ T dSu>, w € Qp. (17)
melll , . T
Q T,w
Since Z—;{? = 497 for Q € M*(S), with P2 = 49, we can define
Zry = (VY =227 Qe M)},
Ty dP™w’
Similarly we have B B
V(r,y,w) = ﬁs%inf ET*U(Y). (18)
E T, W,y

Hence we obtain
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Theorem 1. Let Assumptions 1-4 are satisfied. Then equalities (9),
(10) are valid and

s Gy n s.)| = £ |v (r @) |,

inf E”"[fj V(1 x)

QeMe ] B fET#)[E}(éaf(éi;l(‘/lﬁrax))))}.

s |b
SONO
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